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vkeq[k

jk"Vªh; ikB~;p;kZ dh :ijs[kk (2005) lq>krh gS fd cPpksa ds LowQyh thou dks ckgj ds thou
ls tksM+k tkuk pkfg,A ;g fl¼kUr fdrkch Kku dh ml fojklr ds foijhr gS ftlds izHkkoo'k

gekjh O;oLFkk vkt rd LowQy vkSj ?kj ds chp varjky cuk;s gq, gSA ubZ jk"Vªh; ikB~;p;kZ ij
vkèkkfjr ikB~;Øe vkSj ikB~;iqLrdsa bl cqfu;knh fopkj ij vey djus dk iz;kl gSaA bl iz;kl esa
gj fo"k; dks ,d etcwr nhokj ls ?ksj nsus vkSj tkudkjh dks jVk nsus dh izòfÙk dk fojks/ 'kkfey
gSA vk'kk gS fd ;s dne gesa jk"Vªh; f'k{kk uhfr (1986) esa of.kZr cky&dsfUær O;oLFkk dh fn'kk
esa dki+Qh nwj rd ys tk,¡xsA

bl iz;Ru dh liQyrk vc bl ckr ij fuHkZj gS fd LowQyksa ds izkpk;Z vkSj vè;kid cPpksa
dks dYiuk'khy xfrfof/;ksa vkSj lokyksa dh enn ls lh[kus vkSj lh[kus ds nkSjku vius vuqHko ij
fopkj djus dk volj nsrs gSaA gesa ;g ekuuk gksxk fd ;fn txg] le; vkSj vkt+knh nh tk, rks
cPps cM+ksa }kjk lkSaih xbZ lwpuk&lkexzh ls tqM+dj vkSj tw>dj u;s Kku dk l`tu djrs gSaA f'k{kk
ds fofo/ lk/uksa o lzksrksa dh vusn[kh fd;s tkus dk izeq[k dkj.k ikB~;iqLrd dks ijh{kk dk
,dek=k vk/kj cukus dh izo`fÙk gSA ltZuk vkSj igy dks fodflr djus ds fy;s t+:jh gS fd ge
cPpksa dks lh[kus dh izfØ;k esa iwjk Hkkxhnkj ekusa vkSj cuk,¡] mUgsa Kku dh fu/kZfjr [kqjkd dk xzkgd
ekuuk NksM+ nsaA

;s mn~ns'; LowQy dh nSfud ft+Unxh vkSj dk;Z'kSyh esa dki+Qh isQjcny dh ek¡x djrs gSaA nSfud
le;&lkj.kh esa yphykiu mruk gh t+:jh gS ftruh okf"kZd dSys.Mj osQ vey esa pqLrh] ftlls
f'k{k.k osQ fy;s fu;r fnuksa dh la[;k gdhdr cu ldsA f'k{k.k vkSj ewY;kadu dh fof/;k¡ Hkh bl
ckr dks r; djsaxh fd ;g ikB~;iqLrd LowQy esa cPpksa osQ thou dks ekufld ncko rFkk cksfj;r
dh txg [kq'kh dk vuqHko cukus esa fdruh izHkkoh fl¼ gksrh gSA cks> dh leL;k ls fuiVus osQ
fy;s ikB~;Øe fuekZrkvksa us fofHkUu pj.kksa esa Kku dk iqufuZ/kj.k djrs le; cPpkas ds euksfoKku
,oa vè;kiu osQ fy;s miyC/ le; dk è;ku j[kus dh igys ls vf/d lpsr dksf'k'k dh gSA bl
dksf'k'k dks vkSj xgjkus ds ;Ru esa ;g ikB~;iqLrd lksp&fopkj vkSj foLe;] NksVs lewgksa esa ckrphr
,oa cgl vkSj gkFk ls dh tkus okyh xfrfof/;ksa dks izkFkfedrk nsrh gSA

,u-lh-bZ-vkj-Vh- bl iqLrd dh jpuk osQ fy;s cukbZ xbZ ikB~;iqLrd fuekZ.k lfefr ds ifjJe
ds fy, ÑrKrk O;Dr djrh gSA ifj"kn~ foKku ,oa xf.kr ds lykgdkj lewg osQ vè;{k izksi+Qslj
t;ar fo".kq ukjyhdj vkSj bl iqLrd dh eq[; lykgdkj bfUnjk xk¡/h jk"Vªh; eqDr fo'ofo|ky;
dh izksisQlj ih- flaDys;j dh fo'ks"k vkHkkjh gSA bl ikB~;iqLrd osQ fodkl esa dbZ f'k{kdksa us

Reprint 2025-26



;ksxnku fn;k_ bl ;ksxnku dks laHko cukus osQ fy;s ge muds izkpk;ks± osQ vkHkkjh gSaA ge mu lHkh
laLFkkvksa vkSj laxBuksa osQ izfr ÑrK gSa ftUgksaus vius lalk/uksa] lkexzh rFkk lg;ksfx;ksa dh enn ysus
esa gesa mnkjrkiwoZd lg;ksx fn;kA ge fo'ks"k :i ls ekè;fed ,oa mPprj f'k{kk foHkkx] ekuo
lalk/u fodkl ea=kky; }kjk izksisQlj e`.kky fejh vkSj izksisQlj th- ih- ns'kikaMs dh vè;{krk esa
xfBr jk"Vªh; fujh{k.k lfefr }kjk iznÙk cgqewY; le; ,oa ;ksxnku ds fy, Hkh ÑrK gSaA O;oLFkkxr
lq/kjksa vkSj vius izdk'kuksa esa fujUrj fu[kkj ykus ds izfr lefiZr ,u-lh-bZ-vkj-Vh- fVIif.k;ksa o
lq>koksa dk Lokxr djsxh ftuls Hkkoh la'kks/uksa esa enn yh tk losQA

u;h fnYyh funs'kd
20 fnlacj 2005 jk"Vªh; 'kSf{kd vuqla/ku vkSj izf'k{k.k ifj"kn~

iv
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ikB~;iqLrdksa esa ikB~; lkexzh dk iqulZa;kstu

dksfoM&19 egkekjh dks ns•rs gq,] fo|kfFkZ;ksa osQ Åij ls ikB~; lkexzh dk cks> de djuk vfuok;Z

gSA jk"Vªh; f'k{kk uhfr] 2020 esa Hkh fo|kfFkZ;ksa osQ fy, ikB~; lkexzh dk cks> de djus vkSj

jpukRed u”kfj, ls vuqHkokRed vf/xe osQ volj çnku djus ij ”kksj fn;k x;k gSA bl i`"BHkwfe

esa] jk"Vªh; 'kSf{kd vuqla/ku vkSj çf'k{k.k ifj"kn~ us lHkh d{kkvksa esa ikB~;iqLrdksa dks iqulZa;ksftr

djus dh 'kq#vkr dh gSA bl çfØ;k esa jk-'kS-v-ç-i- }kjk igys ls gh fodflr d{kkokj lh•us osQ

çfriQyksa dks è;ku esa j•k x;k gSA

ikB~; lkefxz;ksa osQ iqulZa;kstu esa fuEufyf•r fcanqvksa dks è;ku esa j•k x;k gS &&

• ,d gh d{kk esa vyx&vyx fo"k;ksa osQ varxZr leku ikB~; lkexzh dk gksuk_

• ,d d{kk osQ fdlh fo"k; esa mlls fupyh d{kk ;k Åij dh d{kk esa leku ikB~;

lkexzh dk gksuk_

• dfBukbZ Lrj_

• fo|kfFkZ;ksa osQ fy, lgt :i ls lqyHk ikB~; lkexzh dk gksuk] ftls f'k{kdksa osQ vf/d gLr{ksi

osQ fcuk] os •qn ls ;k lgikfB;ksa osQ lkFk ikjLifjd :i ls lh• ldrs gksa_

• orZeku lanHkZ esa vçklafxd lkexzh dk gksukA

orZeku laLdj.k] Åij fn, x, ifjorZuksa dks 'kkfey djrs gq, rS;kj fd;k x;k iqulZa;ksftr

laLdj.k gSA
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ikB~;iqLrd fuekZ.k lfefr

foKku ,oa xf.kr osQ lykgdkj lewg osQ vè;{k

t;ar fo".kq ukjyhdj] behfjVl izks -isQlj] vè;{k] vkbZ-;w-lh-,-,-] x.ks'kf[kaM] iwuk fo'ofo|ky;] iwukA

eq[; lykgdkj

ih- flaDys;j] izks -isQlj] foKku fo|kihB] b-xk-jk-eq-fo-] u;h fnYyh

eq[; leUo;d

gqoqQe flag] izks -isQlj] Mh-bZ-,l-,e-] jk-'kS-v-iz-i-] u;h fnYyh

lnL;

vatyh yky] ih-th-Vh- (xf.kr)] Mh-,-oh- ifCyd LowQy] lsDVj&14] xqM+xkao
vatw fu:yk] ih-th-Vh- (xf.kr)] Mh-,-oh- ifCyd Ldwy] iq"ikatyh baDyso] ihre iqjk] fnYyh
mn; flag] ysDpjj] Mh-bZ-,l-,e-] jk-'kS-v-iz-i-] u;h fnYyh
,-osQ- o>yokj] izks -isQlj] Mh-bZ-,l-,e-] jk-'kS-v-iz-i-] u;h fnYyh
,l- osadVjeu] ysDpjj] foKku fo|kihB] b-xk-jk-eq-fo- u;h fnYyh
th-ih- nhf{kr] izks -isQlj] xf.kr vkSj [kxksfydh foHkkx] y[kuÅ fo'ofo|ky;] y[kuÅ
ds-,-,l-,l-oh- dkes'oj jko] ysDpjj] {ks=kh; f'k{kk laLFkku] Hkqous'oj
egsUæ vkj - xtjs] ih-th-Vh-] vrqy fo|ky;] vrqy] ftyk oylkn
egsUæ 'kadj] ysDpjj (,l-th-) (lsokfuòr)] jk-'kS-v-iz-i-] u;h fnYyh
jkek ckykth] Vh-th-Vh- (xf.kr)] ds-oh- esx vkSj dsUæ] lsaV tkUl jksM] caxykSj
osn MqMst+k] mi&iz/kukpk;Z (lsokfuòr)] jktdh; ckfydk ekè;fed fo|ky;] lSfud fogkj] fnYyh
lat; eqn~xy] ysDpjj] lh-vkbZ-bZ-Vh-] jk-'kS-v-iz-i-] u;h fnYyh
'kf'k/j txnh'ku] f'k{kd vkSj lnL;] xojfuax dkWmafly] lsUVj iQkWj yfuZax] caxYkkSj

fgUnh :ikarjdrkZ

th-ih- nhf{kr] izks -isQlj] xf.kr vkSj [kxksfydh foHkkx] y[kuÅ fo'ofo|ky;] y[kuÅ
egsUæ 'kadj] ysDpjj (,l-th-) (lsokfuòr)] jk-'kS-v-iz-i-] u;h fnYyh
gjh'oj izlkn flUgk] lh&210] jktkth iqje] y[kuÅ

lnL;&leUo;d

jke vorkj] izks -isQlj] Mh-bZ-,l-,e-] jk-'kS-v-iz-i-] u;h fnYyh (fnlEcj 2005 rd)
vkj-ih- ekS;Z] izks -isQlj] Mh-bZ-,l-,e-] jk-'kS-v-iz-i-] u;h fnYyh (tuojh 2006 ls)
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vkHkkj

i fj"kn~ ikB~;iqLrd dh leh{kk osQ fy, vk;ksftr dk;Z'kkyk osQ fuEufyf[kr izfrHkkfx;ksa dk

muosQ cgqewY; ;ksxnku osQ fy, gkfnZd vkHkkj izdV djrh gS% ,- osQ- lDlSuk] izksisQlj

(lsokfuo`r)] y[kuÅ fo'ofo|ky; y[kuÅ_ lquhy ctkt] ,p-vks-Mh- (xf.kr)]

,l-lh-bZ-vkj-Vh- gfj;k.kk] xqM+xk¡o_ osQ- ,y- vk;Z] izksisQlj (lsokfuo`r)] Mh-bZ-,l-,e-]

,u-lh-bZ-vkj-Vh-] ubZ fnYyh_ cafnrk dkyjk] ysDpjj] lokZsn; dU;k fo|ky;] fodkl iqjh]

fMfLVªDV lsaVj] ubZ fnYyh_ txnh'k flag] ih-th-Vh-] lSfud LowQy] diwjFkyk_ ih- osQ- cXxk]

Vh-th-Vh-] ,l-ch-oh-] lqHkk"k uxj] ubZ fnYyh_ vkj-lh- egkuk] Vh-th-Vh-] osQUæh; fo|ky;]

lacyiqj_ Mh-vkj- [kaMos] Vh-th-Vh-] ts-,u-oh- nq/uksbZ] xksyikM+k_ ,l-,l- pV~Vksikè;k;]

,fllVsaV ekLVj] fc/ku uxj xouZesaV gkbZ LowQy] dksydkrk_ ,u-,- lqtkFkk] Vh-th-Vh-] osQ-oh- okLdks

u- 1] xksok_ vfdyk lgnsou] Vh-th-Vh-] ds-oh- ehukacd~de] psUubZ_ ,l-lh- jkÅrks] Vh-th-Vh-]

lSaVªy LowQy iQkWj frCcrul] elwjh_ lquhy ih- tsfo;j] Vh-th-Vh-] ,u-oh-] usjh;keayxe] ,jukoqQye_

vfer ctkt] Vh-th-Vh-] lh-vkj-ih-,iQ ifCyd LowQy] jksfg.kh] fnYyh_ vkj-osQ- ik.Ms] Vh-th-Vh-]

Mh-,e- Ldwy] vkj-vkbZ-bZ- Hkksiky_ oh- ek/oh] Vh-th-Vh-] laLÑfr LowQy] pk.kD;iqjh] ubZ fnYyh_

th- Jh gfj ckcw] Vh-th-Vh-] ts-,u-oh- dkxt+uxj] vfnykcknA

ifj"kn~ mu fo"k;&fo'ks"kKksa] f'k{kdksa ,oa foHkkxh; lnL;ksa dh Hkh vkHkkjh gS ftUgksaus bl iqLrd

osQ fgUnh laLdj.k dh leh{kk dh vkSj bls vf/d mi;ksxh cukus gsrq egÙoiw.kZ lq>ko fn,%

uUnfd'kksj oekZ] ysDpjj] ,p-bZ-,l-&II, xf.kr foHkkx] jkT; 'kSf{kd vuq- ,oa izf'k- ifj-] gfj;k.kk]

xqMxk¡o_ jfoUæ flag iaokj] ih-th-Vh-] ,e-ch-Mh-,-oh- lhfu;j lS- LowQy] ;wlqiQ ljk;] ubZ fnYyh_

vt; oqQekj flag] Vh-th-Vh-] jketl lh-lS- LowQy] u- 3, owQpk uVok] pk¡nuh pkSd] fnYyh_  lfork

xxZ] ih-th-Vh-] loksZn; dU;k fo|ky;] pkan uxj] ubZ fnYyh_  lq/k xqIrk] Vh-th-Vh-] loksZn; dU;k

fo|ky;] vofUrdk] jksfg.kh] fnYyh_ jktoqQekj Hkkj}kt] Vh-th-Vh-] jktdh; ekè;fed cky fo|ky;]

,&Cykd] lqYrkuiqjh] fnYyh_ v'kksd dqekj xqIrk] Vh-th-Vh-] jktdh; mPprj ekè;fed fo|ky;]

,l-;w- Cykd] ihreiqjk] fnYyh_ ih-osQ- frokjh] lgk;d vk;qDr (lsokfuòr)] osQUæh; fo|ky;

laxBu] ubZ fnYyh_  vkj-ih- ekS;Z] (leUo;d) izks -isQlj] Mh-bZ-,l-,e-] ,u-lh-bZ-vkj-Vh-A
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ifj"kn~ iqLrd fodkl dh izfØ;k esa lg;ksx osQ fy, ,e- pUæk] izksisQlj ,oa foHkkxkè;{k]

Mh-bZ-,l-,e-] ,u-lh-bZ-vkj-Vh- dh fo'ks"k :i ls vkHkkjh gSA

ifj"kn~ daI;wVj izHkkjh] nhid diwj_ Mh-Vh-ih- vkWijsVj] ujs'k oqQekj_ dkWih laiknd]

izxfr Hkkj}kt vkSj ,y-vkj- Hkkjrh_ izwiQ jhMj] ;ksfxrk 'kekZ osQ iz;klksa osQ izfr Hkh vkHkkj izdV

djrh gSA ,-ih-lh- dk;kZy;] Mh-bZ-,l-,e- dk iz'kklu] izdk'ku izHkkx vkSj ,u-lh-bZ-vkj-Vh-

lfpoky; osQ ;ksxnku Hkh ljkguh; gSaA

ifj"kn~] bl laLdj.k osQ iqul±;kstu osQ fy, ikB~;Øe] ikB~;iqLrd vkSj fo"k; lkexzh osQ

fo'ys"k.k gsrq fn, x, egRoiw.kZ lg;ksx osQ fy, ,u-lh-bZ-vkj-Vh- osQ foKku ,oa xf.kr f'k{kk foHkkx

osQ lnL;ksaµ vk'kqrks"k o>yokj] izks-isQlj] Mh-bZ-,l-,e-] ,u-lh-bZ-vkj-Vh-] u;h fnYyh_ Vh-ih- 'kekZ]

izks-isQlj] Mh-bZ-,l-,e-] ,u-lh-bZ-vkj-Vh-] u;h fnYyh vkSj jkgqy lksiQV] ih-th-Vh-] ,;j iQkslZ xksYMu

twcyh LowQy] lqczrks ikoZQ] u;h fnYyh_ xqjizhr HkVukxj] fjlkslZ ilZu] lh-ch-,l-bZ- osQ izfr vkHkkj

O;Dr djrh gSA

x
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vè;k; 1

la[;k i¼fr

1.1 Hkwfedk

fiNyh d{kkvksa esa] vki la[;k js[kk osQ ckjs esa i<+ pqosQ gSa vkSj ogk¡ vki ;g Hkh i<+
pqosQ gSa fd fofHkUu izdkj dh la[;kvksa dks la[;k js[kk ij fdl izdkj fu:fir fd;k
tkrk gS (nsf[k, vkÑfr 1-1)A

vkÑfr 1-1 % la[;k js[kk

dYiuk dhft, fd vki 'kwU; ls pyuk izkjaHk djrs gSa vkSj bl js[kk ij /ukRed fn'kk
esa pyrs tk jgs gSaA tgk¡ rd vki ns[k ldrs gSa_ ogk¡ rd vkidks la[;k,¡] la[;k,¡ vkSj
la[;k,¡ gh fn[kkbZ iM+rh gSaA

vkÑfr 1-2
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2 xf.kr

3

-40

166

22
-75 2

1 9

0Z3

40

16

74

5

2
601

422

58

0

-3

-757

-6
6-21

-4
0

31

71

3
40

16

74
5 2

601 29
58

0
W

9
40

16

74

5

2
601

4652

58

0
31

1

71
10

N

vc eku yhft, vki la[;k js[kk ij pyuk izkjaHk djrs gSa vkSj oqQN la[;kvksa dks
,df=kr djrs tk jgs gSaA bl la[;kvksa dks j[kus osQ fy, ,d FkSyk rS;kj jf[k,!

laHko gS fd vki 1] 2] 3 vkfn tSlh osQoy izkÑr
la[;kvksa dks mBkuk izkjaHk dj jgs gksaA vki tkurs gSa fd
;g lwph lnSo c<+rh gh tkrh gSA (D;k vki crk ldrs
gSa fd ,slk D;ksa gS\) vr% vc vki osQ FkSys esa vifjfer
:i ls vusd izkÑr la[;k,¡ Hkj tkrh gSa!  vkidks ;kn
gksxk fd ge bl laxzg dks izrhd N ls izdV djrs gSaA

vc vki ?kwe tkb, vkSj foijhr fn'kk esa pyrs gq,
'kwU; dks mBkb, vkSj mls Hkh FkSys esa j[k nhft,A vc
vkidks iw.kZ la[;kvksa (whole numbers) dk ,d laxzg
izkIr gks tkrk gSA ftls izrhd W ls izdV fd;k tkrk gSA

vc] vkidks vusd&vusd Í.kkRed iw.kk±d fn[kkbZ nsrs gSaA vki bu lHkh Í.kkRed
iw.kk±dksa dks vius FkSys esa Mky nhft,A D;k vki crk ldrs gSa fd vkidk ;g u;k laxzg
D;k gS\ vkidks ;kn gksxk fd ;g lHkh iw.kk±dksa (integers) dk laxzg gS vkSj bls izrhd
Z ls izdV fd;k tkrk gSA

D;k vHkh Hkh js[kk ij la[;k,¡ cph jgrh gSa\ fuf'pr :i ls gh] js[kk ij la[;k,¡

cph jgrh gSaA ;s la[;k,¡  
1 3

,
2 4

, ;k  
2005

2006

−
 tSlh la[;k,¡ Hkh gSaA ;fn vki bl izdkj dh

lHkh la[;kvksa dks Hkh FkSys esa Mky nsa] rc ;g ifjes; la[;kvksa  (rational numbers)

Z D;ksa \
Z teZu 'kCn “zahlen”

(tsgyhu) ls fy;k x;k gS]
ftldk vFkZ gS ^^fxuuk**

vkSj “zahl” (tgy) ftldk
vFkZ gS ^^la[;k**A
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la[;k i¼fr 3

Q

–6721
12

1
3

–1
9

81
16 1

4

20052006 –12

13

9

14

–6625

-65

60

19

19

999

0
–6

727 58

20052006

3

–5

16

60

999

4

–8
–6625

58

0

27

71

17
981

–12
13

89

–6
7

2

3

9

14

–

dk laxzg gks tk,xkA ifjes; la[;kvksa osQ laxzg dks Q ls izdV fd;k tkrk gSA vaxzsth 'kCn
“rational” dh O;qRifÙk vaxzsth 'kCn “ratio” ls gqbZ gS vkSj v{kj Q vaxzsth 'kCn ‘quotient’

ls fy;k x;k gSA

vc vkidks ;kn gksxk fd ifjes; la[;kvksa dh ifjHkk"kk bl izdkj nh tkrh gS %

la[;k ‘r’ dks ifjes; la[;k dgk tkrk gS] ;fn bls p

q

 osQ :i esa fy[kk tk ldrk

gks] tgk¡ p vkSj q iw.kk±d gSa vkSj q ≠ 0 gS (;gk¡ ge bl ckr ij cy D;ksa nsrs gSa fd
q ≠ 0 gksuk pkfg,)A

vc vki bl ckr dh vksj è;ku nhft, fd FkSys esa j[kh lHkh la[;kvksa dks 
p

q
 osQ

:i esa fy[kk tk ldrk gS] tgk¡  p vkSj q iw.kk±d gSa vkSj q ≠ 0 gSA mnkgj.k osQ fy,] –25

dks 
25

1

−
 osQ :i esa fy[kk tk ldrk gS_ ;gk¡ p = –25 vkSj q = 1 gSA bl rjg ge ;g ikrs

gSa fd ifjes; la[;kvksa osQ varxZr izkÑr la[;k,¡] iw.kZ la[;k,¡ vkSj iw.kk±d Hkh vkrs gSaA

vki ;g Hkh tkurs gSa fd ifjes; la[;kvksa dk 
p

q
 osQ :i esa vf}rh; (unique)

fu:i.k ugha gksrk gS] tgk¡  p vkSj q iw.kk±d gSa vkSj q ≠ 0 gSA mnkgj.k osQ fy,] 
1

2
 = 

2

4
 =

10

20
 = 

25

50
 = 

47

94
, vkfnA ;s ifjes; la[;k,¡ rqY; ifjes; la[;k,¡ (;k fHkUu) gSaA fiQj

Hkh] tc ge ;g dgrs gSa fd  
p

q
 ,d ifjes; la[;k gS ;k tc ge 

p

q
 dks ,d la[;k
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4 xf.kr

js[kk ij fu:fir djrs gSa] rc ge ;g eku ysrs gSa fd q ≠ 0 vkSj  p vkSj q dk 1 osQ
vfrfjDr vU; dksbZ mHk;fu"B xq.ku[kaM ugha gS [vFkkZr~ p vkSj q vlgHkkT; la[;k,¡

(coprime numbers) gSaºA vr% la[;k js[kk ij 
1

2
 osQ rqY; vifjfer :i ls vusd fHkUuksa

esa ls ge 
1

2
 ysrs gSa tks lHkh dks fu:fir djrh gSA

vkb, vc ge fofHkUu izdkj dh la[;kvksa] ftudk vè;;u vki fiNyh d{kkvksa es
dj pqosQ gSa] ls lacaf/r oqQN mnkgj.k gy djsaA

mnkgj.k 1 % uhps fn, x, dFku lR; gSa ;k vlR;\ dkj.k osQ lkFk vius mÙkj nhft,A

(i) izR;sd iw.kZ la[;k ,d izkÑr la[;k gksrh gSA

(ii) izR;sd iw.kk±d ,d ifjes; la[;k gksrk gSA

(iii) izR;sd ifjes; la[;k ,d iw.kk±d gksrh gSA

gy % (i) vlR; gS] D;ksafd 'kwU; ,d iw.kZ la[;k gS ijUrq izkÑr la[;k ugha gSA

(ii) lR; gS] D;ksafd izR;sd iw.kk±d m dks 
1

m
 osQ :i esa fy[kk tk ldrk gS vkSj blfy,

;g ,d ifjes; la[;k gSA

(iii) vlR; gS] D;ksafd 
3

5
 ,d iw.kk±d ugha gSA

mnkgj.k 2 % 1 vkSj 2 osQ chp dh ik¡p ifjes; la[;k,¡ Kkr dhft,A

bl iz'u dks ge de ls de nks fof/;ksa ls gy dj ldrs gSaA

gy 1 % vkidks ;kn gksxk fd r vkSj s osQ chp dh ,d ifjes; la[;k Kkr djus osQ fy,

vki r vkSj s dks tksM+rs gSa vkSj mls nks ls Hkkx ns nsrs gSa] vFkkZr~ 
2

r s+
,  r vkSj s osQ chp

fLFkr gksrh gSA vr% 
3

2
,  1 vkSj 2 osQ chp dh ,d la[;k gSA blh izfØ;k esa vki 1 vkSj

2 osQ chp pkj vkSj ifjes; la[;k,¡ Kkr dj ldrs gSaA ;s pkj la[;k,¡ gSa %

5 11 13 7
, ,

4 8 8 4
vkSj A
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la[;k i¼fr 5

gy 2 % ,d vU; fodYi gS fd ,d gh pj.k esa lHkh ik¡p ifjes; la[;kvksa dks Kkr
dj ysaA D;ksafd ge ik¡p la[;k,¡ Kkr djuk pkgrs gSa] blfy, ge 5 $ 1 vFkkZr~] 6 dks

gj ysdj 1 vkSj 2 dks ifjes; la[;kvksa osQ :i esa fy[krs gSaA vFkkZr~  1 = 
6

6
 vkSj 2 = 

12

6

gSaA rc vki ;g ns[k ldrs gSa fd 
7 8 9 10

, , ,
6 6 6 6

 vkSj 
11

6
 lHkh 1 vkSj 2 osQ chp fLFkr

ifjes; la[;k,¡ gSaA vr% 1 vkSj 2 osQ chp fLFkr la[;k,¡ gSa % 
7 4 3 5

, , ,
6 3 2 3

 vkSj 
11

6
A

fVIi.kh % è;ku nhft, fd mnkgj.k 2 esa 1 vkSj 2 osQ chp fLFkr osQoy ik¡p ifjes;
la[;k,¡ gh Kkr djus osQ fy, dgk x;k FkkA ijUrq vkius ;g vo'; vuqHko fd;k gksxk
fd oLrqr% 1 vkSj 2 osQ chp vifjfer :i ls vusd ifjes; la[;k,¡ gksrh gSaA O;kid
:i esa] fdUgha nks nh gqbZ ifjes; la[;kvksa osQ chp vifjfer :i ls vusd ifjes;
la[;k,¡ gksrh gSaA

vkb, ge la[;k js[kk dks iqu% ns[ksaA D;k vkius bl js[kk ij fLFkr lHkh la[;kvksa dks
ys fy;k gS\ vHkh rd rks ughaA ,slk gksus dk dkj.k ;g gS fd la[;k js[kk ij vifjfer
:i ls vusd vkSj la[;k,¡ cph jgrh gSaA vki }kjk mBk;h xbZ la[;kvksa osQ LFkkuksa osQ chp
fjDr LFkku gSa vkSj fjDr LFkku u osQoy ,d ;k nkss gSa] cfYd vifjfer :i ls vusd
gSaA vk'p;Ztud ckr rks ;g gS fd fdUgh nks fjDr LFkkuksa osQ chp vifjfer :i ls vusd
la[;k,¡ fLFkr gksrh gSaA

vr%] gekjs lkeus fuEufyf[kr iz'u cps jg tkrs gSa%

1. la[;k js[kk ij cph gqbZ la[;kvksa dks D;k dgk tkrk
gS\

2. bUgsa ge fdl izdkj igpkurs gSa\ vFkkZr~ bu la[;kvksa
vkSj ifjes; la[;kvksa osQ chp ge fdl izdkj Hksn
djrs gSa\

bu iz'uksa ds mÙkj vxys vuqPNsn esa fn, tk,¡xsA

Reprint 2025-26



6 xf.kr

iz'ukoyh 1.1

1. D;k 'kwU; ,d ifjes; la[;k gS\ D;k bls vki 
p

q
 osQ :i esa fy[k ldrs gSa] tgk¡

p  vkSj  q  iw.kk±d gSa vkSj q ≠ 0 gS?

2. 3 vkSj 4 osQ chp esa N% ifjes; la[;k,¡ Kkr dhft,A

3.
3

5
 vkSj 

4

5
 osQ chp ik¡p ifjes; la[;k,¡ Kkr dhft,A

4. uhps fn, x, dFku lR; gSa ;k vlR;\ dkj.k osQ lkFk vius mÙkj nhft,A

(i) izR;sd izkÑr la[;k ,d iw.kZ la[;k gksrh gSA

(ii) izR;sd iw.kk±d ,d iw.kZ la[;k gksrh gSA

(iii) izR;sd ifjes; la[;k ,d iw.kZ la[;k gksrh gSA

1.2 vifjes; la[;k,¡

fiNys vuqPNsn esa] geus ;g ns[kk gS fd la[;k js[kk ij ,slh la[;k,¡ Hkh gks ldrh gSa
tks ifjes; la[;k,¡ ugha gSaA bl vuqPNsn esa] vc ge bu la[;kvksa ij ppkZ djsaxsA vHkh

rd geus ftu la[;kvksa ij ppkZ dh gS] os 
p

q
 osQ :i dh jgh gSa] tgk¡ p vkSj q iw.kk±d

gSa vkSj q ≠ 0 gSA vr% vki ;g iz'u dj ldrs gSa fd D;k ,slh Hkh la[;k,¡ gSa tks bl
:i dh ugha gksrh gSa\ oLrqr% ,slh la[;k,¡ gksrh gSaA

yxHkx 400 lkú;qúiwú] xzhl osQ izfl¼ xf.krK vkSj nk'kZfud

ikbFkkxksjl osQ vuq;kf;;ksa us bu la[;kvksa dk lcls igys irk

yxk;k FkkA bu la[;kvksa dks vifjes; la[;k,¡ (irrational

numbers) dgk tkrk gS] D;ksafd bUgsa iw.kk±dksa osQ vuqikr osQ :i

esa ugha fy[kk tk ldrk gSA ikbFkkxksjl ds ,d vuq;k;h] ØksVksu

ds fgikDl }kjk irk yxk;h xbZ vifjes; la[;kvksa ds laca/ esa

vusd fdaonafr;k¡ gSaA fgikDl dk ,d nqHkkZX;iw.kZ var jgk] pkgs

bldk dkj.k bl ckr dh [kkst gks fd 2   ,d vifjes; la[;k

gS ;k bl [kkst ds ckjs esa ckgjh nqfu;k dks mtkxj djuk gksA

ikbFkkxksjl
(569 lkñ ;qñ iwwñ – 479 lkñ ;qñ iwwñ)

vkÑfr 1-3
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la[;k i¼fr 7

20052006

3

–5

16

60

999

4

–8

–6625

58

0

27

71

17
981

–12

13

89

–6
7

2

3

9

14

-65
–66
26

-45

036

19

R

vkb, vc ge bu la[;kvksa dh vkSipkfjd ifjHkk"kk nsaA

la[;k ‘s’ dks vifjes; la[;k (irrational number) dgk tkrk gS] ;fn bls p

q
 osQ

:i esa u fy[kk tk ldrk gks] tgk¡ p vkSj q iw.kk±d gSa vkSj q ≠ 0 gSA

vki ;g tkurs gSa fd vifjfer :i ls vusd ifjes; la[;k,¡ gksrh gSaA blh izdkj]
vifjes; la[;k,¡ Hkh vifjfer :i ls vusd gksrh gSaA buosQ oqQN mnkgj.k gSa%

2, 3, 15,  π, 0.10110111011110...

fVIi.kh % vkidks ;kn gksxk fd tc dHkh ge izrhd ‘‘ ’’ dk iz;ksx djrs gSa] rc ge

;g ekudj pyrs gSa fd ;g la[;k dk /ukRed oxZewy gSA vr% 4  = 2 gS, ;|fi 2
vkSj &2 nksuksa gh la[;k 4 osQ oxZewy gSaA

Åij nh xbZ oqQN vifjes; la[;kvksa osQ ckjs esa vki tkurs gSaA mnkgj.k osQ fy,] Åij
fn, x, vusd oxZewyksa vkSj la[;k π ls vki ifjfpr gks pqds gSaA

ikbFkkxksjl osQ vuq;kf;;ksa us ;g fl¼ fd;k gS fd 2  ,d vifjes; la[;k gSA

ckn esa 425 bZ-iw- osQ vkl&ikl lkbjhu osQ fFk;ksMksjl us ;g n'kkZ;k Fkk fd

3, 5, 6, 7, 10, 11, 12, 13,  14, 15  vkSj 17  Hkh vifjes; la[;k,¡ gSaA

2 , 3 , 5 , vkfn dh vifjes;rk (irrationality) dh miifÙk;ksa ij ppkZ d{kk 10 esa dh

tk,xhA tgk¡ rd π dk laca/ gS] gtkjksa o"kks± ls fofHkUu laLÑfr;k¡ blls ifjfpr jgh gSa]
ijUrq 1700 bZ- osQ var esa gh ySEcVZ vkSj ystkUMªs us fl¼ fd;k Fkk fd ;g ,d vifjes;
la[;k gSA vxys vuqPNsn esa ge bl ckr ij ppkZ djsaxs fd 0-10110111011110... vkSj
π vifjes; D;ksa gSaA

vkb, ge fiNys vuqPNsn osQ var esa mBk, x, iz'uksa
ij iqu% fopkj djsaA blds fy, ifjes; la[;kvksa okyk
FkSyk yhft,A vc ;fn ge FkSys esa lHkh vifjes;
la[;k,¡ Hkh Mky nsa] rks D;k vc Hkh la[;k js[kk ij
dksbZ la[;k cph jgsxh\ bldk mÙkj gS ¶ugha̧ A vr%]
,d lkFk yh xbZ lHkh ifjes; la[;kvksa vkSj vifjes;
la[;kvksa osQ laxzg ls tks izkIr gksrk gS] mls okLrfod
la[;kvks a (real numbers) dk uke fn;k tkrk
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8 xf.kr

gS] ftls R ls izdV fd;k tkrk gSA vr% okLrfod la[;k ;k rks ifjes; ;k vifjes;
la[;k gks ldrh gSA vr% ge ;g dg ldrs gSa fd izR;sd okLrfod la[;k dks
la[;k js[kk ds ,d vf}rh; fcUnq ls fu:fir fd;k tkrk gSA lkFk gh] la[;k js[kk
dk izR;sd fcUnq ,d vf}rh; okLrfod la[;k dks fu:fir djrk gSA ;gh dkj.k
gS fd la[;k js[kk dks okLrfod la[;k js[kk (real number line) dgk tkrk gSA

1870 esa nks teZu xf.krK oSQUVj vkSj
MsMsfoaQM us bls fHkUu&fHkUu fof/;ksa
ls fl¼ fd;k FkkA mUgksaus ;g fn[kk;k
Fkk fd izR;sd okLrfod la[;k osQ
laxr okLrfod la[;k js[kk ij ,d
fcUnq gksrk gS vkSj la[;k js[kk ds
izR;sd fcUnq osQ laxr ,d vf}rh;
okLrfod la[;k gksrh gSA

vkb, ns[ksa fd la[;k js[kk ij ge oqQN vifjes; la[;kvksa dk LFkku fu/kZj.k fdl
izdkj dj ldrs gSaA

mnkgj.k 3 % la[;k js[kk ij 2  dk LFkku fu/kZj.k (dks fu:fir) dhft,A

gy % ;g ljyrk ls ns[kk tk ldrk gS fd fdl izdkj ;wukfu;ksa us 2

dk irk yxk;k gksxkA ,d ,dd (ek=kd) dh yackbZ dh Hkqtk okyk oxZ
OABC yhft, (nsf[k, vkÑfr 1.6)A rc vki ikbFkkxksjl izes; ykxw

djosQ ;g ns[k ldrs gSa fd OB =  2 2
1 1 2+ =  gSA la[;k js[kk ij

ge 2  dks fdl izdkj fu:fir djrs gSa\ ,slk ljyrk ls fd;k tk ldrk gSA bl ckr
dk è;ku j[krs gq, fd 'kh"kZ O 'kwU; osQ lkFk laikrh cuk jgs] vkÑfr 1-6 dks la[;k js[kk
ij LFkkukarfjr dhft, (nsf[k, vkÑfr 1-7)A

vkÑfr 1-7

vkj- MsMsfoaQM (1831&1916)
vkÑfr 1-5

th- oSQUVj (1845&1918)
vkÑfr 1-4

vkÑfr 1-6
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vHkh vkius ns[kk gS fd OB = 2  gSA ,d ijdkj dh lgk;rk ls O dks osQUnz vkSj
OB dks f=kT;k ekudj ,d pki (arc) [khafp, tks la[;k js[kk dks fcUnq P ij dkVrk gSA rc
fcUnq P la[;k js[kk ij 2  osQ laxr gksrk gSA

mnkgj.k 4 % okLrfod la[;k js[kk ij 3  dk LFkku fu/kZj.k dhft,A

gy % vkb, ge vkÑfr 1.7 dks iqu% ysaA

vkÑfr 1-8

OB ij ,dd yackbZ okys yac BD dh jpuk dhft, (tSlk fd vkÑfr 1-8 esa fn[kk;k

x;k gS)A rc ikbFkkxksjl izes; ykxw djus ij] gesa OD = ( )2
2

2 1 3+ =  izkIr gksrk gSA

,d ijdkj dh lgk;rk ls O dks osQUnz vkSj OD dks f=kT;k ekudj ,d pki [khafp, tks

la[;k js[kk dks fcUnq Q ij dkVrk gSA rc Q, 3  osQ laxr gSA

blh izdkj 1n −  dk LFkku fu/kZj.k gks tkus osQ ckn vki n  dk LFkku fu/kZj.k dj

ldrs gSa] tgk¡ n ,d /ukRed iw.kk±d gSA

iz'ukoyh 1.2

1. uhps fn, x, dFku lR; gSa ;k vlR; gSaA dkj.k osQ lkFk vius mÙkj nhft,A

(i) izR;sd vifjes; la[;k ,d okLrfod la[;k gksrh gSA

(ii) la[;k js[kk dk izR;sd fcUnq m  ds :i dk gksrk gS] tgk¡ m ,d izkÑr la[;k gSA

(iii) izR;sd okLrfod la[;k ,d vifjes; la[;k gksrh gSA

2. D;k lHkh /ukRed iw.kk±dksa osQ oxZewy vifjes; gksrs gSa\ ;fn ugha] rks ,d ,slh la[;k osQ
oxZewy dk mnkgj.k nhft, tks ,d ifjes; la[;k gSA
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10 xf.kr

3. fn[kkb, fd la[;k js[kk ij 5  dks fdl izdkj fu:fir fd;k tk ldrk gSA

4. d{kk osQ fy, fØ;kdyki (oxZewy lfiZy dh
jpuk) % dkxt dh ,d cM+h 'khV yhft, vkSj uhps
nh xbZ fof/ ls ¶oxZewy lfiZy¸ (square root spiral)

dh jpuk dhft,A lcls igys ,d fcUnq O yhft, vkSj
,dd yackbZ dk js[kk[kaM (line segment) OP [khafp,A
,dd yackbZ okys OP

1
 ij yac js[kk[kaM P

1
P

2
 [khafp,

(nsf[k, vkÑfr 1-9)A vc OP
2
 ij yac js[kk[kaM P

2
P

3

[khafp,A rc OP
3
 ij yac js[kk[kaM P

3
P

4
 [khafp,A

bl izfØ;k dks tkjh j[krs gq, OP
n -1 

ij ,dd yackbZ okyk yac js[kk[kaM [khapdj vki
js[kk[kaM P

n–1
P

n
  izkIr dj ldrs gSaA bl izdkj vki fcUnq O, P

1
, P

2
, P

3
,..., P

n
,... izkIr dj ysaxs

vkSj mUgsa feykdj 2, 3, 4, ... dks n'kkZus okyk ,d lqanj lfiZy izkIr dj ysaxsA

1.3  okLrfod la[;k,¡ vkSj muosQ n'keyo izlkj

bl vuqPNsn esa] ge ,d vyx n`f"Vdks.k ls ifjes; vkSj vifjes; la[;kvksa dk vè;;u

djsaxsA blosQ fy, ge okLrfod la[;kvksa osQ n'keyo izlkj (expansions) ij fopkj

djsaxs vkSj ns[ksaxs fd D;k ge ifjes; la[;kvksa vkSj vifjes; la[;kvksa esa Hksn djus osQ

fy, bu izlkjksa dk iz;ksx dj ldrs gSa ;k ughaA ;gk¡ ge bl ckr dh Hkh O;k[;k djsaxs

fd okLrfod la[;kvksa osQ n'keyo izlkj dk iz;ksx djosQ fdl izdkj la[;k js[kk ij

okLrfod la[;kvksa dks iznf'kZr fd;k tkrk gSA D;ksafd ge vifjes; la[;kvksa dh rqyuk

esa ifjes; la[;kvksa ls vf/d ifjfpr gSa] blfy, ge viuh ppkZ bUgha la[;kvksa ls izkjaHk

djsaxsA ;gk¡ buosQ rhu mnkgj.k fn, x, gSa % 
10 7 1

, ,
3 8 7

A 'ks"kiQyksa ij fo'ks"k è;ku nhft,

vkSj nsf[k, fd D;k vki dksbZ izfr:i (pattern) izkIr dj ldrs gSaA

mnkgj.k 5 % 
10

3
, 

7

8
 vkSj 

1

7
 osQ n'keyo izlkj Kkr dhft,A

vko`Qfr 1.9 : oxZewy l£iy
dh jpuk
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gy %
    3.333...     0.875       0.142857...

3 10 8 7.0 7 1.0

     9     64         7

     10       60         30

      9       56         28

     10         40           20

       9         40           14

       10          0             60

         9             56

         1              40

             35

               50

               49

       1

'ks"k : 1, 1, 1, 1, 1... 'ks"k : 6, 4, 0 'ks"k : 3, 2, 6, 4, 5, 1,

Hkktd : 3 Hkktd : 8 3, 2, 6, 4, 5, 1,...

Hkktd : 7

;gk¡ vkius fdu&fdu ckrksa ij è;ku fn;k gS\ vkidks de ls de rhu ckrksa ij è;ku
nsuk pkfg,A

(i) oqQN pj.k osQ ckn 'ks"k ;k rks 0 gks tkrs gSa ;k Lo;a dh iqujko`fÙk djuk izkjaHk dj
nsrs gSaA

(ii) 'ks"kksa dh iqujko`fÙk  Ükà[kyk esa izfof"V;ksa (entries) dh la[;k Hkktd ls de gksrh gS

(
1

3
 esa ,d la[;k dh iqujko`fÙk gksrh gS vkSj Hkktd 3 gS] 

1

7
 esa 'ks"kksa dh iqujko`fÙk

Ükà[kyk esa N% izfof"V;k¡ 326451 gSa vkSj Hkktd 7 gS)A

(iii) ;fn 'ks"kksa dh iqujko`fÙk gksrh gks] rks HkkxiQy (quotient) esa vadksa dk ,d iqujko`fÙk

[kaM izkIr gksrk gS (
1

3
 osQ fy, HkkxiQy esa 3 dh iqujko`fÙk gksrh gS vkSj 

1

7
 osQ fy,

HkkxiQy esa iqujko`fÙk [kaM 142857 izkIr gksrk gS)A
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12 xf.kr

;|fi osQoy Åij fn, x, mnkgj.kksa ls geus ;g izfr:i izkIr fd;k gS] ijUrq ;g 
p

q

(q ≠ 0) osQ :i dh lHkh ifjes; la[;kvksa ij ykxw gksrk gSA q ls p oQks Hkkx nsus ij nks eq[;
ckrsa ?kVrh gSa & ;k rks 'ks"k 'kwU; gks tkrk gS ;k dHkh Hkh 'kwU; ugha gksrk gS vkSj rc gesa
'ks"kiQyksa dh ,d iqujko`fÙk  Ükà[kyk izkIr gksrh gSA vkb, ge izR;sd fLFkfr ij vyx&vyx
fopkj djsaA

fLFkfr (i) % 'ks"k 'kwU; gks tkrk gSA
7

8
 okys mnkgj.k esa geus ;g ns[kk gS fd oqQN pj.kksa osQ ckn 'ks"k 'kwU; gks tkrk gS vkSj

7

8
 dk n'keyo izlkj 0-875 gSA vU; mnkgj.k gSa % 

1

2
 = 0.5, 

639

250
 = 2.556 gSA bu lHkh

fLFkfr;ksa esa oqQN ifjfer pj.kksa osQ ckn n'keyo izlkj dk var gks tkrk gSA ge ,slh
la[;kvksa osQ n'keyo izlkj dks lkar (terminating) n'keyo dgrs gSaA

fLFkfr (ii) : 'ks"k dHkh Hkh 'kwU; ugha gksrk gSA

1

3
 vkSj 

1

7
 okys mnkgj.kksa esa] ge ;g ikrs gSa fd oqQN pj.kksa osQ ckn 'ks"k dh iqujko`fÙk gksus

yxrh gS] ftlls n'keyo izlkj fujarj tkjh jgrk gSA nwljs 'kCnksa esa] gesa HkkxiQy esa vadksa
dk ,d iqujko`fÙk [kaM izkIr gksrk gSA rc ge ;g dgrs gSa fd ;g izlkj vuolkuh

vkorhZ (non-terminating recurring) gSA mnkgj.k osQ fy,] 
1

3
 = 0.3333... vkSj

1

7
 = 0.142857142857142857... gSA

;g fn[kkus osQ fy, fd 
1

3
 osQ HkkxiQy esa 3 dh iqujko`fÙk gksrh gS] ge bls 0.3  osQ :i

esa fy[krs gSaA blh izdkj] D;ksafd 
1

7
 osQ HkkxiQy esa vadksa osQ [kaM 142857 dh iqujkòfÙk

gksrh gS] blfy, ge 
1

7
 dks 0.142857  osQ :i esa fy[krs gSa] tgk¡ vadksa osQ Åij yxk;k

x;k naM] vadksa osQ ml [kaM dks izdV djrk gS ftldh iqujko`fÙk gksrh gSA lkFk gh]
3-57272 - - - dks 3.572  osQ :i esa fy[kk tk ldrk gSA vr% bu lHkh mnkgj.kksa ls
vuolkuh vkorZ (iqujko`fÙk) n'keyo izlkj izkIr gksrs gSaA bl rjg ge ;g ns[krs gSa fd
ifjes; la[;kvksa osQ n'keyo izlkj osQ osQoy nks fodYi gksrs gSa ;k rks os lkar  gksrs gSa
;k vuolkuh (vlkar) vkorhZ gksrs gSaA
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blosQ foijhr vc vki ;g eku yhft, fd la[;k js[kk ij pyus ij vkidks 3-142678
tSlh la[;k,¡ izkIr gksrh gSa ftldk n'keyo izlkj lkar gksrk gS ;k 1-272727---] vFkkZr~
1.27  tSlh la[;k izkIr gksrh gS] ftldk n'keyo izlkj vuolkuh vkorhZ gSA blls D;k
vki ;g fu"d"kZ fudky ldrs gSa fd ;g ,d ifjes; la[;k gS\ bldk mÙkj gS] gk¡! bls
ge fl¼ ugha djsaxs] ijUrq oqQN mnkgj.k ysdj bl rF; dks iznf'kZr djsaxsA lkar fLFkfr;k¡
rks ljy gSaA

mnkgj.k 6 % fn[kkb, fd 3-142678 ,d ifjes; la[;k gSA nwljs 'kCnksa] esa 3-142678

dks 
p

q
 osQ :i esa O;Dr dhft,] tgk¡ p vkSj q iw.kk±d gSa vkSj q ≠ 0 gSA

gy % ;gk¡ 3.142678 = 
3142678

1000000
 gSA vr% ;g ,d ifjes; la[;k gSA

vkb, vc ge ml fLFkfr ij fopkj djsa] tcfd n'keyo izlkj vuolkuh vkorhZ gksA

mnkgj.k 7 % fn[kkb, fd 0-3333---  = 0 3.  dks 
p

q
 osQ :i esa O;Dr fd;k tk ldrk gS]

tgk¡ p vkSj q iw.kk±d gSa vkSj q ≠ 0 gSA

gy % D;ksafd ge ;g ugha tkurs gSa fd 0 3.  D;k gS] vr% vkb, bls ge ‘x’ eku ysaA

x = 0.3333...

vc] ;gh og fLFkfr gS tgk¡ gesa dqN ;qfDr yxkuh iM+sxhA

;gk¡] 10 x = 10 × (0.333...) = 3.333...

vc] 3.3333... = 3 + x, pw¡fd x = 0.3333... gSA

blfy,] 10 x = 3 + x

x osQ fy, gy djus ij] gesa ;g izkIr gksrk gS%
9x = 3

vFkkZr~] x =
1

3

mnkgj.k 8 % fn[kkb, fd 1.272727... = 1 27.  dks 
p

q
 osQ :i esa O;Dr fd;k tk ldrk

gS] tgk¡  p vkSj q iw.kk±d gSa vkSj q ≠ 0 gSA
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gy % eku yhft,  x = 1.272727... gSA D;ksafd ;gk¡ nks vadksa dh iqujko`fÙk gS] blfy, ge
x dks 100 ls xq.kk djrs gSaA ,slk djus ij] gesa ;g izkIr gksrk gS %

100 x = 127.2727...

vr%] 100 x = 126 + 1.272727... = 126 + x

blfy,] 100 x – x = 126, vFkkZr~ 99 x = 126

vFkkZr~] x =
126 14

99 11
=

vki blosQ bl foykse dh tk¡p dj ldrs gSa fd 
14

11
 = 1 27.  gSA

mnkgj.k 9 % fn[kkb, fd 0.2353535... = 0 235.  dks 
p

q
 osQ :i esa O;Dr dj ldrs gSa]

tgk¡   p vkSj q iw.kkZad gSa vkSj q ≠ 0 gSA

gy % eku yhft, x = 0 235.  gSA ;gk¡ ;g nsf[k, fd 2 dh iqujko`fÙk ugha gksrh gS] ijUrq
[kaM 35 dh iqujko`fÙk gksrh gSA D;ksafd nks vadksa dh iqujko`fÙk gks jgh gS] blfy, ge
x dks 100 ls xq.kk djrs gSaA ,slk djus ij] gesa ;g izkIr gksrk gS %

100 x = 23.53535...

blfy,] 100 x = 23.3 + 0.23535... = 23.3 + x

vr%] 99 x = 23.3

vFkkZr~] 99 x =
233

10
, ftlls x = 

233

990
 gqvkA

vki blosQ foykse] vFkkZr~  
233

990
 = 0 235.  dh Hkh tk¡p dj ldrs gSaA

vr% vuolkuh vkorhZ n'keyo izlkj okyh izR;sd la[;k dks 
p

q
 (q ≠ 0) osQ :i esa

O;Dr fd;k tk ldrk gS] tgk¡  p vkSj q iw.kk±d gSaA vkb, ge vius ifj.kkeksa dks la{ksi esa
bl izdkj O;Dr djsa%
,d ifjes; la[;k dk n'keyo izlkj ;k rks lkar gksrk gS ;k vuolkuh vkorhZ gksrk gSA
lkFk gh] og la[;k] ftldk n'keyo izlkj lkar ;k vuolkuh vkorhZ gS] ,d ifjes;
la[;k gksrh gSA
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vc ge ;g tkurs gSa fd ifjes; la[;k dk n'keyo izlkj D;k gks ldrk gSA vc iz'u
mBrk gSa fd vifjes; la[;kvksa dk n'keyo izlkj D;k gksrk gS\ Åij crk, x, xq.k osQ
vuqlkj ge ;g fu"d"kZ fudky ldrs gSa fd bu la[;kvksa osQ n'keyo izlkj vuolkuh
vukorhZ (non-terminating non-recurring) gSaA vr% Åij ifjes; la[;kvksa ds fy,
crk, x, xq.k osQ leku  vifjes; la[;kvksa dk xq.k ;g gksrk gS%

,d vifjes; la[;k dk n'keyo izlkj vuolkuh vukorhZ gksrk gSA foykser% og la[;k
ftldk n'keyo izlkj vuolkuh vukorhZ gksrk gS] vifjes; gksrh gSA

fiNys vuqPNsn esa geus ,d vifjes; la[;k 0.10110111011110... dh ppkZ dh FkhA eku
yhft, fd s = 0.10110111011110... gSA è;ku nhft, fd ;g vuolkuh vukorhZ gSA vr%
Åij crk, x, xq.k osQ vuqlkj ;g vifjes; gSA lkFk gh] ;g Hkh è;ku nhft, fd vki
s osQ le:i vifjfer :i ls vusd vifjes; la[;k,¡ tfur dj ldrs gSaA

lqizfl¼ vifjes; la[;kvksa 2  vkSj π osQ laca/ esa vki D;k tkurs gSa\ ;gk¡ oqQN pj.k
rd muosQ n'keyo izlkj fn, x, gSa%

2  = 1.4142135623730950488016887242096...

π = 3.14159265358979323846264338327950...

(è;ku nhft, fd ge izk;% 
22

7
 dks π dk ,d lfUudV eku ekurs gSa] tcfd π ≠ 

22

7
gSA)

o"kks± ls xf.krKksa us vifjes; la[;kvksa osQ n'keyo izlkj esa vf/d ls vf/d vadksa
dks mRiUu djus dh fofHkUu rduhd fodflr dh gSaA mnkgj.k osQ fy,] laHkor% vkius
foHkktu fof/ (division method) ls 2  osQ n'keyo izlkj esa vadksa dks Kkr djuk
vo'; gh lh[kk gksxkA ;g ,d jkspd ckr gS fd lqYclw=kksa (thok&fu;eksa) esa] tks oSfnd
;qx (800 bZ-iw- & 500 bZ-iw-) ds xf.krh; xzaFk gSa] gesa 2  dk ,d lfUudV eku izkIr
gksrk gS] tks ;g gS%

2  = 
1 1 1 1 1 1

1 1 4142156
3 4 3 34 4 3

.
   + + × − × × =   
   

è;ku nhft, fd ;g ogh gS tks fd Åij izFke ik¡p n'keyo LFkkuksa rd osQ fy, fn;k
x;k gSA π osQ n'keyo izlkj esa vfèkd ls vf/d vad izkIr djus dk bfrgkl dkiQh
jkspd jgk gSA
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;wuku dk izcq¼ O;fDr vkoZQfeMht gh og igyk O;fDr Fkk
ftlus π osQ n'keyo izlkj esa vadksa dks vfHkdfyr fd;k
FkkA mlus ;g fn[kk;k fd 3.140845 < π < 3.142857 gksrk gSA
vk;ZHkV~V (476 – 550 bZñ) us tks ,d egku Hkkjrh; xf.krK
vkSj [kxksyfon Fks] pkj n'keyo LFkkuksa rd 'kq¼  π dk eku
(3-1416) Kkr fd;k FkkA mPp pky oaQI;wVjksa vkSj mUur
dyu fof/;ksa (algorithms) dk iz;ksx djosQ 1-24 fVªfy;u
ls Hkh vf/d n'keyo LFkkuksa rd π dk eku vfHkdfyr
fd;k tk pqdk gSA

vkb, vc ge ns[ksa fd fdl izdkj vifjes; la[;k,¡ izkIr dh tkrh gSaA

mnkgj.k 10 % 
1

7
 vkSj 

2

7
 osQ chp dh ,d vifjes; la[;k Kkr dhft,A.

gy % geus ns[kk gS fd 
1

7
 = 0142857.  gSA

vr% ge ljyrk ls ;g ifjdfyr dj ldrs gSa fd 
2

0 285714
7

.=  gSA

1

7
 vkSj 

2

7
 osQ chp dh ,d vifjes; la[;k Kkr djus osQ fy,] ge ,d ,slh la[;k Kkr

djrs gSa tks bu nksuksa osQ chp fLFkr vuolkuh vukorhZ gksrh gSA bl izdkj oQh vki
vifjfer :i ls vusd la[;k,¡ Kkr dj ldrs gSaA bl izdkj dh la[;k dk ,d mnkgj.k
0-150150015000150000- - - gSA

iz'ukoyh  1.3

1. fuEufyf[kr fHkUuksa dks n'keyo :i esa fyf[k, vkSj crkb, fd izR;sd dk n'keyo izlkj
fdl izdkj dk gS %

(i)
36

100
(ii)

1

11
(iii)

1
4

8

(iv)
3

13
(v)

2

11
(vi)

329

400

2. vki tkurs gSa fd 
1

7
 = 0142857.  gSA okLro esa] yack Hkkx fn, fcuk D;k vki ;g crk ldrs

vkoZQfeMht
(287 lkñ ;qñ iwñ &212 lkñ ;qñ iwñ)

vkÑfr 1-10
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gSa fd 
2

7
, 

3

7
, 

4

7
, 

5

7
, 

6

7
 osQ n'keyo izlkj D;k gSa\ ;fn gk¡] rks oSQls\

[laosQr % 
1

7
 dk eku Kkr djrs le; 'ks"kiQyksa dk vè;;u lko/kuh ls dhft,A]

3. fuEufyf[kr dks 
p

q
 osQ :i esa O;Dr dhft,] tgk¡ p vkSj q iw.kk±d gSa rFkk q ≠ 0 gS%

(i) 0 6. (ii) 0 47. (iii) 0 001.

4.  0.99999. . . dks 
p

q
 osQ :i esa O;Dr dhft,A D;k vki vius mÙkj ls vk'p;Zpfdr gS\

vius vè;kid vkSj d{kk osQ lg;ksfx;ksa osQ lkFk mÙkj dh lkFkZdrk ij ppkZ dhft,A

5.
1

17
 osQ n'keyo izlkj esa vadksa osQ iqujko`fÙk [kaM esa vadksa dh vf/dre la[;k D;k gks

ldrh gS\ vius mÙkj dh tk¡p djus osQ fy, foHkktu&fØ;k dhft,A

6.

p

q
 (q ≠ 0) osQ :i dh ifjes; la[;kvksa osQ vusd mnkgj.k yhft,] tgk¡ p vkSj  q iw.kkZad

gSa] ftudk 1 osQ vfrfjDr vU; dksbZ mHk;fu"B xq.ku[kaM ugha gS vkSj ftldk lkar n'keyo
fu:i.k (izlkj) gSA D;k vki ;g vuqeku yxk ldrs gSa fd q dks dkSu&lk xq.k vo';
larq"V djuk pkfg,\

7. ,slh rhu la[;k,¡ fyf[k, ftuosQ n'keyo izlkj vuolkuh vukorhZ gksaA

8. ifjes; la[;kvksa 
5

7
 vkSj 

9

11
 osQ chp dh rhu vyx&vyx vifjes; la[;k,¡ Kkr dhft,A

9. crkb, fd fuEufyf[kr la[;kvksa esa dkSu&dkSu la[;k,¡ ifjes; vkSj dkSu&dkSu la[;k,¡
vifjes; gSa%
(i) 23 (ii) 225 (iii) 0.3796

(iv) 7.478478... (v) 1.101001000100001...

1.4  okLrfod la[;kvksa ij lafØ;k,¡

fiNyh d{kkvksa esa] vki ;g i<+ pqosQ gSa fd ifjes; la[;k,¡ ;ksx vkSj xq.ku osQ
Øefofues; (commutative), lkgp;Z (associative) vkSj caVu (distributive) fu;eksa dks
larq"V djrh gSa vkSj ge ;g Hkh i<+ pqosQ gSa fd ;fn ge nks ifjes; la[;kvksa dks tksM+sa]
?kVk,¡] xq.kk djsa ;k ('kwU; NksM+dj) Hkkx nsa] rc Hkh gesa ,d ifjes; la[;k izkIr gksrh gS
[vFkkZr~ tksM+] ?kVkuk] xq.kk vkSj Hkkx osQ lkis{k ifjes; la[;k,¡ lao`r (closed) gksrh gSa ]A ;gk¡
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ge ;g Hkh ns[krs gSa fd vifjes; la[;k,¡ Hkh ;ksx vkSj xq.ku osQ Øefofues;] lkgp;Z vkSj
caVu&fu;eksa dks larq"V djrh gSaA ijUrq] vifjes; la[;kvksa osQ ;ksx] varj] HkkxiQy vkSj

xq.kuiQy lnk vifjes; ugha gksrs gSaA mnkgj.k osQ fy,] ( ) ( ) ( ) ( )2 2 3 3,− ⋅  vkSj

17

17
 ifjes; la[;k,¡ gSaA

vkb, vc ;g ns[ksa fd tc ,d ifjes; la[;k esa vifjes; la[;k tksM+rs gSa vkSj ,d
ifjes; la[;k dks ,d vifjes; la[;k ls xq.kk djrs gSa] rks D;k gksrk gSA

mnkgj.k osQ fy,] 3  ,d vifjes; la[;k gSA rc 2 3+  vkSj 2 3  D;k gSa\ D;kasfd

3  ,d vuolkuh vukorhZ n'keyo izlkj gS] blfy, ;gh ckr 2 3+  vkSj 2 3  osQ

fy, Hkh lR; gSA vr% 2 3+  vkSj 2 3  Hkh vifjes; la[;k,¡ gSaA

mnkgj.k 11 : tk¡p dhft, fd 7 5 , 
7

2 21 2
5

, ,+ π −  vifjes; la[;k,¡ gSa ;k ughaA

gy : 5  = 2.236... , 2  = 1.4142..., π = 3.1415... gSaA

rc 7 5  = 15.652..., 
7

5
 = 

7 5 7 5

55 5
=  = 3.1304... gSaA

2  + 21 = 22.4142..., π – 2 = 1.1415...

;s lHkh vuolkuh vukorhZ n'keyo gSaA vr% ;s lHkh vifjes; la[;k,¡ gSaA

mnkgj.k 12 : 2 2 5 3+  vkSj 2 3 3–  dks tksfM+,A

gy : ( ) ( )2 2 5 3 2 3 3–+ +  = ( ) ( )2 2 2 5 3 3 3–+ +

                 = (2 + 1) 2 (5 3) 3 3 2 2 3+ − = +

mnkgj.k 13 : 6 5  dks 2 5  ls xq.kk dhft,A

gy : 6 5  × 2 5  = 6 × 2 × 5  × 5  = 12 × 5 = 60
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mnkgj.k 14 : 8 15  dks 2 3  ls Hkkx nhft,A

gy : 
8 3 5 8 3 5

8 15 2 3 4 5
2 3 2 3

× ×
÷ = = =

bu mnkgj.kksa ls vki fuEufyf[kr rF;ksa osQ gksus dh vk'kk dj ldrs gSa tks lR; gSa%

(i) ,d ifjes; la[;k vkSj ,d vifjes; la[;k dk tksM+ ;k ?kVkuk vifjes; gksrk gSA

(ii) ,d vifjes; la[;k osQ lkFk ,d 'kwU;srj (non-zero) ifjes; la[;k dk xq.kuiQy ;k
HkkxiQy vifjes; gksrk gSA

(iii) ;fn ge nks vifjes; la[;kvksa dks tksM+sa] ?kVk;sa] xq.kk djsa ;k ,d vifjes; la[;k dks
nwljh vifjes; la[;k ls Hkkx nsa] rks ifj.kke ifjes; ;k vifjes; dqN Hkh gks
ldrk gSA

vc ge viuh ppkZ okLrfod la[;kvksa osQ oxZewy fudkyus dh lafØ;k (operation)

ij djsaxsA vkidks ;kn gksxk fd ;fn a  ,d izkÑr la[;k gS] rc a b=  dk vFkZ gS
b2 = a  vkSj b > 0 A ;gh ifjHkk"kk /ukRed okLrfod la[;kvksa ij Hkh ykxw dh tk ldrh
gSA

eku yhft,  a > 0 ,d okLrfod la[;k gSA rc a  = b dk vFkZ gS  b2 = a vkSj b > 0

gSA

vuqPNsn 1-2 esa] geus ;g ns[kk gS fd fdl izdkj
la[;k js[kk ij n  dks] tgk¡  n ,d /ukRed iw.kk±d
gS] fu:fir fd;k tkrk gSA vc ge ;g fn[kk,¡xs fd
fdl izdkj x  dks] tgk¡  x  ,d nh gqbZ /ukRed
okLrfod la[;k gS] T;kferh; (geometrically) :i
ls  Kkr fd;k tkrk gSA mnkgj.k ds fy,] vkb, ge
bls x = 3.5 ds fy, izkIr djsaA vFkkZr~ ge 3.5  dks
T;kehrh; :i ls izkIr djsaxsA

,d nh gqbZ js[kk ij ,d fLFkj fcUnq A  ls 3.5 ,dd dh nwjh ij fpÉ yxkus ij ,d ,slk
fcUnq  B izkIr gksrk gS] ftlls fd  AB = 3.5 ,dd (nsf[k, vkÑfr 1.11)A B ls 1 ,dd
dh nwjh ij fpÉ yxkb, vkSj bl u, fcUnq dks C eku yhft,A AC dk eè;&fcUnq Kkr

vko`Qfr  1.11
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dhft, vkSj ml fcanq dks  O eku yhft,A  O dks osQUnz vkSj  OC dks f=kT;k ekudj ,d
v/Zo`Ùk cukb,A AC ij yac ,d ,slh js[kk [khafp, tks B ls gksdj tkrh gks vkSj
v/Zo`Ùk dks  D ij dkVrh gksA rc BD = 3.5  gSA

vf/d O;kid :i esa] x  dk eku Kkr djus osQ
fy,] tgk¡ x ,d /ukRed okLrfod la[;k gS] ,d
,slk fcanq B ysrs gSa] ftlls fd AB = x ,dd gks
vkSj tSlk fd vko`Qfr 1-16 esa fn[kk;k x;k gS] ,d
,slk fcanq  C yhft, ftlls fd BC = 1 ,dd gksA
rc] tSlk fd geus fLFkfr  x = 3.5  osQ fy, fd;k

gS] gesa  BD = x  izkIr gksxk (vko`Qfr 1.12)A

ge bl ifj.kke dks ikbFkkxksjl izes; dh lgk;rk ls fl¼ dj ldrs gSaA

è;ku nhft, fd vko`Qfr 1.12  esa] ∆ OBD ,d ledks.k f=kHkqt gSA o`Ùk dh f=kT;k  
1

2

x +

,dd gSA

vr%, OC = OD = OA = 
1

2

x +
 ,dd

vc] OB = 
1 1

2 2

x x
x

+ − − = ⋅ 
 

vr%] ikbFkkxksjl izes; ykxw djus ij] gesa ;g izkIr gksrk gS%

BD2 = OD2 – OB2 = 

2 2
1 1 4

2 2 4

x x x
x

+ −   − = =   
   

blls ;g irk pyrk gS fd BD = x  gSA

bl jpuk ls ;g n'kkZus dh ,d fp=kh; vkSj T;kferh; fof/ izkIr gks tkrh gS fd lHkh

okLrfod la[;kvksa  x > 0  osQ fy,] x  dk vfLrRo gSA ;fn ge la[;k js[kk ij x  dh

fLFkfr tkuuk pkgrs gSa] rks vkb, ge js[kk  BC  dks la[;k js[kk eku ysa]  B dks 'kwU; eku
ysa vkSj  C dks 1 eku ysa] vkfn&vkfnA B  dks osQUnz vkSj BD dks f=kT;k ekudj ,d pki

[khafp, tks la[;k js[kk dks E ij dkVrk gS (nsf[k, vkÑfr 1-13)A rc E, x  fu:fir
djrk gSA

vko`Qfr  1.12
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vko`Qfr  1.13

vc ge oxZewy dh vo/kj.kk dks ?kuewyksa] prqFkZewyksa vkSj O;kid :i ls  nosa ewyksa]
tgk¡  n ,d /ukRed iw.kk±d gS] ij ykxw djuk pkgsaxsA vkidks ;kn gksxk fd fiNyh d{kkvksa
esa vki oxZewyksa vkSj ?kuewyksa dk vè;;u dj pqosQ gSaA
3 8  D;k gS\ ge tkurs gSa fd ;g ,d /ukRed la[;k gS ftldk ?ku 8 gS] vkSj vkius

;g vo'; vuqeku yxk fy;k gksxk fd 3 8  = 2 gSA vkb, ge  5 243   dk eku Kkr djsaA

D;k vki ,d ,slh la[;k  b tkurs gSa ftlls fd  b5 = 243 gks\ mÙkj gS 3] vr%]
5 243  = 3 gqvkA

bu mnkgj.kksa ls D;k vki n
a  ifjHkkf"kr dj ldrs gSa] tgk¡  a > 0 ,d okLrfod la[;k

gS vkSj  n ,d /ukRed iw.kk±d gS\

eku yhft,  a > 0  ,d okLrfod la[;k gS vkSj  n  ,d /ukRed iw.kk±d gSA rc
n

a  = b, tcfd  bn = a vkSj  b > 0A è;ku nhft, fd 32 8 n
, , a  vkfn esa iz;qDr

izrhd ^^ ** dks dj.kh fpÉ (radical sign) dgk tkrk gSA

vc ge ;gk¡ oxZewyksa ls lacaf/r oqQN loZlfedk,¡ (identities)  ns jgs gSa tks fofHkUu
fof/;ksa ls mi;ksxh gksrh gSaA fiNyh d{kkvksa esa vki buesa ls oqQN loZlfedkvksa ls ifjfpr
gks pqosQ gSaA 'ks"k loZlfedk,¡ okLrfod la[;kvksa osQ ;ksx ij xq.ku osQ caVu fu;e ls vkSj
loZlfedk (x + y) (x – y) = x2 – y2  ls] tgk¡  x vkSj  y  okLrfod la[;k,¡ gSa] izkIr
gksrh gSaA

eku yhft,  a vkSj  b /ukRed okLrfod la[;k,¡ gSaA rc]

(i) ab a b= (ii)
a a

b b

=

(iii) ( ) ( )a b a b a b+ − = − (iv) ( ) ( ) 2
a b a b a b+ − = −
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(v) ( ) ( )a b c d ac ad bc bd+ + = + + +

(vi) ( )2

2a b a ab b+ = + +

vkb, ge bu loZlfedkvksa dh oqQN fo'ks"k fLFkfr;ksa ij fopkj djsaA

mnkgj.k 15 : fuEufyf[kr O;atdksa dks ljy dhft,%

(i) ( ) ( )5 7 2 5+ + (ii) ( ) ( )5 5 5 5+ −

(iii) ( )2

3 7+ (iv) ( ) ( )11 7 11 7− +

gy : (i) ( ) ( )5 7 2 5 10 5 5 2 7 35+ + = + + +

(ii) ( ) ( ) ( )2
2

5 5 5 5 5 5 25 5 20–+ − = − = =

(iii) ( ) ( ) ( )2 2 2

3 7 3 2 3 7 7 3 2 21 7 10 2 21+ = + + = + + = +

(iv) ( ) ( ) ( ) ( )2 2

11 7 11 7 11 7 11 7 4− + = − = − =

fVIi.kh : è;ku nhft, fd Åij osQ mnkgj.k esa fn, x, 'kCn ¶ljy djuk¸ dk vFkZ ;g
gS fd O;atd dks ifjes; la[;kvksa vkSj vifjes; la[;kvksa osQ ;ksx osQ :i esa fy[kuk
pkfg,A

ge bl leL;k ij fopkj djrs gq, fd 
1

2
 la[;k js[kk ij dgk¡ fLFkr gS] bl vuqPNsn

dks ;gha lekIr djrs gSaA ge tkurs gSa fd ;g ,d vifjes; gSA ;fn gj ,d ifjes;
la[;k gks] rks bls ljyrk ls gy fd;k tk ldrk gSA vkb, ge ns[ksa fd D;k ge blds
gj dk ifjes;dj.k (rationalise) dj ldrs gSa] vFkkZr~ D;k gj dks ,d ifjes; la[;k esa
ifjo£rr dj ldrs gSaA blosQ fy, gesa oxZewyksa ls lacaf/r loZlfedkvksa dh vko';drk
gksrh gSA vkb, ge ns[ksa fd bls oSQls fd;k tk ldrk gSA

mnkgj.k 16 : 
1

2
osQ gj dk ifjes;dj.k dhft,A

gy : ge 
1

2
 dks ,d ,sls rqY; O;atd osQ :i esa fy[kuk pkgrs gSa] ftlesa gj ,d ifjes; la[;k
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gksA ge tkurs gSa fd 2 . 2  ifjes; gSA ge ;g Hkh tkurs gSa fd  
1

2
 dks 

2

2
 ls xq.kk djus

ij gesa ,d rqY; O;atd izkIr gksrk gS] D;ksafd 
2

2
 = 1 gSA vr% bu nks rF;ksa dks ,d lkFk ysus

ij] gesa ;g izkIr gksrk gS%

1 1 2 2

22 2 2
= × =

bl :i esa 
1

2
 dks la[;k js[kk ij LFkku fu/kZj.k ljy gks tkrk gSA ;g 0  vkSj 2 osQ eè; fLFkr

gSA

mnkgj.k 17 : 
1

2 3+
 osQ gj dk ifjes;dj.k dhft,A

gy : blosQ fy, ge Åij nh xbZ loZlfedk (iv) dk iz;ksx djrs gSaA  
1

2 3+  dks 2 3−  ls

xq.kk djus vkSj Hkkx nsus ij] gesa ;g izkIr gksrk gS%

 
1 2 3 2 3

2 3
4 32 3 2 3

− −
× = = −

−+ −

mnkgj.k 18 : 
5

3 5−
 osQ gj dk ifjes;dj.k dhft,A

gy : ;gk¡ ge Åij nh xbZ loZlfedk (iii) dk iz;ksx djrs gSaA

vr%]
5

3 5−  = 
( ) ( )

5 3 55 3 5 5
3 5

3 5 23 5 3 5

++ − × = = + −− +  

mnkgj.k 19 : 
1

7 3 2+
 osQ gj dk ifjes;dj.k dhft,A

gy : 
1 1 7 3 2 7 3 2 7 3 2

49 18 317 3 2 7 3 2 7 3 2

 − − −
= × = =   −+ + − 
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vr% tc ,d O;atd osQ gj esa oxZewy okyk ,d in gksrk gS (;k dksbZ la[;k dj.kh fpÉ ds vanj
gks)] rc bls ,d ,sls rqY; O;atd esa] ftldk gj ,d ifjes; la[;k gS] :ikarfjr djus dh
fØ;kfof/ dks gj dk ifjes;dj.k (rationalising the denominator) dgk tkrk gSA

iz'ukoyh  1.4

1. crkb, uhps nh xbZ la[;kvksa esa dkSu&dkSu ifjes; gSa vkSj dkSu&dkSu vifjes; gSa%

(i) 2 5− (ii) ( )3 23 23+ − (iii)
2 7

7 7

(iv)
1

2
(v) 2π

2. fuEufyf[kr O;atdksa esa ls izR;sd O;atd dks ljy dhft,%

(i) ( ) ( )3 3 2 2+ + (ii) ( ) ( )3 3 3 3+ −

(iii) ( )2

5 2+ (iv) ( ) ( )5 2 5 2− +

3. vkidks ;kn gksxk fd  π  dks ,d o`Ùk dh ifjf/ (eku yhft, c) vkSj mlosQ O;kl (eku

yhft, d) osQ vuqikr ls ifjHkkf"kr fd;k tkrk gS] vFkkZr~  π = 
c

d
 gSA ;g bl rF; dk

var£ojks/ djrk gqvk izrhr gksrk gS fd  π  vifjes; gSA bl var£ojks/ dk fujkdj.k vki
fdl izdkj djsaxs\

4. la[;k js[kk ij 9 3.  dks fu:fir dhft,A

5. fuEufyf[kr osQ gjksa dk ifjes;dj.k dhft,%

(i)
1

7
(ii)

1

7 6−
(iii)

1

5 2+
(iv)

1

7 2−

1.5  okLrfod la[;kvksa osQ fy, ?kkrkad&fu;e

D;k vkidks ;kn gS fd fuEufyf[kr dk ljyhdj.k fdl izdkj djrs gSa\
(i) 172 . 175 = (ii) (52)7 =

(iii)

10

7

23

23
 = (iv) 73 . 93 =

Reprint 2025-26



la[;k i¼fr 25

D;k vkius fuEufyf[kr mÙkj izkIr fd, Fks\

(i) 172 . 175 = 177 (ii) (52)7 = 514

(iii)

10

3

7

23
23

23
= (iv) 73 . 93 = 633

bu mÙkjksa dks izkIr djus osQ fy,] vkius fuEufyf[kr ?kkrkad&fu;eksa (laws of

exponents) dk iz;ksx vo'; fd;k gksxk] [;gk¡  a, n vkSj  m izko`Qr la[;k,¡ gSaA vkidks ;kn
gksxk fd  a  dks vk/kj (base) vkSj  m vkSj n dks ?kkrkad (exponents) dgk tkrk gS A]
ftudk vè;;u vki fiNyh d{kkvksa esa dj pqosQ gSa%

(i) am . an = am + n (ii) (am)n = amn

(iii)

m

m n

n

a
a , m n

a

−= > (iv) ambm = (ab)m

(a)0  D;k gS\ bldk eku 1 gSA vki ;g vè;;u igys gh dj pqosQ gSa fd  (a)0 = 1

gksrk gSA vr%] (iii) dks ykxw djosQ] vki  
1 −= n

n
a

a
izkIr dj ldrs gSaA vc ge bu fu;eksa

dks ½.kkRed ?kkrkadksa ij Hkh ykxw dj ldrs gSaA

vr%] mnkgj.k osQ fy, %

(i)
2 –5 –3

3

1
17 17 17

17
⋅ = = (ii) 2 –7 –14

(5 ) 5=

(iii)

–10

–17

7

23
23

23
= (iv) –3 –3 –3

(7) (9) (63)⋅ =

eku yhft, ge fuEufyf[kr vfHkdyu djuk pkgrs gSa %

(i)
2 1

3 32 2⋅ (ii)
4

5

1

3

 
 
 

(iii)

1

5

1

3

7

7

(iv)
1 1

5 513 17⋅

ge ;s vfHkdyu fdl izdkj djsaxs\ ;g ns[kk x;k gS fd os ?kkrkad&fu;e] ftudk
vè;;u ge igys dj pqosQ gSa] ml fLFkfr esa Hkh ykxw gks ldrs gSa] tcfd vk/kj /ukRed
okLrfod la[;k gks vkSj ?kkrkad ifjes; la[;k gks (vkxs vè;;u djus ij ge ;g ns[ksaxs
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fd ;s fu;e ogk¡ Hkh ykxw gks ldrs gSa] tgk¡ ?kkrkad okLrfod la[;k gksA)A ijUrq] bu
fu;eksa dk dFku nsus ls igys vkSj bu fu;eksa dks ykxw djus ls igys] ;g le> ysuk

vko';d gS fd] mnkgj.k osQ fy,]  
3

24   D;k gSA vr%] bl laca/ esa gesa oqQN djuk gksxkA
n

a  dks bl izdkj ifjHkkf"kr fd;k tkrk gS] tgk¡  a > 0 ,d okLrfod la[;k gS%
eku yhft,  a > 0  ,d okLrfod la[;k gS vkSj n ,d /ukRed iw.kk±d gSA rc

n
a  = b gksrk gS, tcfd bn = a vkSj b > 0 gksA

?kkrkadksa dh Hkk"kk esa] ge  n
a  = 

1

na  osQ :i esa ifjHkkf"kr djrs gSaA mnkgj.k osQ fy,]
1

3 32 2=  gSA vc ge  
3

24  dks nks fof/;ksa ls ns[k ldrs gSaA

3

24  =

3
1

324 2 8
 

= = 
 

3

24  = ( ) ( )
1 1

3 2 24 64 8= =

vr%] gesa ;g ifjHkk"kk izkIr gksrh gS%

eku yhft,  a > 0  ,d okLrfod la[;k gS rFkk m vkSj  n  ,sls iw.kk±d gSa fd 1 osQ
vfrfjDr budk dksbZ vU; mHk;fu"B xq.ku[kaM ugha gS vkSj n > 0 gSA rc]

m

na  = ( )m
n mn

a a=

vr% okafNr foLr`r ?kkrkad fu;e ;s gSa%

eku yhft,  a > 0 ,d okLrfod la[;k gS vkSj  p vkSj  q ifjes; la[;k,¡ gSaA rc]
(i) ap . aq = ap+q (ii) (ap)q = apq

(iii)

p

p q

q

a
a

a

−= (iv) apbp = (ab)p

vc vki igys iwNs x, iz'uksa dk mÙkj Kkr djus osQ fy, bu fu;eksa dk iz;ksx dj
ldrs gSaA

mnkgj.k 20 : ljy dhft,%  (i) 

2 1

3 32 2⋅ (ii)
4

5

1

3

 
 
 

(iii)

1

5

1

3

7

7

(iv)
1 1

5 513 17⋅
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gy :

(i)

2 12 1 3

13 33 3 32 2 2 2 2 2

 + 
 ⋅ = = = = (ii)

4
1 4

5 53 3
 

= 
 

(iii)

1
1 1 3 5 25
5 3 15 15

1

3

7
7 7 7

7

  − −− 
 = = = (iv)

1 1 1 1

5 5 5 513 17 (13 17) 221⋅ = × =

iz'ukoyh  1.5

1. Kkr dhft,% (i)

1

264 (ii)

1

532 (iii)

1

3125

2. Kkr dhft,% (i)
3

29 (ii)
2

532 (iii)
3

416 (iv)
1

3125

−

3. ljy dhft,%(i)
2 1

3 52 2⋅ (ii)

7

3

1
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1.6  lkjka'k

bl vè;k; esa] vkius fuEufyf[kr fcUnqvksa dk vè;;u fd;k gS%

1. la[;k  r  dks ifjes; la[;k dgk tkrk gS] ;fn bls  
p

q
 osQ :i esa fy[kk tk ldrk gks] tgk¡

p vkSj  q  iw.kk±d gSa vkSj q ≠ 0 gSA

2. la[;k  s  dks vifjes; la[;k dgk tkrk gS] ;fn bls p

q

  osQ :i esa u fy[kk tk ldrk

gks] tgk¡  p  vkSj  q  iw.kk±d gSa vkSj  q ≠ 0 gSA

3. ,d ifjes; la[;k dk n'keyo izlkj ;k rks lkar gksrk gS ;k vuolkuh vkorhZ gksrk gSA
lkFk gh] og la[;k] ftldk n'keyo izlkj lkar ;k vuolkuh vkorhZ gS] ifjes; gksrh gSA

4. ,d vifjes; la[;k dk n'keyo izlkj vuolkuh vukorhZ gksrk gSA lkFk gh] og la[;k
ftldk n'keyo izlkj vuolkuh vukorhZ gS] vifjes; gksrh gSA

5. lHkh ifjes; vkSj vifjes; la[;kvksa dks ,d lkFk ysus ij okLrfod la[;kvksa dk laxzg
izkIr gksrk gSA
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6. ;fn  r  ifjes; gS vkSj  s  vifjes; gS] rc  r + s vkSj  r – s vifjes; la[;k,¡ gksrh gSa rFkk

rs vkSj 
r

s
  vifjes; la[;k,¡ gksrh gSa ;fn r ≠ 0 gSA

7. /ukRed okLrfod la[;kvksa  a vkSj  b osQ laca/ esa fuEufyf[kr loZlfedk,¡ ykxw gksrh gSa%

(i) ab a b= (ii)
a a

b b

=

(iii) ( ) ( )a b a b a b+ − = − (iv) ( ) ( ) 2
a b a b a b+ − = −

(v) ( )2

2a b a ab b+ = + +

8.
1

a b+
 osQ gj dk ifjes;dj.k djus osQ fy,] bls ge  a b

a b

−

−
 ls xq.kk djrs gSa] tgk¡

a vkSj  b  iw.kk±d gSaA

9. eku yhft,  a > 0  ,d okLrfod la[;k gS vkSj  p vkSj  q  ifjes; la[;k,¡ gSaA rc]
(i) ap . aq = ap + q (ii) (ap)q = apq

(iii)

p

p q

q

a
a

a

−= (iv) apbp = (ab)p
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vè;k; 2

cgqin

2.1 Hkwfedk

fiNyh d{kkvksa esa] vki chth; O;atdksa vkSj muosQ tksM+] ?kVkuk] xq.kk vkSj Hkkx dk
vè;;u dj pqosQ gSaA ogk¡ vki ;g Hkh vè;;u dj pqosQ gSa fd fdl izdkj oqQN chth;
O;atdksa dk xq.ku[kaMu fd;k tkrk gSA vki fuEu chth; loZlfedkvksa vkSj mudk
xq.ku[kaMu esa mi;ksx dk iqu%Lej.k dj ldrs gSa%

(x + y)2 = x2 + 2xy + y2

(x – y)2 = x2 – 2xy + y2

vkSj] x2 – y2 = (x + y) (x – y)

bl vè;k; esa] lcls igys ,d fo'ks"k izdkj osQ chth; O;atd dk] ftls cgqin
(polynomial) dgk tkrk gS] vkSj mlls lac¼ 'kCnkoyh (terminology) dk vè;;u djsaxsA
;gk¡ ge 'ks"kiQy izes; (Remainder Theorem), xq.ku[kaM izes; (Factor Theorem) vkSj
cgqinksa osQ xq.ku[kaMu esa buosQ mi;ksx dk Hkh vè;;u djsaxsA buosQ vfrfjDr] ge oqQN
vkSj chth; loZlfedkvksa dk vkSj oqQN fn, gq, O;atdksa dk xq.ku[kaMu djus rFkk eku
fudkyus osQ ckjs esa Hkh vè;;u djsaxsA

2.2 ,d pj okys cgqin

lcls igys ge ;kn djsaxs fd pj dks ,d izrhd ls izdV fd;k tkrk gS tks dksbZ Hkh
okLrfod eku /kj.k dj ldrk gSA ge pjksa dks v{kjksa  x, y, z, vkfn ls izdV djrs gSaA è;ku

jgs fd 2x, 3x, – x, –
1

2
x chth; O;atd gSaA ;s lHkh O;atd] (,d vpj) × x osQ :i osQ
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gSaA vc eku yhft, fd ge ,d ,slk O;atd fy[kuk pkgrs gSa tks fd (,d vpj) × (,d
pj) gS vkSj ge ;g ugha tkurs fd vpj D;k gSA ,slh fLFkfr;ksa esa] ge vpj dks a, b, c

vkfn ls izdV djrs gSaA vr% O;atd] eku yhft,] ax gksxkA

fiQj Hkh] vpj dks izdV djus okys v{kj vkSj pj dks izdV djus okys v{kj esa varj
gksrk gSA ,d fo'ks"k fLFkfr esa vpjksa osQ eku lnk leku cus jgrs gSaA vFkkZr~ ,d nh gqbZ
leL;k esa vpj osQ eku esa dksbZ ifjorZu ugha gksrkA ijUrq pj osQ eku esa ifjorZu gksrk
jgrk gSA

vc 3 ,dd dh Hkqtk okyk ,d oxZ yhft, (nsf[k,
vko`Qfr 2-1)A bldk ifjeki (perimeter) D;k gS\ vki tkurs
gSa fd oxZ dk ifjeki pkjksa Hkqtkvksa dh yackb;ksa dk tksM+ gksrk
gSA ;gk¡ izR;sd Hkqtk dh yackbZ 3 ,dd gSA vr% bldk ifjeki
4 × 3 vFkkZr~ 12 ,dd gSA ;fn oxZ dh izR;sd Hkqtk 10 ,dd
gks] rks ifjeki D;k gksxk\ ifjeki 4 × 10 vFkkZr~ 40 ,dd
gksxkA ;fn izR;sd Hkqtk dh yackbZ x ,dd gks (nsf[k, vko`Qfr
2-2)] rks ifjeki 4x ,dd gksrk gSA vr% ge ;g ikrs gSa fd
Hkqtk dh yackbZ esa ifjorZu gksus ij ifjeki cny tkrk gSA

D;k vki oxZ PQRS dk {ks=kiQy Kkr dj ldrs gSa\ ;g
 x × x = x2  oxZ ,dd (ek=kd) gSA  x2  ,d chth; O;atd gSA
vki  2x, x2 + 2x, x3 – x2 + 4x + 7  tSls vU; chth; O;atdksa ls
Hkh ifjfpr gSaA è;ku nhft, fd vHkh rd fy, x, lHkh chth;
O;atdksa esa pj osQ ?kkrkad iw.kZ la[;k gh jgs gSaA bl :i osQ
O;atdksa dks ,d pj okyk cgqin (polynomials in one variable) dgk tkrk gSA Åij fn,
x, mnkgj.kksa esa pj x gSA mnkgj.k osQ fy,]  x3 – x2 + 4x + 7, pj x esa ,d cgqin gSA blh
izdkj  3y2 + 5y, pj y  esa ,d cgqin gS vkSj  t2 + 4, pj t esa ,d cgqin gSA

cgqin x2 + 2x esa O;atd x2 vkSj 2x cgqin ds in (terms) dgs tkrs gSaA blh izdkj]
cgqin  3y2 + 5y + 7 esa rhu in vFkkZr~  3y2, 5y vkSj 7  gSaA D;k vki cgqin
 –x3 + 4x2 + 7x – 2 osQ in fy[k ldrs gSa\ bl cgqin osQ pkj in vFkkZr~  –x3, 4x2, 7x

vkSj –2 gSaA

cgqin osQ izR;sd in dk ,d xq.kkad (coefficient) gksrk gSA vr%] –x3 + 4x2 + 7x – 2

esa x3 dk xq.kkad –1 gS]  x2 dk xq.kkad 4 gS]  x dk xq.kkad 7 gS vkSj  x0 dk xq.kkad &2 gS

3

3 3

3

vkÑfr 2-1

x

x x

x
S R

P Q

vkÑfr 2-2
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(Lej.k jgs fd x0 = 1 gS)A D;k vki tkurs gSa fd  x2 – x + 7 esa x dk xq.kkad D;k gS\
x dk xq.kkad –1 gSA

è;ku jgs fd 2 Hkh ,d cgqin gSA oLrqr% 2] –5] 7 vkfn vpj cgqinksa (constant

polynomials) osQ mnkgj.k gSaA vpj cgqin 0 dks 'kwU; cgqin dgk tkrk gSA lkFk gh] tSlk
fd mPp d{kkvksa eas vki ns[ksaxs] lHkh cgqinksa osQ laxzg esa 'kwU; cgqin ,d vfr egRoiw.kZ
Hkwfedk fuHkkrk gSA

vc vki  x + 
23

1
, 3+ +x y y

x
vkSj  tSls chth; O;atd yhft,A D;k vki tkurs

gSa fd vki x + 
1

x
 = x + x–1  fy[k ldrs gSa\ ;gk¡ nwljs in vFkkZr~  x –1 dk ?kkrkad –1 gS

tks ,d iw.kZ la[;k ugha gSA vr% ;g chth; O;atd ,d cgqin ugha gSA lkFk gh] 3x +

dks 
1

2 3x +  osQ :i esa fy[kk tk ldrk gSA ;gk¡ x dk ?kkrkad 
1

2
 gS] tks fd ,d iw.kZ la[;k

ugha gSA rks D;k vki ;g le>rs gSa fd 3x +  ,d cgqin gS\ ugha] ;g ,d cgqin ugha
gSA D;k 3 y  + y2  ,d cgqin gS\ ;g Hkh ,d cgqin ugha gSA (D;ksa\)

;fn ,d cgqin esa pj x gks] rks ge cgqin dks  p(x) ;k q(x) ;k r(x), vkfn ls izdV
dj ldrs gSa] mnkgj.k osQ fy,] ge ;g fy[k ldrs gSa%

p(x) = 2x2 + 5x – 3

q(x) = x3 –1

r(y) = y3 + y + 1

s(u) = 2 – u – u2 + 6u5

cgqin esa ifjfer la[;k esa fdrus Hkh in gks ldrs gSaA mnkgj.k osQ fy,]
x150 + x149 + ... + x2 + x + 1 ,d cgqin gS] ftlesa 151 in gSaA

vc cgqin 2x, 2, 5x3, –5x2, y vkSj  u4  yhft,A D;k vki ns[krs gSa fd bu cgqinksa esa
ls izR;sd cgqin oQk osQoy ,d in gSA osQoy ,d in okys cgqin dks ,dinh
(monomial) dgk tkrk gSA (vaxzsth 'kCn 'mono' dk vFkZ gS “,d”)A

vc uhps fn, x, cgqinksa esa ls izR;sd ij è;ku nhft,%

p(x) = x + 1, q(x) = x2 – x, r(y) = y30 + 1, t(u) = u43 – u2

;gk¡ izR;sd cgqin esa fdrus in gSa\ buesa ls izR;sd cgqin esa osQoy nks in gSaA
osQoy nks inksa s okys cgqinksa dks f}in (binomials) dgk tkrk gSA (vaxzsth 'kCn ‘bi’

dk vFkZ gS “nks”)A
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blh izdkj] osQoy rhu inksa okys cgqinksa dks f=kin (trinomials) dgk tkrk gSA (vaxzsth
'kCn ‘tri’ dk vFkZ gS “rhu ”)A f=kin osQ oqQN mnkgj.k ;s gSa%

p(x) = x + x2 + π, q(x) = 2  + x – x2,

r(u) = u + u2 – 2, t(y) = y4 + y + 5

vc cgqin  p(x) = 3x7 – 4x6 + x + 9 dks nsf[k,A blesa x dh vf/dre ?kkr okyk in
dkSu&lk gS\ ;g in 3x7 gSA bl in esa  x  dk ?kkrkad 7 gSA blh izdkj] cgqin
q(y) = 5y6 – 4y2 – 6 esa  y oQh vf/dre ?kkr okyk in 5y6 gS vkSj bl in esa y dk ?kkrkad
6 gSA ,d cgqin esa pj dh vf/dre ?kkr okys in osQ ?kkrkad dks cgqin dh ?kkr
(degree of the polynomial) dgk tkrk gSA vr% cgqin  3x7 – 4x6 + x + 9 dh ?kkr 7 gS
vkSj cgqin 5y6 – 4y2 – 6 dh ?kkr 6 gSA ,d 'kwU;srj vpj cgqin dh ?kkr 'kwU;
gksrh gSA

mnkgj.k 1 : uhps fn, x, izR;sd cgqin dh ?kkr Kkr dhft,%

(i) x5 – x4 + 3 (ii) 2 – y2 – y3 + 2y8 (iii) 2

gy : (i) pj dk vf/dre ?kkrkad 5 gSA vr% cgqin dh ?kkr 5 gSA

(ii) pj dk vf/dre ?kkrkad 8 gSA vr% cgqin dh ?kkr 8 gSA

(iii) ;gk¡ osQoy ,d in 2 gS ftls 2x0 osQ :i esa fy[kk tk ldrk gSA vr%  x  dk ?kkrkad
0 gSA blfy,] cgqin dh ?kkr 0 gSA

vc cgqinksa p(x) = 4x + 5, q(y) = 2y, r(t) = t + 2  vkSj  s(u) = 3 – u dks yhft,A D;k
buesa dksbZ loZfu"B rF; ns[kus dks feyrk gS\ buesa izR;sd cgqin dh ?kkr ,d gSA ,d
?kkr okys cgqin dks jSf[kd cgqin (linear polynomial) dgk tkrk gSA ,d pj esa oqQN
vkSj jSf[kd cgqin 2x – 1, 2 y + 1 vkSj 2 – u gSaA vc D;k x esa rhu inksa okyk ,d jSf[kd
cgqin ge Kkr dj ldrs gSa\ ge ,d ,slk jSf[kd cgqin Kkr ugha dj ldrs] D;ksafd
x esa ,d jSf[kd cgqin esa vf/d ls vf/d nks in gks ldrs gSaA vr% x esa dksbZ Hkh jSf[kd
cgqin  ax + b osQ :i dk gksxk] tgk¡  a vkSj b vpj gSa vkSj a ≠ 0 gSA (D;ksa\) blh izdkj
ay + b, y esa ,d jSf[kd cgqin gSA

vc vki fuEufyf[kr cgqinksa dks yhft,%

2x2 + 5, 5x2 + 3x + π, x2 vkSj x2 + 
2

5
x

D;k vki bl ckr ls lger gSa fd Åij fn, x, lHkh cgqin ?kkr 2 okys gSa\ ?kkr
2 okys cgqin dks f}?kkrh ;k f}?kkr cgqin (quadratic polynomial) dgk tkrk gSA

Reprint 2025-26



cgqin 33

f}?kkrh cgqin osQ oqQN mnkgj.k 5 – y2, 4y + 5y2 vkSj 6 – y – y2 gSaA D;k vki ,d pj esa
pkj vyx&vyx inksa okys ,d f}?kkrh cgqin dks fy[k ldrs gSa\ vki ns[ksaxs fd ,d
pj esa ,d f}?kkrh cgqin osQ vf/d ls vf/d 3 in gkssaxsA ;fn vki oqQN vkSj f}?kkrh
in cuk losaQ rks vki ik,¡xs fd x esa dksbZ Hkh f}?kkrh cgqin ax2 + bx + c osQ :i dk gksxk]
tgk¡ a ≠ 0 vkSj a, b, c vpj gSaA blh izdkj]  y esa f}?kkrh cgqin  ay2 + by + c osQ :i dk
gksxk] tcfd  a ≠ 0 vkSj a, b, c vpj gksaA

rhu ?kkr okys cgqin dks f=k?kkrh cgqin (cubic polynomial) dgk tkrk gSA  x esa ,d
f=k?kkrh cgqin osQ oqQN mnkgj.k 4x3, 2x3 + 1, 5x3 + x2, 6x3 – x, 6 – x3 vkSj
2x3 + 4x2 + 6x + 7 gSaA vkiosQ fopkj ls ,d pj esa f=k?kkrh cgqin esa fdrus in gks ldrs
gSa\ vfèkd ls vf/d 4 in gks ldrs gSaA bUgsa  ax3 + bx2 + cx + d osQ :i esa fy[kk tk
ldrk gS] tgk¡  a ≠ 0 vkSj  a, b, c vkSj d vpj gSaA

vHkh vkius ns[kk gS fd ?kkr 1] ?kkr 2 ;k ?kkr 3 okys cgqin ns[kus esa yxHkx leku
gh yxrs gSa] rks D;k vki ,d pj esa] ?kkr  n  okyk ,d cgqin fy[k ldrs gSa] tgk¡  n
dksbZ izko`Qr la[;k gS\ ,d pj x esa] ?kkr n okyk cgqin fuEu :i dk ,d O;atd gksrk gS%

 a
n
xn + a

n–1
xn–1 + . . . + a

1
x + a

0

tgk¡  a
0
, a

1
, a

2
, . . ., a

n
 vpj gSa vkSj  a

n
 ≠ 0 gSA

fo'ks"k :i esa] ;fn  a
0
 = a

1
 = a

2
 = a

3
 = . . . = a

n
 = 0 gks (lHkh vpj 'kwU; gksa)] rks

gesa 'kwU; cgqin (zero polynomial) izkIr gksrk gS] ftls 0 ls izdV fd;k tkrk gSA 'kwU;
cgqin dh ?kkr D;k gksrh gS\ 'kwU; cgqin dh ?kkr ifjHkkf"kr ugha gSA

vHkh rd geus osQoy ,d pj okys cgqinksa osQ ckjs esa vè;;u fd;k gSA ge ,d
ls vf/d pjksa okys cgqin Hkh izkIr dj ldrs gSaA mnkgj.k osQ fy,]  x2 + y2 + xyz (tgk¡
pj  x, y vkSj z gSa) rhu pjksa esa ,d cgqin gSA blh izdkj]  p2 + q10 + r  (tgk¡ pj  p,

q vkSj r gSa)] u3 + v2  (tgk¡ pj  u vkSj  v gSa) Øe'k% rhu pjksa vkSj nks pjksa esa (okys)
cgqin gSaA bl izdkj osQ cgqinksa dk foLrkj ls vè;;u ge ckn esa djsaxsA

iz'ukoyh  2.1

1. fuEufyf[kr O;atdksa esa dkSu&dkSu ,d pj esa cgqin gSa vkSj dkSu&dkSu ugha gSa\ dkj.k osQ
lkFk vius mÙkj nhft, %
(i) 4x2 – 3x + 7 (ii) y2 + 2 (iii) 3 2t t+

(iv) y + 
2

y
(v) x10 + y3 + t50
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2. fuEufyf[kr esa ls izR;sd esa  x2  dk xq.kkad fyf[k,%

(i) 2 + x2 + x (ii) 2 – x2 + x3 (iii)
2

2
x x

π
+ (iv) 2 1x −

3. 35 ?kkr osQ f}in dk vkSj 100 ?kkr osQ ,dinh dk ,d&,d mnkgj.k nhft,A

4. fuEufyf[kr cgqinksa esa ls izR;sd cgqin oQh ?kkr fyf[k, %
(i) 5x3 + 4x2 + 7x (ii) 4 – y2

(iii) 5t – 7 (iv) 3

5. crkb, fd fuEufyf[kr cgqinksa esa dkSu&dkSu cgqin jSf[kd gSa] dkSu&dkSu f}?kkrh gSa vkSj
dkSu&dkSu f=k?kkrh gSa%
(i) x2 + x (ii) x – x3 (iii) y + y2 + 4 (iv) 1 + x

(v) 3t (vi) r2 (vii) 7x3

2.3  cgqin osQ 'kwU;d

fuEufyf[kr cgqin yhft,%
p(x) = 5x3 – 2x2 + 3x – 2

;fn p(x) esa loZ=k x osQ LFkku ij 1 izfrLFkkfir djsa] rks gesa ;g izkIr gksrk gS%

p(1) = 5 × (1)3 – 2 × (1)2 + 3 × (1) – 2

= 5 – 2 + 3 –2

= 4

vr%] ge ;g dg ldrs gSa fd x = 1 ij  p(x) dk eku 4 gSA

blh izdkj, p(0) = 5(0)3 – 2(0)2 + 3(0) –2

= –2

D;k vki  p(–1) Kkr dj ldrs gSa\

mnkgj.k 2 : pjksa osQ fn, x, eku ij uhps fn, x, izR;sd cgqin dk eku Kkr dhft,%

(i) x = 1 ij p(x) = 5x2 – 3x + 7  dk eku

(ii) y = 2 ij q(y) = 3y3 – 4y + 11  dk eku

(iii) t = a ij p(t) = 4t4 + 5t3 – t2 + 6 dk eku

gy : (i) p(x) = 5x2 – 3x + 7
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x = 1 ij cgqin  p(x) dk eku ;g gksrk gS%

p(1) = 5(1)2 – 3(1) + 7

= 5 – 3 + 7 = 9

(ii) q(y) = 3y3 – 4y + 11

y = 2 ij cgqin q(y) dk eku ;g gksrk gS%

q(2) = 3(2)3 – 4(2) + 11  = 24 – 8 + 11  = 16 + 11

(iii) p(t) = 4t4 + 5t3 – t2 + 6

t = a ij cgqin p(t) dk eku ;g gksrk gS%

p(a) = 4a4 + 5a3 – a2 + 6

vc cgqin  p(x) = x – 1 yhft,A

p(1) D;k gS\ è;ku nhft, fd p(1) = 1 – 1 = 0 gSA

D;ksafd  p(1) = 0 gS, blfy, ge ;g dgrs gSa fd 1] cgqin  p(x) dk ,d 'kwU;d
(zero) gSA

blh izdkj] vki ;g ns[k ldrs gSa fd 2] q(x) dk ,d 'kwU;d gS] tgk¡
q(x) = x – 2 gSA

O;kid :i esa] ge ;g dgrs gSa fd cgqin  p(x) dk 'kwU;d ,d ,slh la[;k c gS
fd  p(c) = 0 gksA

bl ckr dh vksj vkius vo'; è;ku fn;k gksxk fd cgqin  (x – 1) dk 'kwU;d bl
cgqin dks 0 osQ leho`Qr djosQ izkIr fd;k tkrk gSA vFkkZr~  x – 1 = 0, ftlls x = 1 izkIr
gksrk gSA rc ge dgrs gSa fd p(x) = 0 ,d cgqin lehdj.k gS vkSj 1 bl cgqin lehdj.k
p(x) = 0 dk ,d ewy gSA vr% ge ;g dgrs gSa fd 1] cgqin  x – 1 dk 'kwU;d gS ;k
;g cgqin lehdj.k x – 1 = 0 dk ,d ewy  (root) gSA

vc vpj cgqin 5 yhft,A D;k vki crk ldrs gSa fd bldk 'kwU;d D;k gS\ bl
cgqin dk dksbZ 'kwU;d ugha gS] D;ksafd 5x0 esa x osQ LFkku ij fdlh Hkh la[;k dks
izfrLFkkfir djus ij gesa 5 gh izkIr gksrk gSA oLrqr%] ,d 'kwU;srj vpj cgqin dk dksbZ
'kwU;d ugha gksrkA vc iz'u mBrk gS fd 'kwU; cgqin osQ 'kwU;dksa osQ ckjs esa D;k dgk tk,A
ijaijk osQ vuqlkj izR;sd okLrfod la[;k 'kwU; cgqin dk ,d 'kwU;d gksrh gSA
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mnkgj.k 3 : tk¡p dhft, fd –2 vkSj 2 cgqin x + 2 osQ 'kwU;d gSa ;k ughaA

gy : eku yhft, p(x) = x + 2

rc  p(2) = 2 + 2 = 4, p(–2) = –2 + 2 = 0

vr% –2 cgqin x + 2 dk ,d 'kwU;d gS] ijUrq 2 cgqin x + 2 dk 'kwU;d ugha gSA

mnkgj.k 4 : cgqin  p(x) = 2x + 1 dk ,d 'kwU;d Kkr dhft,A

gy :  p(x) dk 'kwU;d Kkr djuk oSlk gh gS tSlk fd lehdj.k

p(x) = 0

dks gy djukA

vc 2x + 1 = 0 ls gesa x = 
1

–
2

 izkIr gksrk gSA

vr%] 
1

–
2

 cgqin 2x + 1 dk ,d 'kwU;d gSA

vc] ;fn  p(x) = ax + b, a ≠ 0 ,d jSf[kd cgqin gks] rks ge bl  p(x) dk 'kwU;d
fdl  izdkj Kkr dj ldrs gSa\ mnkgj.k 4 ls vkidks bldk oqQN laosQr fey ldrk
gSA cgqin  p(x) dk 'kwU;d Kkr djus dk vFkZ gS cgqin lehdj.k  p(x) = 0 dks gy djukA

vc  p(x) = 0 dk vFkZ gS ax + b = 0, a ≠ 0

vr%] ax = –b

vFkkZr~ x = –
b

a

vr%] x = 
b

a
−  gh osQoy  p(x)  dk 'kwU;d gS] vFkkZr~ jSf[kd cgqin dk ,d vkSj osQoy

,d 'kwU;d gksrk gSA

vc ge ;g dg ldrs gSa fd 1]  x – 1 dk osQoy ,d 'kwU;d gS vkSj – 2, x + 2 dk osQoy
,d 'kwU;d gSA

mnkgj.k 5 : lR;kfir dhft, fd 2 vkSj 0 cgqin x2 – 2x osQ 'kwU;d gSaA

gy : eku yhft, p(x) = x2 – 2x

rc p(2) = 22 – 4 = 4 – 4 = 0

vkSj p(0) = 0 – 0 = 0
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vr%] 2 vkSj 0 nksuksa gh cgqin x2 – 2x osQ 'kwU;d gSaaA

vkb, vc ge vius izs{k.kksa dh lwph cuk,¡%

1. vko';d ugha gS fd cgqin dk 'kwU;d 'kwU; gh gksA

2. 0] cgqin dk ,d 'kwU;d gks ldrk gSA

3. izR;sd jSf[kd cgqin dk ,d vkSj osQoy ,d 'kwU;d gksrk gSA

4. ,d cgqin osQ ,d ls vf/d 'kwU;d gks ldrs gSaA

iz'ukoyh 2.2

1. fuEufyf[kr ij cgqin  5x – 4x2 + 3 ds eku Kkr dhft,%

(i) x = 0 (ii) x = –1 (iii) x = 2

2. fuEufyf[kr cgqinksa esa ls izR;sd cgqin osQ fy,  p(0), p(1) vkSj  p(2) Kkr dhft,%

(i) p(y) = y2 – y + 1 (ii) p(t) = 2 + t + 2t2 – t3

(iii) p(x) = x3 (iv) p(x) = (x – 1) (x + 1)

3. lR;kfir dhft, fd fn[kk, x, eku fuEufyf[kr fLFkfr;ksa esa laxr cgqin osQ 'kwU;d gSa%

(i) p(x) = 3x + 1; x = 
1

–
3

(ii) p(x) = 5x – π; x = 
4

5

(iii) p(x) = x2 – 1; x = 1, –1 (iv) p(x) = (x + 1) (x – 2); x = – 1, 2

(v) p(x) = x2; x = 0 (vi) p(x) = lx + m; x = –
m

l

(vii) p(x) = 3x2 – 1; x = 
1 2,
3 3

− (viii) p(x) = 2x + 1; x = 
1

2

4. fuEufyf[kr fLFkfr;ksa esa ls izR;sd fLFkfr esa cgqin dk 'kwU;d Kkr dhft, %
(i) p(x) = x + 5 (ii) p(x) = x – 5 (iii) p(x) = 2x + 5

(iv) p(x) = 3x – 2 (v) p(x) = 3x (vi) p(x) = ax; a ≠ 0

(vii) p(x) = cx + d; c ≠ 0, c, d okLrfod la[;k,¡ gSaA

2.4  cgqinksa dk xq.ku[kaMu

vkb, vc ge Åij osQ mnkgj.k 10 dh fLFkfr ij è;kuiwoZd fopkj djsaA blosQ vuqlkj]

D;ksafd 'ks"kiQy  
1

2
q
 − 
 

 = 0 gS, blfy, 2t + 1, q(t) dk ,d xq.ku[kaM gSA vFkkZr~ fdlh

cgqin g(t) osQ fy,]
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q(t) = (2t + 1) g(t) gksrk gSA

;g uhps fn, gq, izes; dh ,d fo'ks"k fLFkfr gS%

xq.ku[kaM izes; : ;fn  p(x) ?kkr  n > 1 okyk ,d cgqin gks vkSj  a dksbZ okLrfod la[;k
gks] rks

(i) x – a, p(x) dk ,d xq.ku[kaM gksrk gS] ;fn  p(a) = 0 gks, vkSj

(ii) p(a) = 0 gksrk gS, ;fn x – a,  p(x) dk ,d xq.ku[kaM gksA

miifÙk : 'ks"kiQy izes; }kjk] p(x) = (x – a) q(x) + p(a).

(i) ;fn p(a) = 0, rc p(x) = (x – a) q(x), tks n'kkZrk gS fd x – a, p(x) dk ,d
xq.ku[kaM gSA

(ii) pwafd x – a, p(x) dk ,d xq.k x – a, p(x) dk ,d xq.ku[kaM gS] rks fdlh cgqin
g(x) osQ fy, p(x) = (x – a) g(x) gksxkA bl fLFkfr esa] p(a) = (a – a) g(a) = 0-

mnkgj.k 6 : tk¡p dhft, fd x + 2 cgqinksa  x3 + 3x2 + 5x + 6 vkSj 2x + 4 dk ,d
xq.ku[kaM gS ;k ughaA

gy :  x + 2 dk 'kwU;d –2 gSA eku yhft,

p(x) = x3 + 3x2 + 5x + 6 vkSj  s(x) = 2x + 4

rc] p(–2) = (– 2)3 + 3(–2)2 + 5(– 2) + 6

= –8 + 12 – 10 + 6

= 0

vr% xq.ku[kaM izes; (Factor Theorem) osQ vuqlkj  x + 2, x3 + 3x2 + 5x + 6 dk ,d
xq.ku[kaM gSA
iqu%] s(–2) = 2(–2) + 4 = 0

vr% x + 2, 2x + 4 dk ,d xq.ku[kaM gSA okLro esa] xq.ku[kaM izes; ykxw fd, fcuk gh vki
bldh tk¡p dj ldrs gSa] D;ksafd 2x + 4 = 2(x + 2) gSA
mnkgj.k 7 : ;fn x – 1,  4x3 + 3x2 – 4x + k dk ,d xq.ku[kaM gS] rks k dk eku Kkr
dhft,A
gy : D;ksafd x – 1, p(x) = 4x3 + 3x2 – 4x + k dk ,d xq.ku[kaM gS] blfy,

p(1) = 0 gksxkA
vc] p(1) = 4(1)3 + 3(1)2 – 4(1) + k
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blfy, 4 + 3 – 4 + k = 0

vFkkZr~ k = –3

vc ge ?kkr 2 vkSj ?kkr 3 osQ oqQN cgqinksa osQ xq.ku[kaM Kkr djus osQ fy, xq.ku[kaM
izes; dk iz;ksx djsaxsA

vki  x2 + lx + m tSls f}?kkrh cgqin osQ xq.ku[kaMu ls ifjfpr gSaA vkius eè; in
lx dks ax + bx esa bl izdkj foHkDr djosQ fd  ab = m gks]  xq.ku[kaMu fd;k FkkA rc
x2 + lx + m = (x + a) (x + b) izkIr gqvk FkkA vc ge  ax2 + bx + c,  tgk¡  a ≠ 0 vkSj  a,

b, c  vpj gSa] osQ izdkj osQ f}?kkrh cgqinksa dk xq.ku[kaMu djus dk iz;kl djsaxsA

eè; in dks foHkDr djosQ cgqin ax2 + bx + c  dk xq.ku[kaMu fuEu izdkj ls gksrk
gS%

eku yhft, blosQ xq.ku[kaM (px + q) vkSj (rx + s) gSaA rc]

ax2 + bx + c = (px + q) (rx + s) = pr x2 + (ps + qr) x + qs

x2  osQ xq.kkadksa dh rqyuk djus ij] gesa  a = pr izkIr gksrk gSA

blh izdkj]  x osQ xq.kkadksa dh rqyuk djus ij] gesa  b = ps + qr  izkIr gksrk gSA

lkFk gh] vpj inksa dh rqyuk djus ij] gesas  c = qs izkIr gksrk gSA

blls ;g irk pyrk gS fd  b nks la[;kvksa ps vkSj qr dk ;ksxiQy gS] ftudk xq.kuiQy
(ps)(qr) = (pr)(qs) = ac gSA vr% ax2 + bx + c dk xq.ku[kaMu djus osQ fy,] ge b dks
,slh nks la[;kvksa osQ ;ksxiQy osQ :i esa fy[krs gSa ftudk xq.kuiQy ac gksA ;g rF; uhps
fn, x, mnkgj.k 13 ls Li"V gks tk,xkA

mnkgj.k 8 : eè; in dks foHkDr djosQ rFkk xq.ku[kaM izes; dk iz;ksx djosQ
6x2 + 17x + 5 dk xq.ku[kaMu dhft,A

gy 1 : (eè; in dks foHkDr djosQ) % ;fn ge ,slh nks la[;k,¡ p vkSj q Kkr dj ldrs
gksa ftlls fd

p + q = 17 vkSj pq = 6 × 5 = 30 gks, rks ge xq.ku[kaM izkIr dj ldrs gSaA

vr% vkb, ge 30 osQ xq.ku[kaM&;qXeksa dks <w<+saA oqQN ;qXe 1 vkSj 30] 2 vkSj 15] 3 vkSj
10] 5 vkSj 6 gSaA

bu ;qXeksa esa] gesa 2 vkSj 15 osQ ;qXe ls  p + q = 17  izkIr gksxkA
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vr% 6x2 + 17x + 5 = 6x2 + (2 + 15)x + 5

= 6x2 + 2x + 15x + 5

= 2x(3x + 1) + 5(3x + 1)

= (3x + 1) (2x + 5)

gy 2 : (xq.ku[kaM izes; dh lgk;rk ls)%

6x2 + 17x + 5 = 
2 17 5

6
6 6

x x
 + + 
 

 = 6 p(x), eku yhft,A ;fn  a vkSj  b, p(x)

osQ 'kwU;d gksa] rks  6x2 + 17x + 5 = 6(x – a) (x – b) gSA vr%  ab = 
5

6
 gksxkA vkb, ge

a vkSj b osQ fy, dqN laHkkouk,¡ ns[ksaA ;s 1 1 5 5
, , , , 1

2 3 3 2
± ± ± ± ±  gks ldrs gSaA vc,

1 1 17 1 5

2 4 6 2 6
p
   = + +   
   

 ≠ 0 gSA ijUrq 
1

3
p

− 
 
 

 = 0 gSA vr% 
1

3
x
 + 
 

,  p(x) dk ,d

xq.ku[kaM gSA blh izdkj] tk¡p djosQ vki ;g Kkr dj ldrs gSa fd 
5

2
x
 + 
 

,  p(x) dk ,d

xq.ku[kaM gSA

vr%] 6x2 + 17x + 5 = 6
1 5

3 2
x x
   + +   
   

=
3 1 2 5

6
3 2

x x+ +   
   
   

= (3x + 1) (2x + 5)

bl mnkgj.k osQ fy,] foHkDr djus dh fof/ dk iz;ksx vf/d izHkko'kkyh gSA fiQj Hkh]
vkb, ge ,d vkSj mnkgj.k ysaA

mnkgj.k 9 : xq.ku[kaM izes; dh lgk;rk ls  y2 – 5y + 6 dk xq.ku[kaMu dhft,A

gy : eku yhft,  p(y) = y2 – 5y + 6 gSA vc] ;fn  p(y) = (y – a) (y – b) gks, rks ge tkurs
gSa fd bldk vpj in ab gksxkA vr%  ab = 6 gSA blfy,]  p(y) osQ xq.ku[kaM izkIr djus
osQ fy, ge 6 osQ xq.ku[kaM Kkr djrs gSaA

6 osQ xq.ku[kaM 1] 2 vkSj 3 gSaA

vc] p(2) = 22 – (5 × 2) + 6 = 0
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blfy, y – 2,  p(y) dk ,d xq.ku[kaM gSA

lkFk gh] p(3) = 32 – (5 × 3) + 6 = 0

blfy,] y – 3 Hkh  y2 – 5y + 6 dk ,d xq.ku[kaM gSA

vr%] y2 – 5y + 6 = (y – 2) (y – 3)

è;ku nhft, fd eè; in  –5y  dks foHkDr djosQ Hkh  y2 – 5y + 6 dk xq.ku[kaMu fd;k
tk ldrk gSA

vkb, vc ge f=k?kkrh cgqinksa dk xq.ku[kaMu djsaA ;gk¡ izkjaHk esa foHkDr&fof/ vf/d
mi;ksxh fl¼ ugha gksxhA gesas igys de ls de ,d xq.ku[kaM Kkr djuk vko';d gksrk
gS] tSlk fd vki uhps osQ mnkgj.k esa ns[ksaxsA

mnkgj.k 10 : x3 – 23x2 + 142x – 120  dk xq.ku[kaMu dhft,A

gy : eku yhft, p(x) = x3 – 23x2 + 142x – 120 gSA

vc ge –120 osQ lHkh xq.ku[kaMksa dk irk yxk,¡xsA buesa oqQN xq.ku[kaM gSa%

±1, ±2, ±3, ±4, ±5, ±6, ±8, ±10, ±12, ±15, ±20, ±24, ±30, ±60

tk¡p djus ij] ge ;g ikrs gSa fd  p(1) = 0 gSA vr%  (x – 1),  p(x) dk ,d xq.ku[kaM gSA

vc ge ns[krs gSa fd  x3 – 23x2 + 142x – 120 = x3 – x2 – 22x2 + 22x + 120x – 120

                                           = x2(x –1) – 22x(x – 1) + 120(x – 1) (D;ksa\)

                                            = (x – 1) (x2 – 22x + 120) [(x – 1) dks loZfu"B ysdj]

bls p(x) dks (x – 1) ls Hkkx nsdj Hkh izkIr fd;k tk ldrk FkkA

vc  x2 – 22x + 120  dk xq.ku[kaMu ;k rks eè; in dks foHkDr djosQ ;k xq.ku[kaM izes;
dh lgk;rk ls fd;k tk ldrk gSA eè; in dks foHkDr djus ij] gesa ;g izkIr gksrk gS%

x2 – 22x + 120 = x2 – 12x – 10x + 120

= x(x – 12) – 10(x – 12)

= (x – 12) (x – 10)

vr%] x3 – 23x2 – 142x – 120 = (x – 1)(x – 10)(x – 12)
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iz'ukoyh  2.3

1. crkb, fd fuEufyf[kr cgqinksa esa ls fdl cgqin dk ,d xq.ku[kaM  x + 1 gSA

(i) x3 + x2 + x + 1 (ii) x4 + x3 + x2 + x + 1

(iii) x4 + 3x3 + 3x2 + x + 1 (iv) x3 – x2 – ( )2 2 2x+ +

2. xq.ku[kaM izes; ykxw djosQ crkb, fd fuEufyf[kr fLFkfr;ksa esa ls izR;sd fLFkfr esa  g(x),

p(x) dk ,d xq.ku[kaM gS ;k ugha%

(i) p(x) = 2x3 + x2 – 2x – 1, g(x) = x + 1

(ii) p(x) = x3 + 3x2 + 3x + 1, g(x) = x + 2

(iii) p(x) = x3 – 4x2 + x + 6, g(x) = x – 3

3. k dk eku Kkr dhft, tcfd fuEufyf[kr fLFkfr;ksa esa ls izR;sd fLFkfr esa  (x – 1),  p(x)

dk ,d xq.ku[kaM gks %
(i) p(x) = x2 + x + k (ii) p(x) = 2x2 + kx + 2

(iii) p(x) = kx2 – 2 x + 1 (iv) p(x) = kx2 – 3x + k

4. xq.ku[kaM Kkr dhft,%

(i) 12x2 – 7x + 1 (ii) 2x2 + 7x + 3

(iii) 6x2 + 5x – 6 (iv) 3x2 – x – 4

5. xq.ku[kaM Kkr dhft,%

(i) x3 – 2x2 – x + 2 (ii) x3 – 3x2 – 9x – 5

(iii) x3 + 13x2 + 32x + 20 (iv) 2y3 + y2 – 2y – 1

2.5  chth; loZlfedk,¡

fiNyh d{kkvksa esa] vki ;g i<+ pqosQ gSa fd chth; loZlfedk (algebraic identity) ,d
chth; lehdj.k gksrh gS tks fd pjksa osQ lHkh ekuksa osQ fy, lR; gksrh gSA fiNyh d{kkvksa
esa] vki fuEufyf[kr chth; loZlfedkvksa dk vè;;u dj pqosQ gSa%

loZlfedk I : (x + y)2 = x2 + 2xy + y2

loZlfedk II : (x – y)2 = x2 – 2xy + y2

loZlfedk III : x2 – y2 = (x + y) (x – y)

loZlfedk IV : (x + a) (x + b) = x2 + (a + b)x + ab

bu chth; loZlfedkvksa esa ls oqQN dk iz;ksx vkius chth; O;atdksa osQ xq.ku[kaM Kkr
djus esa vo'; fd;k gksxkA vki budh mi;ksfxrk vfHkdyuksa (computations) esa Hkh ns[k
ldrs gSaA
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mnkgj.k 11 : mi;qDr loZlfedkvksa dk mi;ksx djosQ fuEufyf[kr xq.kuiQy Kkr
dhft,%

(i) (x + 3) (x + 3) (ii) (x – 3) (x + 5)

gy : (i) ;gk¡ ge loZlfedk I (x + y)2 = x2 + 2xy + y2 dk iz;ksx dj ldrs gSaA bl
loZlfedk esa  y = 3 j[kus ij] gesa ;g izkIr gksrk gS%

(x + 3) (x + 3) = (x + 3)2 =  x2 + 2(x)(3) + (3)2

= x2 + 6x + 9

(ii) loZlfedk IV vFkkZr~  (x + a) (x + b) = x2 + (a + b)x + ab dks ykxw djus ij] gesa ;g
izkIr gksrk gS%

(x – 3) (x + 5) = x2 + (–3 + 5)x + (–3)(5)

= x2 + 2x – 15

mnkgj.k 12 : lh/s xq.kk u djosQ 105 × 106 dk eku Kkr dhft,A

gy : 105 × 106 = (100 + 5) × (100 + 6)

= (100)2 + (5 + 6) (100) + (5 × 6) (loZlfedk IV ykxw djosQ)

= 10000 + 1100 + 30

= 11130

oqQN fn, gq, O;atdksa dk xq.kuiQy Kkr djus osQ fy,] geus Åij crk;h xbZ oqQN
loZlfedkvksa dk iz;ksx fd;k gSA ;s loZlfedk,¡ chth; O;atdksa dk xq.ku[kaMu djus esa
Hkh mi;ksxh gksrh gSa] tSlk fd vki uhps fn, x, mnkgj.k esa ns[k ldrs gSaA

mnkgj.k 13 : xq.ku[kaM Kkr dhft,%

(i) 49a2 + 70ab + 25b2 (ii) 
2

225

4 9

y
x −

gy : (i) ;gk¡ vki ;g ns[k ldrs gSa fd
49a2 = (7a)2, 25b2 = (5b)2, 70ab = 2(7a) (5b)

x2 + 2xy + y2  osQ lkFk fn, gq, O;atd dh rqyuk djus ij] ge ;g ikrs gSa fd  x = 7a

vkSj y = 5b gSA

loZlfedk I ykxw djus ij] gesa ;g izkIr gksrk gS%

49a2 + 70ab + 25b2 = (7a + 5b)2 = (7a + 5b) (7a + 5b)
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(ii) ;gk¡ 
2 22

225 5
– –

4 9 2 3

y y
x x

   =    
   

loZlfedk III osQ lkFk bldh rqyuk djus ij] gesa ;g izkIr gksrk gS%

2
225

–
4 9

y
x  =

2 2
5

–
2 3

y
x

   
   
   

=
5 5

2 3 2 3

y y
x x

   + −   
   

vHkh rd gekjh lHkh loZlfedk,¡ f}inksa osQ xq.kuiQyksa ls lacaf/r jgh gSaA vkb, vc ge
loZlfedk I dks f=kin x + y + z ij ykxw djsaA ge loZlfedk I ykxw djosQ] (x + y + z)2

dk vfHkdyu djsaxsA

eku yhft,  x + y = t gSA rc]

(x + y + z)2 = (t + z)2

= t2 + 2tz + t2 (loZlfedk I ykxw djus ij)

= (x + y)2 + 2(x + y)z + z2 (t dk eku izfrLFkkfir djus ij)

= x2 + 2xy + y2 + 2xz + 2yz + z2 (loZlfedk I ykxw djus ij)

= x2 + y2 + z2 + 2xy + 2yz + 2zx (inksa dks foU;kflr djus ij)

vr% geas fuEufyf[kr loZlfedk izkIr gksrh gS%

loZlfedk V : (x + y + z)2 = x2 + y2 + z2 + 2xy + 2yz + 2zx

fVIi.kh : ge nk,¡ i{k osQ O;atd dks ck,¡ i{k osQ O;atd dk izlkfjr :i ekurs gSaA
è;ku nhft, fd (x + y + z)2  osQ izlkj essa rhu oxZ in vkSj rhu xq.kuiQy in
gSaA

mnkgj.k 14 : (3a + 4b + 5c)2  dks izlkfjr :i esa fyf[k,A

gy : fn, gq, O;atd dh (x + y + z)2  osQ lkFk rqyuk djus ij] ge ;g ikrs gSa fd

x = 3a, y = 4b vkSj z = 5c

vr% loZlfedk V ykxw djus ij] gesa ;g izkIr gksrk gS%
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(3a + 4b + 5c)2 = (3a)2 + (4b)2 + (5c)2 + 2(3a)(4b) + 2(4b)(5c) + 2(5c)(3a)

= 9a2 + 16b2 + 25c2 + 24ab + 40bc + 30ac

mnkgj.k 15 :  (4a – 2b – 3c)2  dk izlkj dhft,A

gy : loZlfedk V ykxw djus ij] gesa ;g izkIr gksrk gS%
(4a – 2b – 3c)2 = [4a + (–2b) + (–3c)]2

= (4a)2 + (–2b)2 + (–3c)2 + 2(4a)(–2b) + 2(–2b)(–3c) + 2(–3c)(4a)

= 16a2 + 4b2 + 9c2 – 16ab + 12bc – 24ac

mnkgj.k 16 : 4x2 + y2 + z2 – 4xy – 2yz + 4xz  dk xq.ku[kaMu dhft,A

gy : ;gk¡  4x2 + y2 + z2 – 4xy – 2yz + 4xz = (2x)2 + (–y)2 + (z)2 + 2(2x)(–y)

+ 2(–y)(z) + 2(2x)(z)

= [2x + (–y) + z]2 (loZlfedk V ykxw djus ij)
= (2x – y + z)2 = (2x – y + z) (2x – y + z)

vHkh rd geus f}?kkr inksa ls lacaf/r loZlfedkvksa dk gh vè;;u fd;k gSA vkb, vc
ge loZlfedk I dks (x + y)3  vfHkdfyr djus esa ykxw djsaA ;gk¡]

(x + y)3 = (x + y) (x + y)2

= (x + y)(x2 + 2xy + y2)

= x(x2 + 2xy + y2) + y(x2 + 2xy + y2)

= x3 + 2x2y + xy2 + x2y + 2xy2 + y3

= x3 + 3x2y + 3xy2 + y3

= x3 + y3 + 3xy(x + y)

vr%] gesa fuEufyf[kr loZlfedk izkIr gksrh gS%

loZlfedk VI : (x + y)3 = x3 + y3 + 3xy (x + y)

loZlfedk VI essa  y  osQ LFkku ij  – y j[kus ij] gesa izkIr gksrk gS%

loZlfedk VII : (x – y)3 = x3 – y3 – 3xy(x – y)

= x3 – 3x2y + 3xy2 – y3

mnkgj.k 17 : fuEufyf[kr ?kuksa dks izlkfjr :i esa fyf[k,%
(i) (3a + 4b)3 (ii) (5p – 3q)3

gy : (i)  (x + y)3  osQ lkFk fn, x, O;atd dh rqyuk djus ij ge] ;g ikrs gSa fd

x = 3a vkSj  y = 4b
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vr% loZlfedk VI dk iz;ksx djus ij] gesa ;g izkIr gksrk gS%

(3a + 4b)3 = (3a)3 + (4b)3 + 3(3a)(4b)(3a + 4b)

= 27a3 + 64b3 + 108a2b + 144ab2

(ii) (x – y)3  osQ lkFk fn, gq, O;atd dh rqyuk djus ij] ge ;g ikrs gSa fd

x = 5p vkSj y = 3q

loZlfedk VII ykxw djus ij] gesa ;g izkIr gksrk gS%

(5p – 3q)3 = (5p)3 – (3q)3 – 3(5p)(3q)(5p – 3q)

= 125p3 – 27q3 – 225p2q + 135pq2

mnkgj.k 18 : mi;qDr loZlfedk,¡ iz;ksx djosQ] fuEufyf[kr esa ls izR;sd dk eku Kkr
dhft,%

(i) (104)3 (ii) (999)3

gy : (i) ;gk¡
(104)3 = (100 + 4)3

= (100)3 + (4)3 + 3(100)(4)(100 + 4)

(loZlfedk VI dk iz;ksx djus ij)
= 1000000 + 64 + 124800

= 1124864

(ii) ;gk¡
(999)3 = (1000 – 1)3

= (1000)3 – (1)3 – 3(1000)(1)(1000 – 1)

(loZlfedk VII dk iz;ksx djus ij)
= 1000000000 – 1 – 2997000

= 997002999

mnkgj.k 19 : 8x3 + 27y3 + 36x2y + 54xy2  dk xq.ku[kaMu dhft,A

gy : fn, gq, O;atd dks bl izdkj fy[kk tk ldrk gS%
(2x)3 + (3y)3 + 3(4x2)(3y) + 3(2x)(9y2)

= (2x)3 + (3y)3 + 3(2x)2(3y) + 3(2x)(3y)2

= (2x + 3y)3 (loZlfedk VI dk iz;ksx djus ij)
= (2x + 3y) (2x + 3y) (2x + 3y)
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vc (x + y + z) (x2 + y2 + z2 – xy – yz – zx) dk izlkj djus ij] gesa xq.kuiQy bl :i
esa izkIr gksrk gS%

x(x2 + y2 + z2 – xy – yz – zx) + y(x2 + y2 + z2 – xy – yz – zx)

+ z(x2 + y2 + z2 – xy – yz – zx)

= x3 + xy2 + xz2 – x2y – xyz – zx2 + x2y + y3 + yz2 – xy2 – y2z – xyz

+ x2z + y2z + z3 – xyz – yz2 – xz2

= x3 + y3 + z3 – 3xyz (ljy djus ij)

vr%] gesa fuEufyf[kr loZlfedk izkIr gksrh gS%

loZlfedk VIII : x3 + y3 + z3 – 3xyz = (x + y + z) (x2 + y2 + z2 – xy – yz – zx)

mnkgj.k 20 : 8x3 + y3 + 27z3 – 18xyz  dk xq.ku[kaMu dhft,A

gy : ;gk¡]

8x3 + y3 + 27z3 – 18xyz

= (2x)3 + y3 + (3z)3 – 3(2x)(y)(3z)

= (2x + y + 3z)[(2x)2 + y2 + (3z)2 – (2x)(y) – (y)(3z) – (2x)(3z)]

= (2x + y + 3z) (4x2 + y2 + 9z2 – 2xy – 3yz – 6xz)

iz'ukoyh  2.4

1. mi;qDr loZlfedkvksa dks iz;ksx djosQ fuEufyf[kr xq.kuiQy Kkr dhft,%
(i) (x + 4) (x + 10) (ii) (x + 8) (x – 10) (iii) (3x + 4) (3x – 5)

(iv) (y2 + 
3

2
) (y2 – 

3

2
) (v) (3 – 2x) (3 + 2x)

2. lh/s xq.kk fd, fcuk fuEufyf[kr xq.kuiQyksa osQ eku Kkr dhft,%

(i) 103 × 107 (ii) 95 × 96 (iii) 104 × 96

3. mi;qDr loZlfedk,¡ iz;ksx djosQ fuEufyf[kr dk xq.ku[kaMu dhft,%

(i) 9x2 + 6xy + y2 (ii) 4y2 – 4y + 1 (iii) x2 – 

2

100

y

4. mi;qDr loZlfedkvksa dk iz;ksx djosQ fuEufyf[kr esa ls izR;sd dk izlkj dhft,%

(i) (x + 2y + 4z)2 (ii) (2x – y + z)2 (iii) (–2x + 3y + 2z)2

(iv) (3a – 7b – c)2 (v) (–2x + 5y – 3z)2 (vi)

2
1 1

1
4 2

a b
 − +  
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5. xq.ku[kaMu dhft,%

(i) 4x2 + 9y2 + 16z2 + 12xy – 24yz – 16xz

(ii) 2x2 + y2 + 8z2 – 2 2 xy + 4 2 yz – 8xz

6. fuEufyf[kr ?kuksa dks izlkfjr :i esa fyf[k,%

(i) (2x + 1)3 (ii) (2a – 3b)3

(iii)

3
3

1
2

x
 +  

(iv)

3
2

3
x y
 −  

7. mi;qDr loZlfedk,¡ iz;ksx djosQ fuEufyf[kr osQ eku Kkr dhft,%

(i) (99)3 (ii) (102)3 (iii) (998)3

8. fuEufyf[kr esa ls izR;sd dk xq.ku[kaMu dhft,%
(i) 8a3 + b3 + 12a2b + 6ab2 (ii) 8a3 – b3 – 12a2b + 6ab2

(iii) 27 – 125a3 – 135a + 225a2 (iv) 64a3 – 27b3 – 144a2b + 108ab2

(v) 27p3 – 
1

216
 – 

29 1

2 4
p p+

9. lR;kfir dhft,%  (i) x3 + y3 = (x + y) (x2 – xy + y2) (ii) x3 – y3 = (x – y) (x2 + xy + y2)

10. fuEufyf[kr esa ls izR;sd dk xq.ku[kaMu dhft,%

                     (i) 27y3 + 125z3 (ii) 64m3 – 343n3

[laosQr: nsf[k, iz'u 9]

11. xq.ku[kaMu dhft,%  27x3 + y3 + z3 – 9xyz

12. lR;kfir dhft,%  x3 + y3 + z3 – 3xyz = 
2 2 21

( ) ( ) ( ) ( )
2

x y z x y y z z x + + − + − + − 

13. ;fn  x + y + z = 0 gks, rks fn[kkb, fd  x3 + y3 + z3 = 3xyz gSA

14. okLro esa ?kuksa dk ifjdyu fd, fcuk fuEufyf[kr esa ls izR;sd dk eku Kkr dhft,%
(i) (–12)3 + (7)3 + (5)3 (ii) (28)3 + (–15)3 + (–13)3

15. uhps fn, x, vk;rksa] ftuesa muosQ {ks=kiQy fn, x, gSa] esa ls izR;sd dh yackbZ vkSj pkSM+kbZ
osQ fy, laHko O;atd nhft,%

{ks=kiQy : 25a2 – 35a + 12       {ks=kiQy : 35y2 + 13y –12

                              (i) (ii)
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16. ?kukHkksa (cuboids), ftuosQ vk;ru uhps fn, x, gSa fd] foekvksa osQ fy, laHko O;atd
D;k gSa\

    vk;ru : 3x2 – 12x   vk;ru : 12ky2 + 6ky – 20k

                              (i) (ii)

2.6  lkjka'k

bl vè;k; esa] vkius fuEufyf[kr fcanqvksa dk vè;;u fd;k gS%

1. ,d pj okyk cgqin  p(x) fuEu :i dk  x  esa ,d chth; O;atd gS%
p(x) = a

n
xn + a

n–1
xn – 1 + . . . + a

2
x2 + a

1
x + a

0
,

tgk¡  a
0
, a

1
, a

2
, . . ., a

n
 vpj gSa vkSj  a

n
 ≠ 0 gSA a

0
, a

1
, a

2
, . . ., a

n
  Øe'k%  x0, x, x2, . . ., xn

osQ xq.kkad gSa vkSj  n  dks cgqin dh ?kkr dgk tkrk gSA izR;sd  a
n
xn, a

n–1
 xn–1, ..., a

0
, tgk¡

a
n
 ≠ 0, dks cgqin  p(x) dk in dgk tkrk gSA

2. ,d in okys cgqin dks ,dinh dgk tkrk gSA

3. nks inksa okys cgqin dks f}in dgk tkrk gSA

4. rhu inksa okys cgqin dks f=kin dgk tkrk gSA

5. ,d ?kkr okys cgqin dks jSf[kd cgqin dgk tkrk gSA

6. nks ?kkr okys cgqin dks f}?kkrh cgqin dgk tkrk gSA

7. rhu ?kkr okys cgqin dks f=k?kkrh cgqin dgk tkrk gSA

8. okLrfod la[;k ‘a’,  cgqin  p(x) dk ,d 'kwU;d gksrh gS] ;fn  p(a) = 0 gksA

9. ,d pj esa izR;sd jSf[kd cgqin dk ,d vf}rh; 'kwU;d gksrk gSA ,d 'kwU;srj vpj cgqin
dk dksbZ 'kwU;d ugha gS vkSj izR;sd okLrfod la[;k 'kwU; cgqin dk ,d 'kwU;d gksrh gSA

10. ;fn  p(a) = 0 gks] rks x – a cgqin  p(x) dk ,d xq.ku[kaM gksrk gS vkSj ;fn x – a, p(x) dk
,d xq.ku[kaM gks] rks p(a) = 0 gksrk gSA

11. (x + y + z)2 = x2 + y2 + z2 + 2xy + 2yz + 2zx

12. (x + y)3 = x3 + y3 + 3xy(x + y)

13. (x – y)3 = x3 – y3 – 3xy(x – y)

14. x3 + y3 + z3 – 3xyz = (x + y + z) (x2 + y2 + z2 – xy – yz – zx)
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vè;k; 3

funsZ'kkad T;kfefr

What’s the good of Mercator’s North Poles and Equators, Tropics, Zones and
Meridian Lines? So the Bellman would cry; and crew would reply ‘ They are
merely conventional signs!’

(ejosQVj ds mÙkjh /zqoksa vkSj fo"kqor o`Ùkksa] m".k dfVca/ksa] eaMyksa vkSj ;keksÙkj js[kkvksa esa
D;k vPNkbZ gS\ blfy, csyeSu us 'kksj epk;k gksxk vkSj ukfod ny us mÙkj fn;k gksxk]
^^;s osQoy ijaijkxr fpÉ gSa**A)

LEWIS CARROLL, The Hunting of the Snark

3.1 Hkwfedk

vki ;g i<+ pqosQ gSa fd ,d la[;k js[kk ij
,d fcUnq dk LFkku fu/kZj.k fdl izdkj fd;k
tkrk gSA vki ;g Hkh i<+ pqosQ gSa fd ,d js[kk
ij ,d fcUnq dh fLFkfr dh O;k[;k fdl
izdkj dh tkrh gSA ,slh vusd fLFkfr;k¡ gSa
ftuessa ,d fcUnq Kkr djus osQ fy, gesa ,d
ls vf/d js[kkvksa osQ lanHkZ esa mldh fLFkfr
dh O;k[;k djuh gksrh gSA mnkgj.k osQ fy,]
fuEufyf[kr fLFkfr;ksa ij fopkj dhft,%

I. vko`Qfr 3-1 esa ,d eq[; ekxZ gS tks iwoZ
ls if'pe dh vksj tkrk gS vkSj bl ij dqN
lM+dsa cuh gSa] budh lM+d (ekxZ) la[;k,¡
if'pe ls i wo Z dh vk sj nh xb Z g S a A

vkÑfr 3-1
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izR;sd lM+d (ekxZ) ij cus edkuksa ij la[;k,¡ vafdr dj nh xbZ gSaA vkidks ;gk¡ viuh
lgsyh osQ edku dk irk yxkuk gSA D;k blosQ fy, osQoy ,d funsZ'k&fcUnq dk Kkr gksuk
i;kZIr gksxk\ mnkgj.k osQ fy,] ;fn gesa osQoy ;g Kkr gks fd og lM+d 2 ij jgrh
gS rks D;k ge mlosQ ?kj dk irk ljyrk ls yxk ldrs gSa\ mruh ljyrk ls ugha ftruh
ljyrk ls rc tcfd gesa nks tkudkfj;k¡ vFkkZr~ lM+d dh og la[;k ftl ij mldk
edku gS vkSj edku dh la[;k Kkr gksus ij gksrh gSA ;fn vki ml edku ij tkuk pkgrs
gSa tks lM+d 2 ij fLFkr gS vkSj ftldh la[;k 5 gS] rks lcls igys vkidks ;g irk
yxkuk gksxk fd lM+d 2 dkSu&lh gS vkSj rc ml edku dk irk yxkuk gksrk gS ftldh
la[;k 5 gSA vko`Qfr 3-1 esa H blh edku dk LFkku n'kkZrk gSA blh izdkj] P ml edku
dks n'kkZrk gS tks lM+d la[;k 7 ij gS vkSj ftldh la[;k 4 gSA

II. eku yhft, vki ,d dkxt dh 'khV ij ,d fcUnq yxk nsrs gS a
[vko`Qfr 3-2 (a)]A ;fn ge vkils dkx”k ij yxs fcUnq dh fLFkfr osQ ckjs esa iwNsa] rks
vki bls oSQls crk,¡xs\ laHkor% vki bl iz'u dk mÙkj bl izdkj nsa % ¶fcUnq dkx”k osQ
vk/s osQ Åijh Hkkx esa fLFkr gŞ  ;k ^^;g Hkh dg ldrs gSa fd ;g fcUnq dkx”k dh ck;ha
dksj osQ fudV fLFkr gS** ;k ^^;g fcUnq dkx”k dh ck;ha vksj osQ Åijh dksus osQ dkiQh
fudV fLFkr gSA¸ D;k Åij fn, x, dFkuksa esa ls fdlh Hkh dFku osQ vk/kj ij vki fcUnq
dh Bhd&Bhd fLFkfr crk ldrs gSa\ Li"V gS fd mÙkj ^^ugha** gSA ijUrq] ;fn vki ;g
dgsa fd ¶fcUnq dkx”k dh ck;ha dksj ls yxHkx 5 cm nwj gS] rks blls vkidks fcUnq dh
fLFkfr dk vkHkkl rks gks tkrk gS fiQj Hkh Bhd&Bkd fLFkfr dk irk ugha pyrkA FkksM+k cgqr
lksp&fopkj osQ ckn vki ;g dg ldrs gSa fd lcls uhps okyh js[kk ls fcUnq 9 cm dh
nwjh ij gSA vc ge fcUnq dh fLFkfr Bhd&Bkd crk ldrs gSaA

vko`Qfr  3.2
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blosQ fy, ge nks fu;r js[kkvksa vFkkZr~ dkxt dh ck;ha dksj vkSj dkx”k dh lcls uhps
okyh js[kk ls fcUnq dh fLFkfr fu;r djrs gSa [vkòQfr 3-2 (b)]A nwljs 'kCnksa esa] ge ;g
dg ldrs gSa fd fcUnq dh fLFkfr Kkr djus osQ fy, nks Lora=k lwpukvksa dk gksuk vko';d
gksrk gSA

vc vki d{kk esa ¶cSBus dh ;kstuk¸ uked fuEufyf[kr fØ;kdyki dhft,%

fØ;kdyki 1 (cSBus dh ;kstuk) : lHkh es”kksa dks ,d lkFk [khapdj viuh d{kk esa
cSBus dh ,d ;kstuk cukb,A izR;sd es”k dks ,d oxZ ls fu:fir dhft,A izR;sd oxZ esa
ml fo|kFkhZ dk uke fyf[k, ftl ij og cSBrk gS vkSj ftls og oxZ fu:fir djrk gSA
d{kk esa izR;sd fo|kFkhZ dh fLFkfr dk Bhd&Bhd fu/kZj.k fuEufyf[kr nks lwpukvksa dh
lgk;rk ls fd;k tkrk gSA

(i) og LraHk ftlesa og cSBrk @ cSBrh gSA

(ii) og iafDr ftlesa og cSBrk @ cSBrh gSA

;fn vki ml es”k ij cSBrs gSa tks 5osa LraHk vkSj rhljh iafDr esa gS] ftls
vko`Qfr 3-3 esa Nkf;r oxZ ls fn[kk;k x;k gS] rks vkidh fLFkfr dks (5] 3) osQ :i esa
O;Dr fd;k tk ldrk gS] tgk¡ igyh la[;k LraHk la[;k dks izdV djrh gS vkSj nwljh
la[;k iafDr la[;k dks izdV djrh gSA D;k ;g ogh gS tks fd (3] 5) gS\ vki viuh
d{kk osQ vU; fo|kfFkZ;ksa osQ uke vkSj muosQ cSBus dh fLFkfr;k¡ fy[ksaA mnkgj.k osQ fy,]
;fn lksfu;k pkSFks LraHk vkSj igyh iafDr esa cSBrh gS] rks mlosQ fy, S(4] 1) fyf[k,A
f'k{kd dh es”k vkiosQ cSBus dh ;kstuk osQ varxZr ugha vkrh gSA ;gk¡ ge f'k{kd dks
osQoy ,d izs{kd gh ekurs gSaA

vko`Qfr 3.3
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Åij dh ppkZ esa vkius ;g ns[kk gS fd ,d ry ij j[kh gqbZ fdlh oLrq dh fLFkfr
nks yac js[kkvksa dh lgk;rk ls fu:fir dh tk ldrh gSA ;fn oLrq ,d fcUnq gS] rks gesa
lcls uhps okyh js[kk ls vkSj dkxt dh ck;ha dksj ls fcUnq dh nwjh Kkr gksuk vko';d
gksrk gSA ̂ ^cSBus dh ;kstuk** osQ laca/ esa gesa LraHk dh la[;k vkSj iafDr dh la[;k dk tkuuk
vko';d gksrk gSA bl ljy fopkj/kjk ds nwjxkeh ifj.kke gksrs gSa vkSj blls xf.kr dh
funsZ'kkad T;kfefr (Coordinate Geometry) uked ,d vfr egRoiw.kZ 'kk[kk dh O;qRifÙk
gqbZA bl vè;k; esa] gekjk y{; funsZ'kkad T;kfefr dh oqQN vk/kjHkwr ladYiukvksa ls vkidks
ifjfpr djkuk gSA blosQ ckjs esa vki foLrkj ls vè;;u mPp d{kkvksa esa djsaxsA izkjaHk esa
izQkalhlh nk'kZfud vkSj xf.krK jsus ndkrsZ us bl vè;;u dks fodflr fd;k FkkA

oqQN yksx izkr%dky esa fcLrj ij ysVs jguk ilan djrs gSaA
;gh vknr l=kgoha 'krkCnh osQ egku izQkalhlh xf.krK
jsus ndkrsZ dh FkhA ijUrq og vkylh O;fDr ugha Fkk] og ;g
le>rk Fkk fd fcLrj ij iM+s&iM+s gh vf/d ¯pru fd;k
tk ldrk gSA ,d fnu tcfd og vius fcLrj ij ysVs&ysVs
vkjke dj jgk Fkk] mlus ,d ry esa ,d fcUnq dh fLFkfr
dk fu/kZj.k djus ls lacaf/r leL;k dk gy <w¡<+ fudkykA
tSlkfd vki ns[ksaxs mldh fof/ v{kka'k vkSj ns'kkarj dh iqjkuh
fopkj/kjk dh gh ,d fodflr :i FkhA ,d ry dh ,d
fcUnq dh fLFkfr dk fu/kZj.k djus esa iz;qDr i¼fr dks ndkrsZ
osQ lEeku esa dkrhZ; i¼fr (Cartesian System) Hkh
dgk tkrk gSA

iz'ukoyh 3.1

1. ,d vU; O;fDr dks vki vius vè;;u est ij j[ks Vscy ySai dh fLFkfr fdl rjg
crk,¡xs\

2. (lM+d ;kstuk) : ,d uxj esa nks eq[; lM+osaQ gSa] tks uxj osQ osQUnz ij feyrh gSaA ;s
nks lM+osaQ mÙkj&nf{k.k dh fn'kk vkSj iwoZ&if'pe dh fn'kk esa gSaA uxj dh vU; lHkh
lM+osaQ bu eq[; lM+dksa osQ lekarj ijLij 200 ehVj dh nwjh ij gSaA izR;sd fn'kk esa yxHkx
ik¡p lM+osaQ gSaA 1 lsaVhehVj = 200 ehVj dk iSekuk ysdj viuh uksV cqd esa uxj dk ,d
ekWMy cukb,A lM+dksa dks ,dy js[kkvksa ls fu:fir dhft,A

jsus ndkrsZ  (1596 -1650)

vkÑfr 3-4
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vkiosQ ekWMy esa ,d&nwljs dks dkVrh gqbZ vusd ØkWl&LVªhV (pkSjkgs) gks ldrh gSaA
,d fo'ks"k ØkWl&LVªhV nks lM+dksa ls cuh gS] ftuesa ls ,d mÙkj&nf{k.k fn'kk esa tkrh gS
vkSj nwljh iwoZ&if'pe dh fn'kk esaA izR;sd ØkWl&LVªhV dk funsZ'ku bl izdkj fd;k tkrk
gS% ;fn nwljh lM+d mÙkj&nf{k.k fn'kk esa tkrh gS vkSj ik¡poha lM+d iwoZ&if'pe fn'kk
esa tkrh gS vkSj ;s ,d ØkW̄ lx ij feyrh gSa] rc bls ge ØkWl&LVªhV (2] 5) dgsaxsA blh
ijaijk ls ;g Kkr dhft, fd

(i) fdruh ØkWl&LVªhVksa dks (4] 3) ekuk tk ldrk gSA

(ii) fdruh ØkWl&LVªhVksa dks (3] 4) ekuk tk ldrk gSA

3.2 dkrhZ; i¼fr

^la[;k i¼fr* osQ vè;k; esa vki la[;k js[kk osQ ckjs esa i<+ pqosQ gSaA la[;k js[kk ij ,d
fu;r fcUnq ls nwfj;ksa dks cjkcj ,ddksa esa ,d fn'kk esa /ukRed vkSj nwljh fn'kk esa
½.kkRed vafdr fd;k tkrk gSA ml fcUnq dks] tgk¡ ls nwfj;k¡ vafdr dh tkrh gSa] ewy&
fcUnq (origin) dgk tkrk gSA ,d js[kk ij leku nwfj;ksa ij fcUnqvksa dks vafdr djosQ]
ge la[;k js[kk dk iz;ksx la[;kvksa dks fu:fir djus osQ fy, djrs gSaA ;fn ,d ,dd
nwjh la[;k ^1* dks fu:fir djrh gks] rks 3 ,dd nwjh la[;k ^3* dks fu:fir djsxh] tgk¡
'O' ewyfcUnq gSA ewyfcUnq ls /ukRed fn'kk esa nwjh r ij fLFkr fcUnq la[;k r dks fu:fir
djrh gSA ewyfcUnq ls ½.kkRed fn'kk esa nwjh r ij fLFkr fcUnq la[;k r dks fu:fir djrh
gSA la[;k js[kk ij fofHkUu la[;kvksa osQ LFkku vko`Qfr 3-5 esa fn[kk, x, gSaA

vko`Qfr  3.5

ndkrsZ us ,d ry ij ,d nwljs ij yac nks js[kkvksa dks [khapus vkSj bu js[kkvksa osQ
lkis{k ry ij fcUnqvksa dk LFkku fu/kZj.k djus dk fopkj izLrqr fd;kA yac js[kk,¡ fdlh
Hkh fn'kk esa gks ldrh gSa] tSlk fd vko`Qfr 3-6 esa fn[kk;k x;k gSA ysfdu tc ge bl
vè;k; essa ,d ry esa fLFkr ,d fcUnq dk LFkku fu/kZj.k djus osQ fy, nks js[kk,¡ yasxs]
rks ,d js[kk {kSfrt gksxh vkSj nwljh js[kk ÅèokZ/j] tSlk fd vko`Qfr 3-6 (c) esa fn[kk;k
x;k gSA
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vko`Qfr  3.6

okLro esa ;s js[kk,¡ bl izdkj izkIr dh tkrh gSa % nks la[;k js[kk,¡
yhft, vkSj mUgsa X′X vkSj Y′Y dk uke ns nhft,A  X′X dks {kSfrt jf[k,
[tSlk fd vko`Qfr 3.7(a) esa fn[kk;k x;k gS] vkSj bl ij Bhd mlh
izdkj la[;k,¡ fyf[k, tSlk fd la[;k js[kk ij fy[kh tkrh gSaA ;s gh lHkh
fØ;k,¡ vki Y′Y osQ lkFk dhft,A varj osQoy ;gh gS fd  Y′Y {kSfrt
ugha gS] vfirq ÅèokZ/j gS [nsf[k, vkÑfr 3.7 (b)]A

vko`Qfr  3.7

nksuksa js[kkvksa dk la;kstu bl izdkj dhft, fd ;s nks js[kk,¡ ,d&nwljs dks ewyfcUnq
ij dkVrh gksa (vko`Qfr 3-8)A {kSfrt js[kk  X′X  dks  x - v{k dgk tkrk gS vkSj ÅèokZèkj
js[kk  Y′Y  dks y - v{k dgk tkrk gSA og fcUnq] tgk¡  X′X  vkSj  Y′Y  ,d&nwljs dks dkVrh
gSa] mls ewyfcUnq (origin) dgk tkrk gS vkSj bls O ls izdV fd;k tkrk gSA D;ksafd
èkukRed la[;k,¡  OX vkSj  OY dh fn'kkvksa esa fLFkr gSa] blfy, OX vkSj OY dks Øe'k%
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x-v{k vkSj  y-v{k dh /ukRed fn'kk,¡ dgk tkrk gSA blh izdkj] OX′ vkSj OY′ dks
x-v{k vkSj  y-v{k dh Øe'k% ½.kkRed fn'kk,¡ dgk tkrk gSA

;gk¡ vki ;g ns[krs gSa fd ;s nksuksa v{k ry dks pkj Hkkxksa esa foHkkftr djrh gSaA bu
pkj Hkkxksa dks prqFkk±'k (quadrants) (,d&pkSFkkbZ) dgk tkrk gSA  OX ls okekorZ fn'kk esa
bUgsa I, II, III vkSj IV prqFkk±'k dgk tkrk gS (nsf[k, vko`Qfr 3-9)A bl izdkj] bl ry esa
nksuksa v{k vkSj pkjksa prqFkk±'k lfEefyr gSaA ge bl ry dks dkrhZ; ry (Cartesian

plane) ;k funsZ'kkad ry (Coordinate plane) ;k  xy-ry (xy-plane) dgrs gSaA v{kksa dks
funsZ'kkad v{k (coordinate axes) dgk tkrk gSA

vko`Qfr 3.8 vko`Qfr 3.9

vkb, vc ge ;g ns[ksa fd xf.kr esa bl i¼fr dk bruk egRo D;ksa gS vkSj ;g fdl
izdkj mi;ksxh gksrh gSA vkxs fn;k x;k vkjs[k yhft,] tgk¡ v{kksa dks vkys[k dkxt
(graph paper) ij [khapk x;k gSA vkb, ge v{kksa ls fcUnqvksa  P  vkSj  Q  dh nwfj;k¡ Kkr
djsaA blosQ fy,  x-v{k ij yac PM vkSj y-v{k ij yac PN Mkfy,A blh izdkj] ge yac
QR  vkSj QS Mkyrs gSa] tSlk fd vko`Qfr 3-10 esa fn[kk;k x;k gSA
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vko`Qfr 3.10

vki ikrs gSa fd
(i) y-v{k ls fcUnq P dh ykafcd nwjh] ftls  x-v{k dh /ukRed fn'kk esa ekik x;k

gS]  PN = OM = 4 ,dd gSA

(ii) x-v{k ls fcUnq P dh ykafcd nwjh] ftls  y-v{k dh /ukRed fn'kk esa ekik x;k
gS] PM = ON = 3 ,dd gSA

(iii) y-v{k ls fcUnq  Q dh ykafcd nwjh] ftls  x-v{k dh ½.kkRed fn'kk esa ekik x;k
gS] OR = SQ = 6 ,dd gSA

(iv) x-v{k ls fcUnq Q dh ykafcd nwjh] ftls  y-v{k dh ½.kkRed fn'kk eas ekik x;k
gS]  OS = RQ = 2 ,dd gSA

bu nwfj;ksa dh lgk;rk ls ge fcUnqvksa dk fu/kZj.k fdl izdkj djsa fd dksbZ Hkze u
jg tk,\

ge fuEufyf[kr ijaijkvksa dks è;ku esa j[kdj ,d fcUnq osQ funsZ'kkad fy[krs gSa%

(i) ,d fcUnq dk  x - funsZ'kkad (x-coordinate),  y-v{k ls bl fcUnq dh ykafcd nwjh
gS] ftls  x -v{k ij ekik tkrk gS (tks fd x-v{k dh /ukRed fn'kk esa /ukRed
vkSj  x-v{k dh ½.kkRed fn'kk esa ½.kkRed gksrh gS)A fcUnq  P  osQ fy, ;g
+ 4 gS vkSj  Q osQ fy, ;g – 6 gSA x - funsZ'kkad dks Hkqt (abscissa) Hkh dgk tkrk
gSA
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(ii) ,d fcUnq dk  y-funsZ'kkad] x-v{k ls mldh ykafcd nwjh gksrh gS ftls  y-v{k ij
ekik tkrk gS (tks y-v{k  dh /ukRed fn'kk esa /ukRed vkSj y-v{k dh
½.kkRed fn'kk esa ½.kkRed gksrh gS)A fcUnq P osQ fy, ;g  + 3 gS vkSj  Q osQ
fy,  –2  gSA  y-funsZ'kkad dks dksfV (ordinate) Hkh dgk tkrk gSA

(iii) funsZ'kkad ry esa ,d fcUnq osQ funsZ'kkad fy[krs le; igys  x-funsZ'kkad fy[krs gSa
vkSj mlosQ ckn  y-funsZ'kkad fy[krs gSaA ge funsZ'kkadksa dks dks"Bd osQ vanj fy[krs
gSaA

vr% P osQ funsZ'kkad (4, 3) gSa vkSj Q osQ funsZ'kkad (– 6, – 2) gSaA

è;ku nhft, fd ry esa ,d fcUnq osQ funsZ'kkad vf}rh; gksrs gSaA blosQ vuqlkj
funsZ'kkad (3, 4) vkSj funsZ'kkad (4, 3) leku ugha gSaA

mnkgj.k 1 : vko`Qfr 3-11 dks ns[kdj fuEufyf[kr dFkuksa dks iwjk dhft,%

(i) fcUnq B dk Hkqt vkSj dksfV Øe'k%  _ _ _ _  vkSj _ _ _ _ gSaA vr% B osQ funsZ'kkad
(_ _ _, _ _ _) gSaA

(ii) fcUnq M osQ  x-funsZ'kkad vkSj  y-funsZ'kkad Øe'k%  _ _ _ vkSj _ _ _ gSaA vr% M osQ
funsZ'kkad (_ _, _ _) gSaA

(iii) fcUnq  L  osQ x-funsZ'kkad vkSj y-funsZ'kkad Øe'k% _ _ _ vkSj _ _ _ gSaA vr%  L osQ
funsZ'kkad (_ _, _ _) gSaA

(iv) fcUnq  S osQ  x-funsZ'kkad vkSj  y-funsZ'kkad Øe'k% _ _ _ vkSj _ _ _ gSaA vr%  S  osQ
funsZ'kkad (_ _, _ _) gSaA
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vkÑfr  3.11

gy : (i) D;ksafd  y-v{k ls fcUnq B dh nwjh 4 ,dd gS] blfy, fcUnq B dk  x-funsZ'kkad
;k Hkqt 4 gksxkA   x-v{k ls fcUnq B dh nwjh 3 ,dd gS] blfy, fcUnq  B  dk y-funsZ'kkad
vFkkZr~ dksfV 3 gksxhA vr% fcUnq B osQ funsZ'kkad (4] 3) gSaA

Åij (i) dh Hkkafr%

(ii) fcUnq M osQ x-funsZ'kkad vkSj  y-funsZ'kkad Øe'k% –3 vkSj 4 gSaA vr% fcUnq  M  osQ
funsZ'kkad (–3, 4) gSaA

(iii) fcUnq  L  osQ  x-funsZ'kkad vkSj  y - funsZ'kkad Øe'k%  –5 vkSj  – 4 gSaA vr% fcUnq  L  osQ
funsZ'kkad (–5, – 4) gSaA

(iv) fcUnq  S osQ x-funsZ'kkad vkSj  y- funsZ'kkad Øe'k%  3 vkSj  – 4 gSA vr% fcUnq  S  osQ
funsZ'kkad (3, – 4) gSaA

Reprint 2025-26



60 Xkf.kr

mnkgj.k 2 : vko`Qfr 3.12 esa v{kksa ij vafdr fcUnqvksa osQ funsZ'kkad fyf[k,%

gy : vki ;gk¡ ns[k ldrs gSa fd %

(i) fcUnq  A,  y-v{k ls + 4  ,dd dh
nwjh ij gS vkSj  x-v{k ls nwjh 0 ij
gSA vr% fcUnq A dk  x-funsZ'kkad  4 gS
vkSj y-funsZ'kkad 0 gSA blfy,  A  osQ
funsZ'kkad (4, 0) gSaA

(ii) B osQ funsZ'kkad (0, 3) gSaA D;ksa\

(iii) C osQ funsZ'kkad (– 5, 0) gSaA D;ksa\

(iv) D osQ funsZ'kkad (0, – 4) gSaA D;ksa\

(v) E osQ funsZ'kkad 
2

, 0
3

 
 
 

 gSaA D;ksa\

D;ksafd  x-v{k dk izR;sd fcUnq  x-v{k ls 'kwU; nwjh ij gS] blfy, x-v{k ij fLFkr
izR;sd fcUnq dk y-funsZ'kkad lnk gh 'kwU; gksxkA bl rjg] x-v{k ij fLFkr fdlh Hkh fcUnq
osQ funsZ'kkad  (x, 0) osQ :i osQ gksaxs] tgk¡ y-v{k ls fcUnq dh nwjh  x  gSA blh izdkj]
y-v{k ij fLFkr fdlh Hkh fcUnq osQ funsZ'kkad  (0, y) osQ :i osQ gksaxs] tgk¡  x-v{k ls fcUnq
dh nwjh y  gSA D;ksa\

ewyfcUnq O osQ funsZ'kkad D;k gSa\ D;ksafd nksuksa v{kksa ls bldh nwjh 'kwU; gS] blfy, blosQ
Hkqt vkSj dksfV nksuksa gh 'kwU; gksaxsA vr% ewyfcUnq osQ funsZ'kkad (0, 0) gksrs gSaA

Åij osQ mnkgj.kksa esa] vkius ,d fcUnq osQ funsZ'kkadksa esa yxs fpÉksa vkSj ml fcUnq osQ
prqFkk±'k] ftlesa og fLFkr gS] osQ chp osQ fuEufyf[kr laca/ksa dh vksj vo'; è;ku fn;k
gksxk%

(i) ;fn fcUnq igys prqFkk±'k esa gS] rks fcUnq  (+, +) osQ :i dk gksxk] D;ksafd igyk
prqFkk±'k /ukRed  x-v{k vkSj /ukRed y-v{k ls ifjc¼ gSA

(ii) ;fn fcUnq nwljs prqFkk±'k esa gS] rks fcUnq  (–, +) osQ :i dk gksxk] D;ksafd nwljk prqFkk±'k
½.kkRed x-v{k vkSj /ukRed  y-v{k ls ifjc¼ gSA

(iii) ;fn fcUnq rhljs prqFkk±'k esa gS] rks fcUnq  (–, –) osQ :i esa gksxk] D;ksafd rhljk prqFkk±'k
½.kkRed x-v{k vkSj ½.kkRed  y-v{k ls ifjc¼ gSA

vkÑfr 3-12
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(iv) ;fn fcUnq pkSFks prqFkk±'k esa gS] rks fcUnq  (+, –) osQ :i esa gksxk] D;ksafd pkSFkk prqFkk±'k
/ukRed x-v{k vkSj ½.kkRed  y-v{k ls ifjc¼ gS (nsf[k, vko`Qfr 3-13)A

vko`Qfr  3.13

fVIi.kh : ,d ry esa fLFkr ,d fcUnq dh O;k[;k djus osQ laca/ esa Åij geus ftl
i¼fr osQ ckjs esa ppkZ dh gS] og osQoy ,d ijaijk gS ftldks iwjs fo'o esa Lohdkj fd;k
tkrk gSA mnkgj.k osQ fy,] i¼fr esa ,slk Hkh gks ldrk gS fd igys dksfV fy[kh tk, vkSj
mlosQ ckn Hkqt fy[kk tk,A fiQj Hkh] ftl i¼fr dk mYys[k geus fd;k gS mls iwjk fo'o
fcuk fdlh Hkze osQ Lohdkj djrk gSA

iz'ukoyh 3.2

1. fuEufyf[kr iz'uksa esa ls izR;sd iz'u dk mÙkj nhft,%

(i) dkrhZ; ry esa fdlh fcUnq dh fLFkfr fu/kZfjr djus okyh {kSfrt vkSj ÅèokZ/j js[kkvksa
osQ D;k uke gSa\
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(ii) bu nks js[kkvksa ls cus ry osQ izR;sd Hkkx osQ uke crkb,A

(iii) ml fcUnq dk uke crkb, tgk¡ ;s nks js[kk,¡ izfrPNsfnr gksrh gSaA

2. vko`Qfr 3-14 ns[kdj fuEufyf[kr dks fyf[k,%

(i) B osQ funsZ'kkad

(ii) C osQ funsZ'kkad

(iii) funsZ'kkad  (–3, –5) }kjk igpkuk x;k fcUnq

(iv) funsZ'kkad  (2, – 4) }kjk igpkuk x;k fcUnq

(v) D dk Hkqt

(vi) fcUnq H oQh dksfV

(vii) fcUnq  L osQ funsZ'kkad

(viii) fcUnq  M  osQ funsZ'kkad

vko`Qfr  3.14
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3.3  lkjka'k

bl vè;k; esa] vkius fuEufyf[kr fcUnqvksa dk vè;;u fd;k gS%

1. ,d ry esa ,d oLrq ;k ,d fcUnq dk LFkku fu/kZj.k djus osQ fy, nks ykafcd js[kkvksa
dh vko';drk gksrh gS ftlesa ,d {kSfrt gksrh gS vkSj nwljh ÅèokZ/j gksrh gSA

2. ry dks dkrhZ; ;k funsZ'kkad ry dgk tkrk gS vkSj js[kkvksa dks funsZ'kkad v{k dgk
tkrk gSA

3. {kSfrt js[kk dks  x -v{k vkSj ÅèokZ/j js[kk dks  y-v{k dgk tkrk gSA

4. funsZ'kkad v{k ry dks pkj Hkkxksa esa ck¡V nsrs gSa] ftUgsa prqFkk±'k dgk tkrk gSA

5. v{kksa ds izfrPNsn fcUnq dks ewyfcUnq dgk tkrk gSA

6. y - v{k ls fdlh fcUnq dh nwjh dks mldk x-funsZ'kkad ;k Hkqt dgk tkrk gSA lkFk gh]
x-v{k ls fcUnq dh nwjh dks y-funsZ'kkad ;k dksfV dgk tkrk gSA

7. ;fn ,d fcUnq dk Hkqt  x  gks vkSj dksfV  y  gks] rks  (x, y) dks fcUnq osQ funsZ'kkad dgk
tkrk gSA

8. x-v{k ij ,d fcUnq osQ funsZ'kkad  (x, 0) osQ :i osQ gksrs gSa vkSj  y-v{k ij fcUnq ds funsZ'kkad
(0, y) osQ :i osQ gksrs gSaA

9. ewyfcUnq osQ funsZ'kkad (0, 0) gksrs gSaA

10. ,d fcUnq osQ funsZ'kkad igys prqFkk±'k easa  (+ , +) osQ :i osQ nwljs prqFkk±'k esa  (–, +) osQ :i
osQ] rhljs prqFkk±'k esa  (–, –) osQ :i osQ vkSj pkSFks prqFkk±'k esa  (+, –) osQ :i osQ gksrs gSa]
tgk¡  + ,d /ukRed okLrfod la[;k dks vkSj  – ,d ½.kkRed okLrfod la[;k dks izdV
djrs gSaA

11. ;fn  x ≠ y gks] rks  (x, y) ≠ (y, x) gksxk vkSj ;fn x =  y gks] rks (x, y) = (y, x) gksxkA

Reprint 2025-26



64 Xkf.kr

vè;k; 4

nks pjksa okys jSf[kd lehdj.k

The principal use of the Analytic Art is to bring Mathematical Problems to

Equations and to exhibit those Equations in the most simple terms that can be.

(oS'ysf"kd dyk dk eq[; iz;ksx xf.krh; leL;kvksa dks lehdj.k esa ykuk gS vkSj bu
lehdj.kksa dks ;FkklaHko ljy inksa esa izLrqr djuk gS)A

—Edmund Halley

4.1 Hkwfedk

fiNyh d{kkvksa esa] vki ,d pj okys jSf[kd lehdj.kksa dk vè;;u dj pqosQ gSaA D;k
vki ,d pj okyk dksbZ jSf[kd lehdj.k fy[k ldrs gSa\ vki dg ldrs gSa fd

x + 1 = 0, x + 2  = 0 vkSj 2 3 0y + =  ,d pj okys jSf[kd lehdj.kksa osQ mnkgj.k gSaA
vki ;g Hkh tkurs gSa fd ,sls lehdj.kksa dk ,d vf}rh; (vFkkZr~ ,d vkSj osQoy ,d)
gy gksrk gSA vkidks laHkor% ;g Hkh ;kn gksxk fd ,d la[;k js[kk ij gy dks fdl izdkj
fu:fir fd;k tkrk gSA bl vè;k; esa] ge ,d pj okys jSf[kd lehdj.kksa ij iqu% fopkj
djsaxs vkSj muls lacaf/r Kku dks nks pjksa okys jSf[kd lehdj.kksa ij ykxw djsaxsA ;gk¡ ge
bl izdkj osQ iz'uksa ij fopkj djsaxs% D;k nks pjksa okys jSf[kd lehdj.k dk ,d gy gksrk
gS\ ;fn gk¡] rks D;k ;g vf}rh; gksrk gS\ dkrhZ; ry ij gy fdl izdkj fn[kkbZ iM+rk
gS\ bl izdkj osQ iz'uksa dk vè;;u djus osQ fy,] ge vè;k; 3 esa crkbZ xbZ ladYiukvksa
dk Hkh iz;ksx djsaxsA

4.2  jSf[kd lehdj.k

vkb, igys ge ;g ns[ksa fd vHkh rd vkius D;k&D;k vè;;u fd;k gSA vkb, ge
fuEufyf[kr lehdj.k ysa %

2x + 5 = 0
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bldk gy] vFkkZr~ lehdj.k dk ewy  
5

2
−  gSA bls la[;k js[kk ij bl izdkj fu:fir

fd;k tk ldrk gS] tSlk fd uhps dh vko`Qfr esa fn[kk;k x;k gS %

vko`Qfr  4.1

,d lehdj.k dks gy djrs le; fuEufyf[kr ckrksa dks è;ku esa j[kuk gksrk gSA

,d jSf[kd lehdj.k ij rc dksbZ izHkko ugha iM+rk tcfd%

(i) lehdj.k osQ nksuksa i{kksa esa leku la[;k tksM+h ;k ?kVkbZ tkrh gSA

(ii) lehdj.k osQ nksuksa i{kksa dks leku 'kwU;srj la[;k ls xq.kk ;k Hkkx fn;k tkrk gSA

vkb, vc ge fuEufyf[kr fLFkfr ij fopkj djssa%

ukxiqj esa Hkkjr vkSj Jhyadk osQ chp [ksys x, ,d ,dfnolh; varjkZ"Vªh; fØosQV
eSp esa nks Hkkjrh; cYyscktksa us ,d lkFk feydj 176 ju cuk,A bl tkudkjh dks ,d
lehdj.k osQ :i esa O;Dr dhft,A

;gk¡ vki ;g ns[k ldrs gSa fd nksuksa cYyscktksa esa ls fdlh Hkh cYysckt }kjk cuk,
x, ju Kkr ugha gSa] vFkkZr~ ;gk¡ nks vKkr jkf'k;k¡ gSaA vkb, ge bu vKkr jkf'k;ksa dks
 x  vkSj  y  ls izdV djsaA bl rjg ,d cYysckt }kjk cuk, x, juksa dh la[;k x gS vkSj
nwljs cYysckt }kjk cuk, x, juksa dh la[;k  y gSA ge tkurs gSa fd

x + y = 176

gS] tks fd vHkh"V lehdj.k gSA

;g nks pjksa okys ,d jSf[kd lehdj.k dk ,d mnkgj.k gSA ;g ijaijk jgh gS fd
bl izdkj osQ lehdj.kksa osQ pjksa dks  x vkSj  y ls izdV fd;k tkrk gS] ijarq vU; v{kjksa
dk Hkh iz;ksx fd;k tk ldrk gSA nks pjksa okys jSf[kd lehdj.kksa osQ oqQN mnkgj.k ;s gSa%

1.2s + 3t = 5, p + 4q = 7, πu + 5v = 9 vkSj 3 = 2 x – 7y
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D;k vki oqQN vkSj mnkgj.k ns ldrs gSa\ è;ku nhft, fd vki bu lehdj.kksa dks
Øe'k%  1.2s + 3t – 5 = 0, p + 4q – 7 = 0, πu + 5v – 9 = 0 vkSj 2 x – 7y – 3 = 0 osQ :i
esa O;Dr dj ldrs gSaA

vr% ml lehdj.k dks] ftls  ax + by + c = 0 osQ :i esa O;Dr fd;k tk ldrk gks]
tgk¡ a, b vkSj  c  okLrfod la[;k,¡ gSa vkSj  a  vkSj  b nksuksa 'kwU; ugha gSa] nks pjksa okyk
jSf[kd lehdj.k (linear equation in two variables) dgk tkrk gSA

mnkgj.k 1 : uhps fn, x, lehdj.kksa dks  ax + by + c = 0  osQ :i esa fyf[k, vkSj izR;sd
fLFkfr esa  a, b vkSj  c  osQ eku crkb, %

(i) 2x + 3y = 4.37 (ii) x – 4 = 3 y (iii) 4 = 5x – 3y (iv) 2x = y

gy : (i) 2x + 3y = 4.37  dks  2x + 3y – 4.37 = 0 osQ :i esa fy[kk tk ldrk gSA ;gk¡
 a = 2, b = 3 vkSj  c = – 4.37 gSA

(ii) lehdj.k x – 4 = 3 y dks x – 3 y – 4 = 0 osQ :i esa fy[kk tk ldrk gSA ;gk¡
a = 1,  b = – 3  vkSj  c = – 4 gSA

(iii) lehdj.k  4 = 5x – 3y dks 5x – 3y – 4 = 0 osQ :i esa fy[kk tk ldrk gSA ;gk¡
 a = 5, b = –3 vkSj  c = – 4 gSA D;k vki bl ckr ls lger gSa fd bls
–5x + 3y + 4 = 0 osQ :i esa Hkh fy[kk tk ldrk gS\ bl fLFkfr esa]  a = –5, b = 3

vkSj c = 4 gSA

(iv) lehdj.k 2x = y dks 2x – y + 0 = 0 osQ :i esa fy[kk tk ldrk gSA ;gk¡  a = 2,

b = –1 vkSj  c = 0 gSA

lehdj.k ax + b = 0  Hkh nks pjksa okys jSf[kd lehdj.kksa dk gh ,d mnkgj.k gS] D;ksafd
bls ax + 0.y + b = 0 ds :i esa fy[kk tk ldrk gSA

mnkgj.k osQ fy,]  4 – 3x = 0  dks  –3x + 0.y + 4 = 0 osQ :i esa fy[kk tk ldrk gSA

mnkgj.k 2 : fuEufyf[kr esa ls izR;sd dks nks pjksa okys lehdj.kksa osQ :i eas O;Dr
dhft,%

(i) x = –5 (ii) y = 2 (iii) 2x = 3 (iv) 5y = 2

gy : (i) x = –5 dks 1.x + 0.y = –5, ;k 1.x + 0.y + 5 = 0 osQ :i esa fy[kk tk ldrk gSA

(ii) y = 2 dks 0.x + 1.y = 2, ;k 0.x + 1.y – 2 = 0 osQ :i esa fy[kk tk ldrk gSA

(iii) 2x = 3  dks 2.x + 0.y – 3 = 0 osQ :i esa fy[kk tk ldrk gSA

(iv) 5y = 2 dks  0.x + 5.y – 2 = 0 osQ :i esa fy[kk tk ldrk gSA
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iz'ukoyh  4.1

1. ,d uksVcqd dh dher ,d dye dh dher ls nks xquh gSA bl dFku dks fu:fir djus
osQ fy, nks pjksa okyk ,d jSf[kd lehdj.k fyf[k,A

(laosQr % eku yhft,] uksVcqd dh dher x # gS vkSj dye dh dher  y # gS)A

2. fuEufyf[kr jSf[kd lehdj.kksa dks  ax + by + c = 0 osQ :i esa O;Dr dhft, vkSj izR;sd
fLFkfr esa  a, b  vkSj  c osQ eku crkb,%

(i) 2x + 3y = 9.35 (ii) x – 
5

y
 – 10 = 0 (iii) –2x + 3y = 6 (iv) x = 3y

(v) 2x = –5y (vi) 3x + 2 = 0 (vii) y – 2 = 0 (viii) 5 = 2x

4.3  jSf[kd lehdj.k dk gy

vkius ns[kk gS fd ,d pj okys izR;sd jSf[kd lehdj.k dk ,d vf}rh; gy gksrk gSA
nks pjksa okys jSf[kd lehdj.k osQ gy osQ ckjs esa vki D;k dg ldrs gSa\ D;ksafd
lehdj.k esa nks pj gSa] blfy, gy dk vFkZ gksrk gS x rFkk  y  ds mu ekuksa dk ;qXe tks
fn, gq, lehdj.k dks larq"V djrs gSaA vkb,] ge lehdj.k 2x + 3y = 12 ysaA ;gk¡
x = 3 vkSj  y = 2  ,d gy gS] D;ksafd tc ge Åij osQ lehdj.k esa x = 3 vkSj  y = 2

izfrLFkkfir djrs gSa rc gesa ;g izkIr gksrk gS%

2x + 3y = (2 × 3) + (3 × 2) = 12

bl gy dks ,d Øfer ;qXe  (3, 2) osQ :i esa fy[kk tkrk gS] ftlesa igys  x  dk
vkSj mlosQ ckn  y  dk eku fy[kk tkrk gSA blh izdkj] (0, 4) Hkh Åij fn, x, lehdj.k
dk ,d gy gSA

blosQ foijhr]  (1, 4) Åij fn, x, lehdj.k dk ,d gy ugha gS] D;ksafd  x = 1 vkSj
 y = 4 izfrLFkkfir djus ij gesa  2x + 3y = 14 izkIr gksrk gS tks 12 ugha gSA è;ku nhft,
fd (0, 4) rks ,d gy gS ijarq (4, 0) ,d gy ugha gSA bl rjg vkius  2x + 3y = 12 osQ
de ls de nks gy (3, 2) vkSj (0, 4) izkIr dj fy, gSaA

D;k vki dksbZ vU; gy izkIr dj ldrs gSa\ D;k vki bl ckr ls lger gSa fd
(6, 0) ,d vU; gy gS\ ;fn gk¡] rks vki bls lR;kfir dhft,A oLrqr% fuEu fof/ ls
ge dbZ gy izkIr dj ldrs gSa%

vki  2x + 3y = 12 esa viuh bPNkuqlkj  x  dk ,d eku (eku yhft, x = 2) ys
ldrs gSaA rc lehdj.k 4 + 3y = 12 gks tkrk gS] tks fd ,d pj okyk jSf[kd lehdj.k
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gSA bls gy djus ij gesa  y = 
8

3
 izkIr gksrk gSA vr% 8

2,
3

 
 
 

,  2x + 3y = 12 dk ,d vU;

gy gSA blh izdkj]  x = –5 ysus ij ge ikrs gSa fd lehdj.k  –10 + 3y = 12 gks tkrk

gSA blls  y = 
22

3
izkIr gksrk gSA vr%  

22
5,

3

 − 
 

, 2x + 3y = 12 dk ,d vU; gy gSA

blfy, nks pjksa okys jSf[kd lehdj.k osQ fofHkUu gyksa dk dksbZ var ugha gSA dgus dk
vFkZ gS fd nks pjksa okys jSf[kd lehdj.k osQ vifjfer :i ls vusd gy gksrs gSaA

mnkgj.k 3 : lehdj.k  x + 2y = 6 osQ pkj vyx&vyx gy Kkr dhft,A

gy : ns[kus ij x = 2, y = 2 ,d gy gS] D;kasfd  x = 2, y = 2 ij

x + 2y = 2 + 4 = 6

gSA vkb,] vc ge  x = 0 ysaA  x osQ bl eku ij fn;k gqvk lehdj.k  2y = 6 gks tkrk
gS] ftldk fd ,d vf}rh; gy  y = 3  gksrk gSA vr%  x = 0, y = 3  Hkh  x + 2y = 6 dk
,d gy gSA blh izdkj] y = 0 ysus ij fn;k gqvk lehdj.k  x = 6 gks tkrk gSA vr%
x = 6, y = 0 Hkh  x + 2y = 6 dk ,d gy gSA var esa] vkb, ge  y = 1 ysaA vc fn;k gqvk
lehdj.k  x + 2 = 6  gks tkrk gS] ftldk gy  x = 4  gSA blfy,]  (4, 1) Hkh fn, gq,
lehdj.k dk ,d gy gSA vr%] fn, gq, lehdj.k osQ vifjfer :i ls vusd gyksa esa
pkj gy ;s gSa%

(2, 2), (0, 3), (6, 0) vkSj (4, 1)

fVIi.kh : è;ku nhft, fd ,d gy izkIr djus dh ljy fof/  x = 0  ysuk gS vkSj  y dk
laxr eku izkIr djuk gSA blh izdkj] ge  y = 0 ys ldrs gSa vkSj rc  x  dk laxr eku
izkIr dj ysrs gSaA

mnkgj.k 4 : fuEufyf[kr lehdj.kksa esa ls izR;sd lehdj.k ds nks gy Kkr dhft,%

(i) 4x + 3y = 12

(ii) 2x + 5y = 0

(iii) 3y + 4 = 0

gy : (i) x = 0 ysus ij] gesa  3y = 12, vFkkZr~  y = 4 izkIr gksrk gSA vr%  (0, 4) Hkh fn, gq,
lehdj.k dk ,d gy gSA blh izdkj]  y = 0  ysus ij gesa  x = 3  izkIr gksrk gSA bl rjg]
(3, 0) Hkh ,d gy gSA
(ii) x = 0  ysus ij] gesa  5y = 0, vFkkZr~  y = 0 izkIr gksrk gSA blfy,  (0, 0) fn, gq, lehdj.k
dk ,d gy gSA
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vc] ;fn ge  y = 0  ysa] rks gesa ,d gy osQ :i esa iqu% (0, 0) izkIr gksrk gS_ tks fd
ogh gS ftls geus igys izkIr fd;k FkkA ,d vU; gy izkIr djus osQ fy,  x = 1  yhft,A

rc vki ns[k ldrs gSa fd  y  dk laxr eku  
2

5
−  gSA vr%  

2
1,

5

 − 
 

,  2x + 5y = 0  dk

,d vU; gy gSA
(iii) lehdj.k  3y + 4 = 0  dks  0.x + 3y + 4 = 0  osQ :i esa fy[kus ij]  x  osQ fdlh Hkh

eku ij gesa y = 
4

–
3

 izkIr gksxkA vr% gesa nks gy  
4 4

0, – 1, –
3 3

    
        

vkjS  izkIr

gks ldrs gSaA

iz'ukoyh  4.2

1. fuEufyf[kr fodYiksa esa dkSu&lk fodYi lR; gS] vkSj D;ksa\

y = 3x + 5 dk

(i) ,d vf}rh; gy gS (ii) osQoy nks gy gSa (iii) vifjfer :i ls vusd gy gSa

2. fuEufyf[kr lehdj.kksa esa ls izR;sd lehdj.k osQ pkj gy fyf[k,%

(i) 2x + y = 7 (ii) πx + y = 9 (iii) x = 4y

3. crkb, fd fuEufyf[kr gyksa esa dkSu&dkSu lehdj.k  x – 2y = 4  osQ gy gSa vkSj dkSu&dkSu
gy ugha gSa %

(i) (0, 2) (ii) (2, 0) (iii) (4, 0) (iv) ( )2 , 4 2 (v) (1, 1)

4. k  dk eku Kkr dhft, tcfd  x = 2, y = 1 lehdj.k  2x + 3y = k  dk ,d gy gksA

4.4  lkjka'k

bl vè;k; esa] vkius fuEufyf[kr fcanqvksa dk vè;;u fd;k gS%

1. ax + by + c = 0 osQ :i osQ lehdj.k dks tgk¡, a, b  vkSj  c  okLrfod la[;k,¡ gSa vkSj
 a vkSj b nksuksa 'kwU; ugha gSa] nks pjksa okyk jSf[kd lehdj.k dgk tkrk gSA

2. nks pjksa okys jSf[kd lehdj.k osQ vifjfer :i ls vusd gy gksrs gSaA

3. nks pjksa okys jSf[kd lehdj.k osQ vkys[k ij fLFkr izR;sd fcanq jSf[kd lehdj.k dk ,d
gy gksrk gSA lkFk gh] jSf[kd lehdj.k dk izR;sd gy jSf[kd lehdj.k osQ vkys[k ij
fLFkr ,d fcanq gksrk gSA
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vè;k; 5

;wfDyM dh T;kfefr dk ifjp;

5.1 Hkwfedk

'kCn ^T;kfefr* (geometry) ;wukuh Hkk"kk osQ 'kCnksa ^ft;ks* (geo) vkSj ^ehVªhu* (metrein)

ls fey dj cuk gSA ft;ks dk vFkZ gS ^i`Foh* ;k ^Hkwfe* vkSj ehVªhu dk vFkZ gS ^ekiuk*A
blls ,slk izrhr gksrk gS fd T;kfefr dk mn~xe Hkwfe ekius dh vko';drk osQ dkj.k gqvk
gSA xf.kr dh bl 'kk[kk dk vè;;u fofHkUu :iksa esa izR;sd izkphu lH;rkvksa }kjk fd;k
x;k] pkgs og felz gks] cschyksu gks] phu gks] Hkkjr gks] ;wuku gks ;k budkl (incas),

bR;kfnA bu lH;rkvksa osQ yksxksa dks vusd O;kogkfjd leL;kvksa dk lkeuk djuk iM+k
ftuesa T;kfefr osQ fodkl dh fofHkUu izdkj ls vko';drk iM+hA

mnkgj.k osQ rkSj ij] tc Hkh uhy unh esa ck<+
vkrh Fkh] rks fofHkUu Hkwfe Lokfe;ksa osQ layXu [ksrksa
osQ chp dh ifjlhekvksa (boundaries) dks vius lkFk
cgk ys tkrh FkhA bu ck<+ksa osQ ckn] bu ifjlhekvksa
dks iqu% cuk;k tkrk FkkA bl dk;Z osQ fy,] felzokfl;ksa
us ljy {ks=kiQy ifjdfyr djus osQ lkFk gh ljy
jpuk,¡ djus osQ fy,] vusd T;kferh; rduhosaQ vkSj
fu;e fodflr fd,A mUgksaus T;kfefr osQ Kku dk
mi;ksx vUuHk.Mkjksa osQ vk;ru fudkyus rFkk ugjksa
vkSj fijkfeMksa (pyramids) osQ fuekZ.k djus esa fd;kA
os ,d dVs gq, fijkfeM (truncated pyramid)

(nsf[k, vkÑfr 5-1) dk vk;ru Kkr djus dk lgh
vkÑfr 5.1 : dVk gqvk fijkfeM
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lw=k Hkh tkurs FksA vki tkurs gSa fd fijkfeM ,d ,slh Bksl vkÑfr gksrh gS] ftldk vkèkkj
,d f=kHkqt ;k oxZ ;k dksbZ vU; cgqHkqt gksrk gS vkSj ftlosQ ik'oZ iQyd (side faces

;k lateral faces), Åij ,d gh fcanq ij feyus okys f=kHkqt gksrs gSaA

Hkkjrh; mi&egk}hi esa] gM+Iik vkSj eksgutksnM+ks] bR;kfn dh [kqnkb;ksa ls ;g irk
yxrk gS fd flU/q ?kkVh dh lH;rk (yxHkx 3000 bZñiwñ) us T;kfefr dk izpqj ek=kk esa
mi;ksx fd;kA og ,d mPp dksfV dk laxfBr lekt FkkA 'kgj vR;kf/d :i ls
fodflr Fks vkSj cM+s ;kstukc¼ <ax ls fufeZr fd, x, FksA mnkgj.kkFkZ] lM+osaQ ijLij
lekarj gksrh Fkha vkSj Hkwfexr ukfy;ksa dh O;oLFkk FkhA ?kjksa esa fofHkUu izdkj osQ vusd
dejs gqvk djrs FksA ;s ckrsa n'kkZrh gSa fd uxjoklh {ks=kfefr (mensuration) vkSj
O;kogkfjd vadxf.kr esa iw.kZ :i ls fuiq.k FksA fuekZ.k dk;Z esa iz;ksx dh tkus okyh b±Vsa
HkV~Vksa ij idkbZ (cukbZ) tkrh Fkha vkSj bu b±Vksa osQ fy, vuqikr yEckbZ % pkSM+kbZ % eksVkbZ]
4 % 2 % 1 gksrk FkkA

izkphu Hkkjr esa] lqYcklw=k (800 bZñiwñ&500 bZñiwñ) T;kferh; jpukvksa osQ fy,
egRoiw.kZ xzaFk FksA oSfnd dky dh T;kfefr dk mn~xe oSfnd iwtk osQ fy, vko';d
fHkUu&fHkUu izdkj dh osfn;ksa vkSj vfXu&oqQ.Mksa osQ fuekZ.k dk;Z ls gqvkA ifo=k vfXu;ksa
dks vf/d izHkko'kkyh lk/d gksus osQ fy,] muosQ LFkku] muosQ vkdkjksa vkSj {ks=kiQyksa osQ
ckjs esa Li"V :i ls fu/kZfjr vuqns'kksa osQ vuqlkj] gksrs FksA ?kjsyw /kfeZd fØ;kvksa osQ fy,]
oxkZdkj vkSj o`Ùkkdkj osfn;ksa dk iz;ksx fd;k tkrk Fkk] tcfd lkoZtfud iwtk LFkyksa osQ
fy, vk;rksa] f=kHkqtksa vkSj leyacksa osQ la;kstuksa (feys tqys) ls cus vkdkjksa dk iz;ksx
vko';d gksrk FkkA (vFkoZosn esa fn,) ^Jh;a=k* esa ,d nwljs osQ lkFk tqM+s ukS lef}ckgq
f=kHkqt varfuZfgr gSaA ;s f=kHkqt bl izdkj O;ofLFkr fd, x, gSa fd buls 43 NksVs
(;k xkS.k) f=kHkqtksa dk fuekZ.k gksrk gSA ;|fi osfn;ksa dh jpuk djus esa ifj'kq¼ T;kferh;
fof/;ksa dk mi;ksx fd;k x;k Fkk] fiQj Hkh buls lacaf/r fl¼karksa dh dksbZ ppkZ ugha dh
xbZA

mijksDr mnkgj.k ;g n'kkZrs gSa fd T;kfefr dk fodkl vkSj vuqiz;ksx fo'o osQ lHkh
LFkkuksa ij gksrk jgkA ijUrq ;g cM+s vO;ofLFkr izdkj ls gks jgk FkkA izkphu fo'o esa]
T;kfefr osQ fodkl dh bu xfrfof/;ksa dh ,d jkspd ckr ;g gS fd budk Kku ,d
ih<+h ls nwljh ih<+h dks ;k rks ekSf[kd :i ls ;k rkM+ osQ o`{k dh ifÙk;ksa ij fy[ks lans'kksa
;k oqQN vU; fof/;ksa }kjk fn;k tkrk jgkA lkFk gh] ge ;g Hkh ikrs gSa fd oqQN lH;rkvksa]
tSls fd cschyksfu;k eas] T;kfefr ,d vR;kf/d O;kogkfjd n`f"Vdks.k okys fo"k; rd
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lhfer jgh rFkk ,slk gh Hkkjr vkSj jkse esa jgkA felzokfl;ksa }kjk fodflr dh xbZ T;kfefr
esa eq[;r% ifj.kkeksa osQ dFku gh fufgr FksA buesa izfØ;kvksa (vFkok fof/;ksa) osQ dksbZ
O;kid fu;e ugha fn, x,A oLrqr% cschyksu vkSj felzokfl;ksa nksuksa gh us T;kfefr dk
mi;ksx vf/dka'kr% O;kogkfjd dk;ks± osQ fy, gh fd;k rFkk mldks ,d Øec¼ foKku
osQ :i esa fodflr djus osQ fy, cgqr de dke fd;kA ijUrq ;wuku tSlh lH;rkvksa esa
bl roZQ ij cy fn;k tkrk Fkk fd dqN jpuk,¡ fdl izdkj gks tkrh gSaA ;wukfu;ksa dh
vfHk#fp mu dFkuksa] ftudks mUgksaus LFkkfir fd;k Fkk] dh lR;rk fuxefud roZQ.k
(deductive reasoning) dk mi;ksx djds tk¡pus esa Fkh (nsf[k, ifjf'k"V 1)A

,d ;wukuh xf.krK FksYl (Thales) dks Js; tkrk gS fd
mUgksaus lcls igyh Kkr miifÙk (proof) iznku dhA ;g
miifÙk bl dFku dh Fkh fd o`Ùk dk O;kl o`Ùk dks
lef}Hkkftr (vFkkZr~ nks cjkcj Hkkxksa esa foHkkftr) djrk gSA
FksYl dk ,d lcls izfl¼ f'k"; ikbFkkxksjl (572 bZñiwñ)
Fkk] ftldk uke vkius vo'; lquk gksxkA ikbFkkxksjl vkSj
mlosQ lkfFk;ksa us vusd T;kferh; xq.kksa dh [kkst dh vkSj
T;kfefr osQ fl¼karksa dk vR;kf/d fodkl fd;kA ;g
izfØ;k 300 bZñiwñ rd tkjh jghA blh le; felz esa
vysDtsafMª;k osQ ,d xf.kr osQ f'k{kd ;wfDyM (Euclid) us
ml le; rd Kkr xf.kr osQ lHkh Kku dks ,df=kr fd;k
vkSj ,yhesaV~l (Elements) uked vius izfl¼ xzaFk osQ :i
esa mls O;ofLFkr fd;kA mUgksaus ,yhesaV~l dks 13 vè;k;ksa esa
foHkkftr fd;k] ftuesa ls izR;sd dks ̂ iqfLrdk* ekuk tkrk gSA
bu iqfLrdkvksa us leLr fo'o dh T;kfefr laca/h le> dks
vkus okyh ihf<+;ksa rd izHkkfor fd;kA

bl vè;k; esa] ge T;kfefr osQ izfr ;wfDyM osQ n`f"Vdks.k dh ppkZ djsaxs vkSj
T;kfefr osQ orZeku Lo:i ls bls tksM+us dk iz;Ru djsaxsA

5.2 ;wfDyM dh ifjHkk"kk,¡] vfHkx`ghr vkSj vfHk/kj.kk,¡

;wfDyM osQ le; osQ ;wukuh xf.krKksa us T;kfefr dks ml fo'o dk ,d fl¼karh; izfreku
(model) lkspk ftlesa os jgrs FksA fcanq (point), js[kk (line), ry (plane) [;k ì"B (surface)],

FksYl
(640 lkú;qúiwú&546 lkú;qúiwú)

vkÑfr 5.2

;wfDyM
(325 lkú;qúiwú&265 lkú;qúiwú)

vkÑfr 5.3
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bR;kfn dh vo/kj.kk,¡ mu oLrqvksa ls LFkkfir dh xb± tks muosQ vkl&ikl FkhaA vkdk'k
(space) vkSj muosQ vkl&ikl osQ Bkslksa osQ vè;;uksa osQ vk/kj ij] ,d Bksl oLrq dh
fl¼karh; T;kferh; vo/kj.kk fodflr dh xbZA ,d Bksl (solid) dk vkdkj gksrk gS] eki
vkSj fLFkfr gksrh gS rFkk mls ,d LFkku ls nwljs LFkku rd ys tk;k tk ldrk gSA bldh
ifjlhek,¡ ì"B (surface) dgykrh gSaA ;s vkdk'k osQ ,d Hkkx dks nwljs Hkkx ls ìFkd djrh
gSa vkSj budh dksbZ eksVkbZ ugha gksrhA ì"Bksa dh ifjlhek,¡ oØ (curves) ;k lhèkh js[kk,¡
(lines) gksrh gSaA bu js[kkvksa ds fljs fcanq (points) gksrs gSaA

Bkslksa ls fcanqvksa (Bksl&i`"B&js[kk,¡&fcanq) rd osQ rhu pj.kksa ij fopkj dhft,A izR;sd
pj.k esa] ge ,d foLrkj] ftls ge foek (dimension) Hkh dgrs gSa] ls oafpr gksrs gSaA
blfy,] ;g dgk tkrk gS fd ,d Bksl dh rhu foek,¡ gksrh gSa] ,d i`"B dh nks foek,¡]
,d js[kk dh ,d foek gksrh gS vkSj ,d fcanq dh dksbZ foek ugha gksrhA ;wfDyM us bu
dFkuksa dks laf{kIr :i ls ifjHkk"kkvksa osQ :i esa izLrqr fd;kA mUgksaus vius bu
jgL;ksn?kkVuksa dk izkjEHk ^,yhesaV~l* dh iqLrd 1 esa 23 ifjHkk"kk,¡ (definitions) nsdj
fd;kA buesa ls oqQN ifjHkk"kk,¡ uhps nh tk jgh gSa%

1. ,d fcanq (point) og gS ftldk dksbZ Hkkx ugha gksrkA

2. ,d js[kk (line) pkSM+kbZ jfgr yEckbZ gksrh gSA

3. ,d js[kk osQ fljs fcanq gksrs gSaA

4. ,d lh/h js[kk ,slh js[kk gS tks Lo;a ij fcanqvksa osQ lkFk likV :i ls fLFkr
gksrh gSA

5. ,d i`"B (surface) og gS ftldh osQoy yEckbZ vkSj pkSM+kbZ gksrh gSA

6. i`"B osQ fdukjs (edges) js[kk,¡ gksrh gaSA

7. ,d lery i`"B (plane surface) ,slk i`"B gS tks Lo;a ij lh/h js[kkvksa osQ lkFk
likV :i ls fLFkr gksrk gSA

;fn vki è;kuiwoZd bu ifjHkk"kkvksa dks ns[ksa] rks vki ik,¡xs fd oqQN inksa tSls Hkkx]
pkSM+kbZ] yEckbZ] likV :i ls] bR;kfn dks Li"V :i ls vkxs vkSj vf/d le>kus dh
vko';drk gSA mnkgj.kkFkZ] fcanq dh ifjHkk"kk ij fopkj dhft, tks ;wfDyM us nh gSA bl
ifjHkk"kk esa] ^,d Hkkx* dks ifjHkkf"kr djus dh vko';drk gSA eku yhft, fd ge ;g
ifjHkkf"kr djsa fd ,d Hkkx og gS tks ̂ {ks=k* ?ksjrk gS] rks gesa iqu% ̂ {ks=k* dks ifjHkkf"kr djus
dh vko';drk gksxhA vr% ,d oLrq dks ifjHkkf"kr djus osQ fy,] vkidks vusd oLrqvksa
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dks ifjHkkf"kr djus dh vko';drk gksrh gS vkSj fcuk fdlh var osQ ifjHkk"kkvksa dh ,d
yEch  Ükà[kyk izkIr gks ldrh gSA bUgha dkj.ko'k] xf.krKksa }kjk ;g lqfoèkktud ik;k x;k
fd oqQN T;kferh; inksa dks vifjHkkf"kr (undefined ) eku fy;k tk,A bl fof/ ls] ge
,d fcanq dh T;kferh; ladYiuk dk Åij nh gqbZ ^ifjHkk"kk* dh rqyuk esa ,d csgrj
varKkZukRed vkHkkl izkIr djsaxsA blfy,] ge fcanq dks ,d lw{e fcanh (dot) ls fu:fir
djrs gSa] ijUrq bl lw{e fcanh dh oqQN u oqQN foek vo'; gksrh gSA

blh izdkj dh leL;k mijksDr ifjHkk"kk 2 esa Hkh vkrh gSA blesa pkSM+kbZ vkSj yEckbZ
dk lanHkZ vkrk gS vkSj buesa ls fdlh dks Hkh igys ifjHkkf"kr ugha fd;k x;k gSA blh
dkj.k] fdlh Hkh fo"k; osQ vè;;u osQ fy, oqQN inksa dks vifjHkkf"kr j[kk x;k gSA
blfy,] T;kfefr esa ge fcanq] js[kk vkSj ry (;wfDyM osQ 'kCnksa esa lery i`"B) dks
vifjHkkf"kr 'kCnksa osQ :i esa eku dj pyrs gSaA osQoy ;g ckr vo'; gS fd ge bUgsa
varKkZukRed :i ls fu:fir dj ldrs gSa vFkok ^HkkSfrd izfrekuksa* (oLrqvksa) dh
lgk;rk ls Li"V dj ldrs gSaA

viuh bu ifjHkk"kkvksa ls izkjEHk djrs gq,] ;wfDyM us oqQN xq.kksa dks fcuk fl¼ fd,
lR; dFku ekuus dh dYiuk dhA ;s dYiuk,¡ okLro esa ^Li"Vr% loZO;kih lR;* FksA
mUgksaus budks nks oxks± esa foHkkftr fd;kA ;s oxZ Fks % vfHkx`ghr (axioms) vkSj
vfHkèkkj.kk,¡ (postulates)A mUgksaus vfHk/kj.kk 'kCn dk iz;ksx mu dYiukvksa osQ fy,
fd;k tks fof'k"V :i ls T;kfefr ls lacaf/r FkhaA nwljh vksj] lkekU; vo/kj.kk,¡ ¹ftUgas
izk;% vfHkx`ghr (axioms) dgk x;kº os dYiuk,¡ Fkha ftUgsa fujarj xf.kr esa iz;ksx fd;k
x;k vkSj ftudk osQoy T;kfefr ls gh fo'ks"k laca/ ugha FkkA vfHkx`ghr vkSj vfHkèkkj.kkvksa
dh vkSj vf/d tkudkjh osQ fy, ifjf'k"V 1 dks nsf[k,A

;wfDyM osQ oqQN vfHkx̀ghrksa dks] fcuk muosQ }kjk fn, Øe osQ] uhps fn;k tk jgk gS%

(1) os oLrq,¡ tks ,d gh oLrq osQ cjkcj gksa ,d nwljs osQ cjkcj gksrh gSaA

(2) ;fn cjkcjksa dks cjkcjksa esa tksM+k tk,] rks iw.kZ Hkh cjkcj gksrs gSaA

(3) ;fn cjkcjksa dks cjkcjksa esa ls ?kVk;k tk,] rks 'ks"kiQy Hkh cjkcj gksrs gSaA

(4) os oLrq,¡ tks ijLij laikrh gksa] ,d nwljs osQ cjkcj gksrh gSaA

(5) iw.kZ vius Hkkx ls cM+k gksrk gSA

(6) ,d gh oLrqvksa osQ nqxqus ijLij cjkcj gksrs gSaA

(7) ,d gh oLrqvksa osQ vk/s ijLij cjkcj gksrs gSaA
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;s lkekU; vo/kj.kk,¡ fdlh izdkj osQ ifjek.kksa (magnitudes) osQ lanHkZ esa dgh xbZ
gSaA igyh lkekU; vo/kj.kk dks leryh; vkÑfr;ksa osQ fy, iz;ksx fd;k tk ldrk gSA
mnkgj.kkFkZ] ;fn ,d f=kHkqt dk {ks=kiQy ,d vk;r osQ {ks=kiQy osQ cjkcj gks vkSj bl
vk;r dk {ks=kiQy ,d oxZ osQ {ks=kiQy ds cjkcj gks] rks f=kHkqt dk {ks=kiQy Hkh oxZ osQ
{ks=kiQy osQ cjkcj gksxkA

,d gh izdkj osQ ifjek.kksa dh rqyuk dh tk ldrh gS vkSj mUgsa tksM+k Hkh tk ldrk
gS] ijarq fHkUu&fHkUu izdkj osQ ifjek.kksa dh rqyuk ugha dh tk ldrh gSA mnkgj.kkFkZ] ,d
js[kk dks ,d vk;r esa tksM+k ugha tk ldrk vkSj u gh ,d dks.k dh ,d iapHkqt
(pentagon) ls rqyuk dh tk ldrh gSA

Åij fn;k gqvk pkSFkk vfHkx`ghr ;g crkrk gqvk izrhr gksrk gS fd ;fn nks oLrq,¡
loZle (identical) gksa (vFkkZr~ os ,d gh gksa)] rks os cjkcj gksrh gSaA nwljs 'kCnksa esa] dksbZ
Hkh oLrq Lo;a osQ cjkcj gksrh gSA ;g vè;kjksi.k (superposition) osQ fl¼kar dh
roZQlaxrrk izdV djrk gSA vfHkx`ghr (5) ^ls cM+k gS (greater than)* dh ifjHkk"kk nsrk
gSA mnkgj.kkFkZ] ;fn dksbZ jkf'k B, fdlh vU; jkf'k A dk ,d Hkkx gks] rks A dks jkf'k B

vkSj ,d vU; jkf'k C osQ ;ksx osQ :i esa fy[kk tk ldrk gSA lkaosQfrd :i ls] A > B

dk vFkZ gS fd dksbZ C ,slk gS fd A = B + C gSA

vkb, vc ;wfDyM dh ik¡p vfHk/kj.kkvksa (postulates) dh ppkZ djsaA ;s bl
izdkj gSa%

vfHk/kj.kk 1 : ,d fcanq ls ,d vU; fcanq rd ,d lh/h js[kk [khaph tk ldrh gSA

è;ku nhft, fd ;g vfHk/kj.kk gesa crkrh gS fd nks fHkUu (distinct) fcanqvksa ls gksdj
de ls de ,d js[kk vo'; [khaph tk ldrh gS] ijUrq blls ;g ugha Kkr gksrk fd ,slh
,d ls vf/d lh/h js[kk,¡ ugha gks ldrhaA ijUrq vius leLr dk;ks± esa ;wfDyM us] fcuk
oqQN crk,] ;g ckj&ckj dYiuk dh gS fd nks fHkUu fcanqvksa ls ,d vf}rh; (unique)

js[kk gh [khaph tk ldrh gSA ge bl ifj.kke dks ,d vfHkx`ghr osQ :i esa uhps ns
jgs gSa%

vfHkx`ghr 5.1 : fn, gq, nks fHkUu fcanqvksa ls gksdj ,d vf}rh; js[kk [khaph tk
ldrh gSA

fcanq P ls gksdj fdruh js[kk,¡ [khaph tk ldrh gSa tks fcanq Q ls gksdj Hkh tkrh gksa
(nsf[k, vkÑfr 5-4)\ osQoy ,dA ;g js[kk PQ gSA fcanq Q ls gksdj tkus okyh ,slh
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fdruh js[kk,¡ gSa tks fcanq P ls gksdj Hkh tkrh gS\ osQoy ,d] vFkkZr~ js[kk PQA bl izdkj]
mijksDr dFku ,d Lo;a fl¼ (self evident) lR; gS vkSj blhfy, ge bls ,d vfHkx`ghr
osQ :i esa eku ysrs gSaA

vkÑfr  5.4

vfHk/kj.kk 2 : ,d lkar js[kk (terminated line) dks vfuf'pr :i ls c<+k;k tk ldrk
gSA

è;ku nhft, ftldks ge vktdy js[kk[kaM (line segment) dgrs gSa] mls ;wfDyM us
lkar js[kk dgk FkkA vr%] orZeku dh Hkk"kk esa] nwljh vfHk/kj.kk ;g dgrh gS fd ,d
js[kk[kaM dks nksuksa vksj foLr`r djosQ ,d js[kk cukbZ tk ldrh gS (nsf[k, vkÑfr 5-5)A

vkÑfr 5.5

vfHk/kj.kk 3 : fdlh dks osQUnz eku dj vkSj fdlh f=kT;k ls ,d o`Ùk [khapk tk
ldrk gSA

vfHk/kj.kk 4 : lHkh ledks.k ,d nwljs osQ cjkcj gksrs gSaA

vfHk/kj.kk 5 : ;fn ,d lh/h js[kk nks lh/h js[kkvksa ij fxj dj vius ,d gh vksj nks
var% dks.k (interior angles) bl izdkj cuk, fd bu nksuksa dks.kksa dk ;ksx fey dj nks
ledks.kksa ls de gks] rks os nksuksa lh/h js[kk,¡ vfuf'pr :i ls c<+k, tkus ij mlh vksj
feyrh gSa ftl vksj ;g ;ksx nks ledks.kksa ls de gksrk gSA

mnkgj.kkFkZ] vkÑfr 5-6 esa] js[kk PQ js[kkvksa AB

vkSj CD ij bl izdkj fxjrh gS fd var% dks.kksa 1 vkSj
2 dk ;ksx] tks PQ osQ ckb± vksj fLFkr gSa] 180º ls de
gSA vr%] js[kk,¡ AB vkSj CD varr% PQ osQ ckb± vksj
izfrPNsn djsaxhA vkÑfr 5-6
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mijksDr ik¡pksa vfHk/kj.kkvksa dks osQoy ns[kus ek=k ls] gesa ;g Li"Vr% irk py tk,xk
fd vU; vfHkèkkj.kkvksa dh rqyuk esa vfHk/kj.kk 5 oqQN vf/d tfVy gSA nwljh vksj]
vfHk/kj.kk,¡ 1 ls 4 bruh ljy vkSj Li"V gSa fd mUgsa Lo;a fl¼ lR; osQ :i esa eku
fy;k tkrk gSA ijUrq] bUgsa fl¼ djuk laHko ugha gSA blfy,] bu dFkuksa dks fcuk miifÙk
(proof) osQ LohÑr dj fy;k x;k gS (nsf[k, ifjf'k"V 1)A bl tfVyrk osQ dkj.k] ik¡poha
vfHk/kj.kk ij vxys vuqPNsn esa vf/d è;ku fn;k tk,xkA

vktdy] ^vfHk/kj.kk* vkSj ^vfHkx`ghr* nksuksa inksa dks ,d nwljs osQ fy, ,d gh vFkZ
esa iz;ksx fd;k tkrk gSA okLro esa] vfHk/kj.kk ,d fØ;k (verb) gSA tc ge dgrs gSa fd
^vkb, vfHkèkkj.kk djsa*] rks bldk vFkZ gS fd ^vkb, fo'o esa izsf{kr ifj?kVukvksa
(phenomena) osQ vk/kj ij oqQN dFku dgsaA* bldh lR;rk@ekU;rk dh tk¡p ckn esa dh
tkrh gSA ;fn og lR; gS] rks mls ^vfHkèkkj.kk* osQ :i esa LohÑr dj fy;k tkrk gSA

oqQN vfHkx`ghrksa dk ,d fudk; (system) vfojks/h (consistent) dgykrk gS
(nsf[k, ifjf'k"V 1)] ;fn bu vfHkx`ghrksa ls ,slk dFku fufeZr djuk vlaHko gks] tks
fdlh vU; vfHkx`ghr ;k igys fl¼ fd, x, fdlh dFku osQ fojks/h (contradictory)

gksA vr%] ;fn vfHkx`ghrksa dk dksbZ fudk; fn;k gks] rks ;g lqfuf'pr djuk vko';d gS
fd ;g fudk; vfojks/h gksA

;wfDyM us viuh vfHk/kj.kk,¡ vkSj vfHkx`ghrksa dks nsus osQ ckn] budk iz;ksx vU;
ifj.kkeksa dks fl¼ djus esa fd;kA fiQj bu ifj.kkeksa dk iz;ksx djosQ] mUgksaus fuxefud
roZQ.k (deductive reasoning) }kjk oqQN vkSj ifj.kkeksa dks fl¼ fd;kA ftu dFkuksa dks
fl¼ fd;k os lkè; (propositions) ;k izes; (theorems) dgykrh FkhaA ;wfDyM us
viuh vfHkx`ghrksa] vfHk/kj.kkvksa] ifjHkk"kkvksa vkSj igys fl¼ dh xbZ izes;ksa dk iz;ksx
djosQ] ,d rkfoZQd  Ükà[kyk esa 465 lkè; fuxfer (deduce) fd,A T;kfefr osQ oqQN vxys
vè;k;ksa esa vki bu vfHkx`ghrksa dk iz;ksx djosQ oqQN izes;ksa dks fl¼ djsaxsA

vkb, vkxs vkus okys mnkgj.kksa esa ns[ksa fd ;wfDyM us oqQN ifj.kkeksa dks fl¼ djus
osQ fy, viuh vfHkx`ghrksa vkSj vfHk/kj.kkvksa dk fdl izdkj iz;ksx fd;kA

mnkgj.k 1 : ;fn A, B vkSj C ,d js[kk ij fLFkr rhu fcanq gSa vkSj B fcanqvksa A vkSj C
osQ chp esa fLFkr gS (nsf[k, vkÑfr 5-7)] rks fl¼ dhft, fd AB + BC = AC gSA

vkÑfr 5.7
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gy : mijksDr vkÑfr esa] AB + BC osQ lkFk AC laikrh gSA

lkFk gh] ;wfDyM dk vfHkx`ghr (4) dgrk gS fd os oLrq,¡ tks ijLij laikrh gksa ,d nwljs
osQ cjkcj gksrh gSaA vr%] ;g fl¼ fd;k tk ldrk gS fd

AB + BC = AC

gSA è;ku nhft, fd bl gy esa ;g eku fy;k x;k gS fd nks fcanqvksa ls gksdj ,d vf}rh;
js[kk [khaph tk ldrh gSA

mnkgj.k 2 : fl¼ dhft, fd ,d fn, gq, js[kk[kaM ij ,d leckgq f=kHkqt dh jpuk
dh tk ldrh gSA

gy : mijksDr dFku esa] ,d nh gqbZ yEckbZ dk ,d js[kk[kaM] eku yhft,] AB fn;k gS
[nsf[k, vkÑfr 5.8 (i)]A

vkÑfr 5.8

;gk¡ vkidks oqQN jpuk djus dh vko';drk gSA ;wfDyM dh vfHk/kj.kk (3) dk iz;ksx
djosQ] vki fcanq A dks osQUnz vkSj AB f=kT;k ysdj ,d o`Ùk [khap ldrs gSa
[nsf[k, vkÑfr 5.8 (ii)]A blh izdkj] B dks  osQUnz ekudj vkSj BA f=kT;k ysdj ,d vU;
o`Ùk [khapk tk ldrk gSA ;s nksuksa o`Ùk eku yhft, fcanq C ij feyrs gSaA vc js[kk[kaMksa AC

vkSj BC [khap dj ∆ ABC cukb, [nsf[k, vkÑfr 5.8 (iii)]A

blfy,] vkidks fl¼ djuk gS fd ;g f=kHkqt ,d leckgq f=kHkqt gS_ vFkkZr~ AB = AC

= BC gSA

vc] AB = AC gS] D;ksafd ;s ,d o`Ùk dh f=kT;k,¡ gSaA (1)

blh izdkj] AB = BC (,d gh o`Ùk dh f=kT;k,¡) (2)
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mijksDr nksuksa rF;ksa vkSj ;wfDyM osQ igys vfHkx`ghr (os oLrq,¡ tks ,d gh oLrq osQ cjkcj
gksrh gSa ,d nwljs osQ cjkcj gksrh gSa) ls vki fu"d"kZ fudky ldrs gSa fd
AB = BC = AC gSA

vr%] ∆ ABC ,d leckgq f=kHkqt gSA

è;ku nhft, fd ;gk¡ ;wfDyM us] fcuk dgha crk,] ;g eku fy;k gS fd osQUnzksa A vkSj
B dks ysdj [khaps x, o`Ùk ijLij ,d fcanq ij feysaxsA

vc ge ,d izes; fl¼ djsaxs tks fofHkUu ifj.kkeksa esa vusd ckj vf/dka'kr% iz;ksx dh
tkrh gS%

izes; 5.1 : nks fHkUu js[kkvksa esa ,d ls vf/d fcanq mHk;fu"B ugha gks ldrkA

miifÙk : ;gk¡] gesa nks js[kk,¡ l vkSj m nh gqbZ gSaA gesa ;g fl¼ djuk gS fd l vkSj m esa osQoy
,d fcanq mHk;fu"B gSA

FkksM+s le; osQ fy,] ;g eku yhft, fd ;s nks js[kk,¡ nks fHkUu fcanqvksa P vkSj Q ij
izfrPNsn djrh gSaA

bl izdkj] nks fHkUu fcanqvksa P vkSj Q ls gksdj tkus okyh vkiosQ ikl nks js[kk,¡ l vkSj
m gks tkrh gSaA ijUrq ;g dFku vfHkx`ghr 5-1 osQ fo#¼ gS] ftlosQ vuqlkj nks fHkUu
fcanqvksa ls gksdj ,d vf}rh; js[kk [khaph tk ldrh gSA vr%] ge ftl dYiuk ls pys
Fks fd nks js[kk,¡ nks fHkUu fcanqvksa ls gksdj tkrh gSa xyr gSA

blls ge D;k fu"d"kZ fudky ldrs gSa\ ge fu"d"kZ fudkyus ij ckè; gks tkrs gSa
fd nks fHkUu js[kkvksa esa ,d ls vf/d fcanq mHk;fu"B ugha gksxkA

iz'ukoyh 5.1

1. fuEufyf[kr dFkuksa esa ls dkSu&ls dFku lR; gSa vkSj dkSu&ls dFku vlR; gSa\ vius mÙkjksa
osQ fy, dkj.k nhft,A

(i) ,d fcanq ls gksdj osQoy ,d gh js[kk [khaph tk ldrh gSA

(ii) nks fHkUu fcanqvksa ls gksdj tkus okyh vla[; js[kk,¡ gSaA

(iii) ,d lkar js[kk nksuksa vksj vfuf'pr :i ls c<+kbZ tk ldrh gSA

(iv) ;fn nks o`Ùk cjkcj gSa] rks mudh f=kT;k,¡ cjkcj gksrh gSaA

(v) vkÑfr 5-9 esa] ;fn AB = PQ vkSj PQ = XY gS] rks AB = XY gksxkA
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vkÑfr 5.9

2. fuEufyf[kr inksa esa ls izR;sd dh ifjHkk"kk nhft,A D;k buosQ fy, oqQN ,sls in gSa] ftUgsa
ifjHkkf"kr djus dh vko';drk gS\ os D;k gSa vkSj vki bUgsa oSQls ifjHkkf"kr dj ik,¡xs\

(i) lekarj  js[kk,¡ (ii) yEc js[kk,¡ (iii) js[kk[kaM

(iv) o`Ùk dh f=kT;k (v) oxZ

3. uhps nh gqbZ nks vfHk/kj.kkvksa ij fopkj dhft, %

(i) nks fHkUu fcanq A vkSj B fn, jgus ij] ,d rhljk fcanq C ,slk fo|eku gS tks A vkSj
B osQ chp fLFkr gksrk gSA

(ii) ;gk¡ de ls de ,sls rhu fcanq fo|eku gSa fd os ,d js[kk ij fLFkr ugha gSaA

D;k bu vfHk/kj.kkvksa esa dksbZ vifjHkkf"kr 'kCn gSa\ D;k ;s vfHk/kj.kk,¡ vfojks/h gSa\ D;k
;s ;wfDyM dh vfHk/kj.kkvksa ls izkIr gksrh gSa\ Li"V dhft,A

4. ;fn nks fcanqvksa A vkSj B osQ chp ,d fcanq C ,slk fLFkr gS fd AC = BC gS] rks fl¼ dhft,

fd AC = 
1

2
AB gSA ,d vkÑfr [khap dj bls Li"V dhft,A

5. iz'u 4 esa] C js[kk[kaM AB dk ,d eè;&fcanq dgykrk gSA fl¼ dhft, fd ,d js[kk[kaM
dk ,d vkSj osQoy ,d gh eè;&fcanq gksrk gSA

6. vkÑfr 5-10 esa] ;fn AC = BD gS, rks fl¼ dhft, fd AB = CD gSA

vkÑfr 5-10

7. ;wfDyM dh vfHkx`ghrksa dh lwph esa fn;k gqvk vfHkx`ghr 5 ,d loZO;kih lR; D;ksa ekuk
tkrk gS\ (è;ku nhft, fd ;g iz'u ik¡poha vfHk/kj.kk ls lacaf/r ugha gSA)

5.3 lkjka'k

bl vè;k; esa] vkius fuEufyf[kr fcanqvksa dk vè;;u fd;k gS%

1. ;|fi ;wfDyM us fcanq] js[kk vkSj ry dks ifjHkkf"kr fd;k gS] ijUrq xf.krKksa us bu
ifjHkk"kkvksa dks Lohdkj ugha fd;k gSA blfy, T;kfefr esa bUgsa vc vifjHkkf"kr inksa osQ :i
esa fy;k tkrk gSA
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2. vfHkx̀ghr vkSj vfHk/kj.kk,¡ ,slh dYiuk,¡ gSa tks Li"Vr% loZO;kih lR; gksrh gSaA bUgsa fl¼
ugha fd;k tkrk gSA

3. izes; os dFku gSa ftUgsa ifjHkk"kkvksa] vfHkx̀ghrksa] igys fl¼ fd, x, dFkuksa vkSj fuxefud
roZQ.k }kjk fl¼ fd;k tkrk gSA

4. ;wfDyM osQ oqQN vfHkx`ghr Fks %

(1) os oLrq,¡ tks ,d gh oLrq osQ cjkcj gksa] ,d nwljs osQ cjkcj gksrh gSaA

(2) ;fn cjkcjksa dks cjkcjksa esa tksM+k tk,] rks iw.kZ Hkh cjkcj gksrs gSaA

(3) ;fn cjkcjksa dks cjkcjksa esa ls ?kVk;k tk,] rks 'ks"kiQy Hkh cjkcj gksrs gSaA

(4) os oLrq,¡ tks ijLij laikrh gksa ,d nwljs osQ cjkcj gksrh gSaA

(5) iw.kZ vius Hkkx ls cM+k gksrk gSA

(6) ,d gh oLrqvksa osQ nqxqus ijLij cjkcj gksrs gSaA

(7) ,d gh oLrqvksa osQ vk/s ijLij cjkcj gksrs gSaA

5. ;wfDyM dh vfHk/kj.kk,¡ fuEu Fkha %

vfHk/kj.kk 1 : ,d fcanq ls ,d vU; fcanq rd ,d lh/h js[kk [khaph tk ldrh gSA

vfHk/kj.kk 2 : ,d lkar js[kk dks vfuf'pr :i ls c<+k;k tk ldrk gSA

vfHk/kj.kk 3 : fdlh dks osQUnz eku dj vkSj fdlh f=kT;k ls ,d o`Ùk [khapk tk
ldrk gSA

vfHk/kj.kk  4 : lHkh ledks.k ,d nwljs osQ cjkcj gksrs gSaA

Reprint 2025-26



mÙkj@ladsr 231

APPENDIX 1

mÙkj@laosQr

iz'ukoyh 1.1

1. gk¡] 0 =  vkfn] gj q dks Hkh Í.k iw.kk±d ekuk tk ldrk gSA

2. la[;kvksa 3 vkSj 4 osQ chp vuarr% vusd ifjes; la[;k,¡ gks ldrh gSa; bUgsa ysus dh ,d fof/ gS

3 = . rc N% la[;k,¡ gSa .

3.  . vr% ik¡p ifjes; la[;k,¡ gSa : 
31 32 33 34 35

, , , ,
50 50 50 50 50

⋅

4. (i) lR; gS] D;ksafd iw.kZ la[;kvksa osQ laxzg esa lHkh izkÑr la[;k,¡ gksrh gSaA

(ii) vlR; gS] mnkgj.k osQ fy, –2 ,d iw.kZ la[;k ugha gSA

(iii) vlR; gS] mnkgj.k osQ fy,  ifjes; la[;k gS] ijUrq iw.kZ la[;k ugha gSA

iz'ukoyh 1.2

1. (i) lR; gS] D;ksafd okLrfod la[;kvksa dk laxzg ifjes; vkSj vifjes; la[;kvksa ls cuk gksrk gSA

(ii) vlR; gS] D;ksafd dksbZ Hkh Í.k la[;k fdlh izkÑr la[;k dk oxZewy ugha gks ldrhA

(iii) vlR;] mnkgj.kkFkZ 2 okLrfod la[;k gS fdUrq vifjes; ughaA

2. ughaA mnkgj.k osQ fy,,  = 2 ,d ifjes; la[;k gSA

3. vkÑfr 1.8 esa nh xbZ fØ;kfof/ dks vusd ckj dhft,A igys  izkIr dhft, vkSj rc  izkIr
dhft,A

Reprint 2025-26



232 xf.kr

iz'ukoyh 1.3

1. (i) 0.36, lkar (ii) 0.09 , vuolkuh iqujkorhZ

(iii) 4.125, lkar (iv) 0.230769 , vuolkuh iqujkorhZ

(v) 0.18  vuolkuh iqujkorhZ (vi) 0.8225 lkar

2.
2 1

2 0.285714,
7 7

= × =  
3 1

3 0.428571,
7 7

= × =  
4 1

4 0.571428,
7 7

= × =

5 1
5 0.714285,

7 7
= × =  6 1

6 0.857142
7 7

= × =

3. (i)
2

3
 [ekuyhft, x = 0.666. . . vr%] 10x = 6.666. . . ;k, 10x = 6 + x ;k , x = 

6 2

9 3
= ]

(ii)
43

90
(iii)

1

999

4. 1 [ekuyhft,  x = 0.9999. . . vr%] 10 x = 9.999. . . ;k, 10 x  =  9 + x ;k, x  = 1]

5. 0.0588235294117647

6. q osQ vHkkT; xq.ku[kaMu esa osQoy 2 osQ ?kkr] ;k 5 osQ ?kkr ;k nksuksa gksrs gSaA

7. 0.01001000100001. . ., 0.202002000200002. . ., 0.003000300003. . .

8. 0.75075007500075000075. . ., 0.767076700767000767. . ., 0.808008000800008. . .

9. (i), (iv) vkSj (v) vifjes; gS; (ii) vkSj (iii) ifjes; gSA

iz'ukoyh 1.4

1. (i) vifjes; (ii) ifjes; (iii) ifjes; (iv) vifjes;

(v) vifjes;

2. (i) 6 3 2 2 3 6+ + + (ii) 6 (iii) 7 2 10+ (iv) 3

3. bldk dksbZ varfoZjks/ ugha gSA Lej.k jgs fd tc dHkh&Hkh ,d LosQy ls ;k fdlh vU; ;qfDr ls yackbZ
ekirs gSa] rc vkidks osQoy ,d lfUudV ifjes; eku izkIr gksrk gSA vr% vki ;g vuqHko ugha dj
ikrs fd c ;k d vifjes; gSA

4. nsf[k, vkÑfr 1.17.
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5. (i)
7

7
(ii) 7 6+ (iii)

5 2

3

−
(iv)

7 2

3

+

iz'ukoyh 1.5

1. (i) 8 (ii) 2 (iii) 5 2. (i) 27 (ii) 4 (iii) 8 (iv) ( )
1 1

3 –13 3
1

(125) 5 5
5

− − 
= = 

 

3. (i)
13

152 (ii) 3–21 (iii)
1

411 (iv)
1

256

iz'ukoyh 2.1

1. (i) vkSj (ii) ,d pj esa cgqin gSA (v) rhu pjksa esa ,d cgqin gS] (iii), (iv) cgqin ugha gS] D;ksafd pj
dk izR;sd ?kkrkad iw.kZ la[;k ugha gSA

2. (i) 1 (ii) –1 (iii)
2

π
(iv) 0

3. 3x35 – 4; 2 y100 (vyx&vyx xq.kkadksa okys dqN vkSj cgqin vki fy[k ldrs gSaA)

4. (i) 3 (ii) 2 (iii) 1 (iv) 0

5. (i) f}?kkrh (ii) f=k?kkrh (iii) f}?kkrh (iv) jSf[kd

(v) jSf[kd (vi) f}?kkrh (vii) f=k?kkrh

iz'ukoyh 2.2

1. (i) 3 (ii) – 6 (iii) – 3

2. (i) 1, 1, 3 (ii) 2, 4, 4 (iii) 0, 1, 8 (iv) –1, 0, 3

3. (i) gk¡ (ii) ugha (iii) gk¡ (iv) gk¡

(v) gk¡ (vi) gk¡

(vii)
1

3
−  cgqin dk ,d 'kwU;d gS, ijUrq 

2

3
 cgqin dk ,d 'kwU;d ugha gSA (viii) ugha
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4. (i) – 5 (ii) 5 (iii)
5

2

−
(iv)

2

3

(v) 0 (vi) 0 (vii)
d

c
−

iz'ukoyh 2.3

1. (x + 1), (i) dk ,d xq.ku[kaM gS ijUrq (ii), (iii) vkSj (iv) dk xq.ku[kaM ugha gSA

2. (i) gk¡ (ii) ugha (iii) gk¡

3. (i) –2 (ii) ( )2 2− + (iii) 2 1− (iv)
3

2

4. (i) (3x – 1)(4x – 1) (ii) (x + 3)(2x + 1) (iii) (2x + 3)(3x – 2) (iv) (x + 1)(3x – 4)

5. (i) (x – 2)(x – 1)(x + 1) (ii) (x + 1)(x + 1)(x – 5)

(iii) (x + 1)(x + 2)(x + 10) (iv) (y – 1)(y + 1)(2y + 1)

iz'ukoyh 2.4

1. (i) x2 + 14x + 40 (ii) x2 – 2x – 80 (iii) 9x2 – 3x – 20

(iv) y2 – 
9

4
(v) 9 – 4x2

2. (i) 11021 (ii) 9120 (iii) 9984

3. (i) (3x + y)(3x + y) (ii) (2y – 1)(2y – 1) (iii)
10 10

y y
x x

   
+ −  

   
4. (i) x2 + 4y2 + 16z2 + 4xy + 16yz + 8xz

(ii) 4x2 + y2 + z2 – 4xy – 2yz + 4xz

(iii) 4x2 + 9y2 + 4z2 – 12xy + 12yz – 8xz

(iv) 9a2 + 49b2 + c2 – 42ab + 14bc – 6ac

(v) 4x2 + 25y2 + 9z2 – 20xy – 30yz + 12xz

(vi)

2 2

1
16 4 4 2

a b ab a
b+ + − − +

5. (i) (2x + 3y – 4z) (2x + 3y – 4z) (ii) ( )( )2 2 2 2 2 2x y z x y z− + + − + +
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6. (i) 8x3 + 12x2 + 6x + 1 (ii) 8a3 – 27b3 – 36a2b + 54ab2

(iii)
3 227 27 9

1
8 4 2

x x x+ + + (iv)

2
3 3 28 4

2
27 3

xy
x y x y− − +

7. (i) 970299 (ii) 1061208 (iii) 994011992

8. (i) (2a + b)(2a + b)(2a + b) (ii) (2a – b)(2a – b)(2a – b)

(iii) (3 – 5a)(3 – 5a)(3 – 5a) (iv) (4a – 3b)(4a – 3b)(4a – 3b)

(v)
1 1 1

3 3 3
6 6 6

p p p
     

− − −   
     

10. (i) (3y + 5z) (9y2 + 25z2 – 15yz) (ii) (4m – 7n) (16m2 + 49n2 + 28mn)

11. (3x + y + z) (9x2 + y2 + z2 – 3xy – yz – 3xz)

12. nf{k.k i{k dks ljy dhft,A

13. loZlfedk VIII esa x + y + z = 0 jf[k,A

14. (i) –1260. Let a = –12, b = 7, c = 5. ;gk¡ a + b + c = 0. iz'u 13 esa fn, x, ifj.kke dk iz;ksx
dhft,A

(ii) 16380

15. (i) ,d laHko mÙkj gS : yackbZ = 5a – 3, pkSM+kbZ = 5a – 4

(ii) ,d laHko mÙkj gS : yackbZ = 7y – 3, pkSM+kbZ = 5y + 4

16. (i) ,d laHko mÙkj gS : 3, x vkSj  x – 4.

(ii) ,d laHko mÙkj gS : 4k, 3y + 5 vkSj  y – 1.

iz'ukoyh 3.1

1. ySEi dks ,d fcUnq eku yhft, vkSj est dks ,d leryA
est dk dksbZ Hkh nks yac dksj yhft,A cM+s dksj ls ySEi dh
nwjh eki yhft,A eku yhft, ;g nwjh 25 lseh gSA vc] NksVs
dksj ls ySEi dh nwjh ekfi, vkSj ekuyhft, ;g nwjh 30 lseh
gSA ftl Øe esa vkius ySEi j[kk gS mlosQ vuqlkj mldh
fLFkfr dks (30, 25) ;k (25, 30) fy[k ldrs gSaA
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2. ekxZ ;kstuk uhps nh xbZ vkÑfr esa fn[kkbZ xbZ gS

nksuksa dh Økl ekxZ Åij dh vkÑfr esa fpfg~ur fd, x, gSaA ;s vf}rh;r% izkIr fd, tkrs gSa] D;ksafd
nks lanHkZ js[kkvksa esa geus LFkku fu/kZj.k osQ fy, nksuksa dk iz;ksx fd;k gSA

iz'ukoyh 3.2

1. (i) x - v{k vkSj  y - v{k (ii) prqFkkZ'ka (iii) ewy fcUnq

2. (i) (– 5, 2) (ii) (5, –5) (iii) E (iv) G (v) 6 (vi) – 3 (vii) (0, 5) (viii) (–3, 0)

iz'ukoyh 4.1

1. x = 2y ;k x – 2y = 0

2. (i) 2x + 3y – 9.35  = 0; a = 2, b = 3, c = – 9.35

(ii) x – 
5

y
 – 10 = 0; a = 1, b = 

1,
5

−
 c = – 10

(iii) –2x + 3y – 6 = 0; a = –2, b = 3, c = – 6

(iv) 1.x – 3y + 0 = 0; a = 1, b = –3, c = 0

(v) 2x + 5y + 0 = 0; a = 2, b = 5, c = 0

(vi) 3x + 0.y + 2 = 0; a = 3, b = 0, c = 2

(vii) 0.x + 1.y – 2 = 0; a = 0, b = 1, c = – 2

(viii)–2x + 0.y + 5 = 0; a = –2, b = 0, c = 5
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iz'ukoyh 4.2

1. (iii), D;ksafd x osQ izR;sd eku osQ fy;s] y dk ,d laxr eku gksrk gS vkSj foykser% HkhA

2. (i) (0, 7), (1, 5), (2, 3), (4, –1)

(ii) (1, 9 – π), (0, 9), (–1, 9 + π), 
9 , 0
π

 
 
 

(iii) (0, 0), (4, 1), (– 4, 1), 
1

2,
2

 
 
 

3. (i) ugha (ii) ugha (iii) gk¡ (iv) ugha (v) ugha

4. 7

iz'ukoyh 5.1

1. (i) vlR; % bls Nk=k viuh vk¡[kksa ls ns[k ldrs gSaA

(ii) vlR; % ;g vfHkx`ghr 5.1 dk varfoZjks/ djrk gSA

(iii) lR; % (vfHkx`ghr&2)

(iv) lR; % ;fn ,d o`Ùk ls ifjc¼ izns'k dks nwljs izns'k ij vè;kjksfir djsa] rks os laikrh gksaxsA
vr% buosQ osQUæ vkSj ifjlhek,¡ laikrh gksrh gSaA vr% budh f=kT;k,¡ laikrh gksaxhA

(v) lR; % ;wfDyM dk izFke vfHkx`ghr

3. ,sls vusd vifjHkkf"kr 'kCn gSa ftudh tkudkjh Nk=k dks gksuh pkfg,A ;s laxr gksrs gSa] D;ksafd
buesa nks vyx&vyx fLFkfr;ksa dk vè;;u fd;k tkrk gS vFkkZr~ (i) ;fn nks fcUnq A vkSj B fn,
gq, gksa] rks muosQ chp esa fLFkfr ,d fcUnq C gksrk gS; (ii) ;fn A vkSj B fn, gq, gks] rks vki ,d
,slk fcUnq C ys ldrs gSa tks A vkSj B ls gksdj tkus okyh js[kk ij fLFkr ugha gksrkA

;s vfHkx̀ghr ;wfDyM dh vfHkx̀ghrksa dk vuqlj.k ugha djrsA fiQj Hkh ;s vfHkx̀ghr 5.1 dk vuqlj.k
djrs gSaA

4. AC = BC

blfy, AC + AC = BC + AC (cjkcjksa dks cjkcjksa esa tksM+k x;k gSA)

vFkkZr~ 2AC = AB (BC + AC, AB osQ laikrh gSaA)

blfy, AC =
1

2
 AB

5. vLFkk;h :i ls ;g ekuyhft, fd AB osQ nks eè; fcUnq C vkSj D gS tgk¡ C vkSj D vyx vyx
gSaA vc ge ;g fn[kk,saxs fd fcUnq C vkSj D nks vyx&vyx fcUnq ugha gSA
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6. AC = BD (fn;k gqvk gS) (1)

AC = AB + BC (fcUnq B, fcUnqvksa A vkSj C osQ chp fLFkfr gSa) (2)

BD = BC + CD (fcUnq C, fcUnqvksa B vkSj D osQ chp fLFkr gS) (3)

(1) esa (2) vkSj (3) dks izfrLFkkfir djus ij gesa ;g izkIr gksrk gSA

AB + BC = BC + CD

blfy,]  AB = CD (cjkcjksa esa ls cjkcjksa dks ?kVkus ij)

7. D;ksafd fo'o osQ fdlh Hkkx esa fdlh Hkh oLrq osQ fy, ;g lR; gksrk gS] blfy, bls lkoZHkkSfed
lR; ekuk tkrk gSA

iz'ukoyh 6.1

1. 30°, 250° 2. 126° 4. ,d fcUnq ij lHkh dks.kksa dk ;ksx = 360°

5. ∠ QOS = ∠ SOR + ∠ ROQ vkSj ∠ POS = ∠ POR – ∠ SOR 6. 122°, 302°

iz'ukoyh 6.2

1. 126° 2. 126°, 36°, 54° 3. 60° 4. 50°, 77°

5. vkiru dks.k = ijkorZu dks.kA fcUnq B ij BE ⊥ PQ [khafp, vkSj fcUnq C ij CF ⊥ RS [khafp,A

iz'ukoyh 7.1

1. ;s cjkcj gS 6. ∠ BAC = ∠ DAE

iz'ukoyh 7.2

6. ∠ BCD =∠ BCA + ∠ DCA = ∠ B + ∠ D 7. izR;sd 45° dk gSA

iz'ukoyh 7.3

3. (ii), (i) ls ∠ ABM = ∠ PQN

iz'ukoyh 8.1

3. (i) ∆ DAC vkSj ∆ BCA ls ;g fn[kkb, fd ∠ DAC = ∠ BCA vkSj ∠ ACD = ∠ CAB, vkfnA

(ii) izes; 8.4 dh lgk;rk ls ;g fn[kkb, fd ∠ BAC = ∠ BCA.
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iz'ukoyh 8.2

2. fn[kkb, fd PQRS ,d lekarj prqHkqZt gSA ;g Hkh fn[kkb, fd  PQ || AC vkSj PS || BD gSA blfy,
∠ P = 90° gSA

5. AECF ,d lekarj prqHkqZt gSA vr% AF || CE vkfnA

iz'ukoyh 9.1

1. lok±xle o`Ùkksa dh thok,¡ ysdj Bhd&Bhd izes; 10.1 dh Hkkafr fl¼ dhft,A

2. SAS lok±xle&vfHkx`ghr dh lgk;rk ls fn, x, nks f=kHkqtksa dh lok±xlerk n'kkZb,A

iz'ukoyh 9.2

1. 6 cm_ igys ;g fn[kkb, fd osQUæksa dks feykus okyh js[kk NksVs o`Ùk dh f=kT;k ij yac gS vkSj rc
;g fn[kkb, fd mHk;fu"B thok NksVs o`Ùk dk O;kl gSA

2. ;fn ,d o`Ùk ftldk osQUæ O gS dh nks leku thok,¡ AB rFkk CD fcUnq E ij izfrPNsn djrh gSa]
OM ⊥ AB vkSj OM ⊥ CD [khafp, vkSj OE dks feykb,A fn[kkb, fd ledks.k ∆ OME vkSj
∆ ONE lok±xle gSA

3. mnkgj.k 2 dh Hkk¡fr gy dhft,A 4. OM ⊥ AD [khafp,A

5. js'kek] lyek vkSj eanhi dks Øe'k% fcUnq R, S vkSj M  }kjk
n'kkZb,A  ekuk KR = x m (vkÑfr nsf[k,)

∆ ORS dk {ks=kiQy = 
1

2
 × x × 5

lkFk gh] ∆ ORS dk {ks=kiQy = 
1

2
 RS × OL = 

1

2
 × 6 × 4

x dk eku Kkr dhft,A bl izdkj vki RM dk eku   Hkh Kkr
dj ldrs gSaA

6. leckgq f=kHkqt osQ xq.k rFkk ikbFkkxksjl izes; dk iz;ksx dhft,A

iz'ukoyh 9.3

1. 45° 2. 150°, 30° 3. 10°

4. 80° 5. 110° 6. ∠ BCD = 80° vkSj ∠ ECD = 50°

8. CD ij yac AM vkSj BN Mkfy, (AB || CD vkSj AB < CD). fn[kkb, fd ∆ AMD ≅ ∆ BNC gSA
blls ∠ C = ∠ D izkIr gksrk gS] vr% ∠ A + ∠ C = 180°.

Reprint 2025-26



240 xf.kr

iz'ukoyh 10.1

1.
2 23
, 900,3cm

4
a 2.  ̀1650000 3. 220 2 m

4. 221 11cm 5. 9000 cm2 6. 29 15 cm

iz'ukoyh 11.1

1. 165 cm2 2. 1244.57 m2 3. (i) 7 cm (ii) 462 cm2

4. (i) 26 m (ii) ̀ 137280 5. 63 m 6. `1155

7. 5500 cm2 8. ` 384.34 (yxHkx)

iz'ukoyh 11.2

1. (i) 1386 cm2 (ii) 394.24 cm2 (iii) 2464 cm2

2. (i) 616 cm2 (ii) 1386 cm2 (iii) 38.5 m2

3. 942 cm2 4. 1 : 4 5. `27.72

6. 3.5 cm 7. 1 : 16 8. 173.25 cm2

9. (i) 4πr2 (ii) 4πr2 (iii) 1 : 1

iz'ukoyh 11.3

1. (i) 264 cm3 (ii) 154 cm3 2. (i) 1.232 l (ii)
11

35
l

3. 10 cm 4. 8 cm 5. 38.5 kl

6. (i) 48 cm (ii) 50 cm (iii) 2200 cm2 7. 100π cm3 8. 240π cm3; 5 : 12

9. 28.875 m3, 99.825 m2

iz'ukoyh 11.4

1. (i) 1437 
1

3
 cm3 (ii) 1.05 m3 (yxHkx)

2. (i) 11498 
2

3
 cm3 (ii) 0.004851 m3 3. 345.39 g (yxHkx) 4.

1

64

5. 0.303L (yxHkx) 6. 0.06348 m3 (yxHkx)

7.
2

179
3

cm3 8. (i) 249.48 m2 (ii) 523.9 m3 (yxHkx) 9. (i) 3r (ii) 1 : 9

10. 22.46 mm3 (yxHkx)
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iz'ukoyh 12.1

1. (ii) iqu#Riknh LokLF; voLFkk

3. (ii) ikVhZ A 4. (ii) gk¡ ckjackjrk cgqHkqt (iii) ugha 5. (ii) 184

8. vk;q (o"kks± esa) ckjackjrk pkSM+kbZ vk;r dh yackbZ

1 - 2 5 1
5

1 5
1

× =

2 - 3 3 1
3

1 3
1

× =

3 - 5 6 2
6

1 3
2

× =

5 - 7 12 2
12

1 6
2

× =

7 - 10 9 3
9

1 3
3

× =

10 - 15 10 5
10

1 2
5

× =

15 - 17 4 2
4

1 2
2

× =

vc bu yackbZ;ksa ls vki vk;r fp=k [khap ldrs gSaA

9. (i) v{kjksa dh la[;k ckjackjrk varjky dh vk;r dh
pkSM+kbZ yackbZ

1 - 4 6 3
6

2 4
3

× =

4 - 6 30 2
30

2 30
2

× =

6 - 8 44 2
44

2 44
2

× =

8 - 12 16 4
16

2 8
4

× =

12 - 20 4 8
4

2 1
8

× =

vc] vk;r fp=k [khafp,A
(ii) 6 - 8
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iz'ukoyh A1.1

1. (i) lnk vlR;A ,d o"kZ esa 12 eghus gksrs gSaA

(ii) lafnX/ % ,d fn, gq, o"kZ esa nhokyh 'kqØokj dks iM+ ldrh gS vkSj ugha Hkh iM+ ldrh gSA

(iii) lafnX/ % o"kZ esa dHkh&dHkh exknh esa rkieku 26° gks ldrk gSA

(iv) lnk lR;

(v) lnk vlR; % dqÙks mM+ ugha ldrs gSaA

(vi) lafnX/ % ,d yhi o"kZ esa iQjojh 29 fnu dk gksrk gSA

2. (i) vlR;A ,d prqHkqZt osQ var% dks.kksa dk ;ksx 360° gksrk gSA

(ii) lR; (iii) lR; (iv) lR;

(v) vlR;A mnkgj.k osQ fy, 7 + 5 = 12 tks ,d fo"ke la[;k ugha gSA

3. (i) 2 ls cM+h lHkh vHkkT; la[;k,¡ fo"ke gksrh gSaA

(ii) izkÑr la[;k dk nksxquk lnSo le gksrk gSA

(iii) fdlh Hkh x > 1 osQ fy,] 3x + 1 > 4

(iv) fdlh Hkh x ≥ 0 osQ fy, x3 ≥ 0

(v) ,d leckgq f=kHkqt esa ekfè;dk dks.k&v/Zd Hkh gksrh gSA

iz'ukoyh A1.2

1. (i) ekuo es#naM okys gksrs gSaA (ii) ugha] fnus'k vius cky fdlh vU; fnu Hkh dVok ldrk
FkkA (iii) xqyx dh yky thHk gSA (iv) ge ;g fu"d"kZ fudky ysrs gSa fd xVj dh liQ+kbZ rqjar
gks tkuh pkfg,A (v) ;g vko';d ugha gS fd iw¡N okys lHkh tkuoj dqÙks gh gksaA mnkgj.k osQ
fy,] cSy] canj tSls tkuojksa dh iw¡N gksrh gS] ijUrq os dqÙks ugha gSaA

2. vc vkidks myVdj B vkSj 8 dks ns[kuk gksrk gSA ;fn nwljh vksj B ij ,d le la[;k gks] rks
fu;e Hkax gks tkrk gSA blh izdkj] ;fn nwljh vksj 8 ij ,d Loj gks] rks fu;e Hkax gks tkrk gSA

iz'ukoyh A1.3

1. rhu laHko datDpj ;s gSa :

(i) fdUgha Hkh rhu Øekxr le la[;kvksa dk xq.kuiQy le gksrk gSA (ii) fdUgha Hkh rhu Øekxr
le la[;kvksa dk xq.kuiQy] 4 ls HkkT; gksrk gSA (iii) fdUgha Hkh rhu Øekxr le la[;kvksa dk
xq.kuiQy 6 ls HkkT; gksrk gSA

2. iafDr 4: 1 3 3 1 =113; iafDr 5: 1 4 6 4 1=114; iafDr 4 vkSj iafDr 5 ij datDpj ykxw gksrk gSA
ugha] D;ksafd 115 ≠ 15101051.
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3. T
4
 + T

5
 =25 = 52 ; T

n – 1
 + T

n
 = n2.

4. 1111112 = 12345654321 ; 11111112 = 1234567654321

5. fo|kFkhZ dk viuk mÙkjA mnkgj.k osQ fy,] ;wfDyM dh vfHk/kj.kk,¡A

iz'ukoyh A1.4

1. (i) leku dks.k] ijUrq vyx&vyx Hkqtkvksa okys dksbZ Hkh nks f=kHkqt gks ldrs gSA

(ii) leHkqt dh Hkqtk,¡ rks cjkcj gksrh gSa] ijUrq ;g oxZ ugha Hkh gks ldrk gSA

(iii) vk;r osQ dks.k cjkcj gksrs gSa] ijUrq ;g oxZ ugha Hkh gks ldrk gSA

(iv) a = 3 vkSj b = 4 ij dFku lR; ugha gSA

(v) n = 11 ij 2n2 + 11 = 253 tks vHkkT; ugha gSA

(vi) n = 41 ij n2 – n  + 41 vHkkT; ugha gSA

2. fo|kFkhZ dk viuk mÙkjA

3. ekuk x  rFkk y  nks fo"ke la[;k,a gSaA rc x = 2m +1, tgk¡ m ,d izkÑr la[;k gS rFkk y = 2n + 1,

tgk¡ n Hkh ,d izkÑr la[;k gSA

x + y = 2 (m + n + 1)A blfy,, x + y nks ls HkkT; gS rFkk le gSA

4. iz'u 3 nsf[k,A xy = (2m + 1)(2n + 1) = 2 (2mn + m + n) + 1.

vr% xy, 2 ls HkkT; ugha gSA blfy, ;g fo"ke gSA

5. eku yhft, 2n, 2n + 2 vkSj 2n + 4 rhu Øekxr le la[;k,¡ gSaA rc budk ;ksx 6(n + 1) gS tks
fd 6 ls HkkT; gSA

7. (i) eku yhft, ewy la[;k n gSA rc ge fuEufyf[kr lafØ;k,¡ djrs gSaA

n → 2n → 2 n + 9 → 2 n +  9 + n = 3n + 9 → 
 

3 9

3

n +
 = n + 3 → 

 
n + 3 + 4 = n + 7 →

n + 7 – n = 7

(ii) è;ku nhft, fd 7 × 11 × 13 = 1001. dksbZ Hkh rhu vadksa okyh la[;k] eku yhft, abc

yhft,A rc abc × 1001 = abcabc. vr% N% vadksa okyh abcabc, 7, 11 vkSj 13 ls HkkT; gSA

iz'ukoyh A2.1

1. pj.k 1: lw=k.k :

izklafxd dkjd gS daI;wVj dks fdjk, ij ysus dh vof/ vkSj gesa nh xbZ nks ykxrA ge ;g eku
ysrs gSa fd daI;wVj dks [kjhnus ;k fdjk, ij ysus ij ykxr esa dksbZ lkFkZd ifjorZu ugha gksrkA
vr% ge fdlh Hkh ifjorZu dks vizklafxd eku ysrs gSaA ge ;g Hkh eku ysrs gSa fd lHkh czkaM
osQ daI;wVj vkSj ihf<+;k¡ leku gSa vFkkZr~ ;s varj Hkh vizklafxd gSaA
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x efguksa osQ fy, daI;wVj dks fdjk, ij ysus ij #- 2000 x  dk [kpZ vkrk gSA ;fn ;g jkf'k daI;wVj
dh dher ls vf/d gS] rks daI;wVj [kjhnuk gh mÙke gksxkA vr% lehdj.k ;g gksrk gSA

2000 x = 25000 (1)

pj.k 2 : gy : (1) gy djus ij, x = 
25000

2000
 = 12.5

pj.k 3 : fuoZpu : D;ksafd 12.5 eghus ckn daI;wVj dks fdjk, ij ysus ij ykxr vf/d vkrh gSA
vr% daI;wVj [kjhnuk gh lLrk rc iM+sxk] tcfd bldk iz;ksx vki 12 eghus ls vf/d vof/
osQ fy, djuk pkgrs gSaA

2. pj.k 1 : lw=k.k : ge ;gk¡ ;g eku ysxsa fd dkj vpj pky ls py jgh gSA vr% pky esa gq,
fdlh Hkh ifjorZu dks vlaxr ekuk tk,xkA ;fn dkjsa x ?kaVs osQ ckn feyrh gSa] rks igyh dkj A
ls 40x fd-eh- dh nwjh r; djsxh vkSj nwljh dkj 30x fd-eh- dh nwjh r; djsxhA vr% ;g A ls
(100 – 30x) fd-eh- dh nwjh r; djsxhA vr% lehdj.k gksxk 40x = 100 – 30x, vFkkZr~ 70x = 100.

pj.k 2 : gy : lehdj.k gy djus ij x = 
100

70
 izkIr gksrk gSA

pj.k 3 : fuoZpu : 
100

70
 yxHkx 1.4 ?kaVk gS vr% dkjsa 1.4 ?kaVs ckn feysaxhA

3. pj.k 1 : lw=k.k : d{kk esa i`Foh dh ifjØek dj jgs pkan dh pky ;g gS

d{kk dh yca kbZ

fy;k x;k le;
pj.k 2 : gy : D;ksafd d{kk yxHkx òÙkh; gS] blfy, yackbZ 2 × π × 384000 km = 2411520 km

,d d{kk dks iwjk djus esa paæek 24 ?kaVs ysrk gSA

vr% pky = 
2411520

24
 = 100480 km/h

pj.k 3 : fuoZpu : pky 100480 km/h gSA

4. lw=k.k : ;g dYiuk dj yh xbZ gS fd fcy esa varj gksus dk dkj.k osQoy okVj ghVj dk iz;ksx
gSA

eku yhft, okVj ghVj osQ bLrseky gksus dk vkSlr le; = x ?kaVk

okVj ghVj osQ bLrseky osQ dkj.k izfr efgus varj = ̀ 1240 – ̀ 1000 = ̀ 240

,d ?kaVs osQ fy, okVj ghVj dk bLrseky dh ykxr = `8

So, the cost of using the water heater for 30 days = 8 × 30 × x

vr% 30 fnuksa rd okVj ghVj dk bLrseky djus dh ykxr = fcy esa varj
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blfy,] 240x = 240

gy : bl lehdj.k ls gesa x = 1 izkIr gksrk gSA

fuoZpu : D;kasfd x = 1, blfy, vkSlru izfr fnu 1 ?kaVs rd okVj ghVj dk iz;ksx fd;k tkrk gSA

iz'ukoyh A2.2

1. ;gk¡ ge fdlh fo'ks"k gy ij ppkZ ugha djsaxsA vki ;gk¡ fiNys mnkgj.k esa iz;qDr fof/ dk ;k
fdlh vU; mi;qDr fof/ dk iz;ksx dj ldrs gSaA

iz'ukoyh A2.3

1. ge ;g igys crk pqosQ gSa fd okLrfod thou ls tqM+h fLFkfr;ksa esa lw=k.k Hkkx C;kSjsokj gks ldrk
gSA ge 'kCn leL;kvksa esa mÙkj dks O;Dr ugha djrsA blosQ vfrfjDr bl 'kCn leL;k dk ,d
lgh mÙkj gksrk gSA vko';d ugha gS fd ;g okLrfod thou ls tqM+h fLFkfr;k¡ gh gksaA

2. egRoiw.kZ dkjd (ii) vkSj (iii)A ;gk¡ (i) ,d egRoiw.kZ dkjd ugha gS] ;|fi bldh csph xbZ okguksa
dh la[;k dks izHkkfor Hkh dj ldrk gSA
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vè;k; 6

js[kk,¡ vkSj dks.k

6.1 Hkwfedk

vè;k; 5 esa] vki i<+ pqosQ gSa fd ,d js[kk dks [khapus osQ fy, U;wure nks fcanqvksa dh
vko';drk gksrh gSA vkius oqQN vfHkx`ghrksa (axioms) dk Hkh vè;;u fd;k gS vkSj
mudh lgk;rk ls oqQN vU; dFkuksa dks fl¼ fd;k gSA bl vè;k; esa] vki dks.kksa osQ mu
xq.kksa dk vè;;u djsaxs tc nks js[kk,¡ ijLij izfrPNsn djrh gSa vkSj dks.kksa osQ mu xq.kksa
dk Hkh vè;;u djsaxs tc ,d js[kk nks ;k vf/d lekarj js[kkvksa dks fHkUu&fHkUu fcanqvksa
ij dkVrh gSA lkFk gh] vki bu xq.kksa dk fuxefud roZQ.k (deductive reasoning) }kjk
oqQN dFkuksa dks fl¼ djus esa Hkh iz;ksx djsaxs (nsf[k, ifjf'k"V 1)A vki fiNyh d{kkvksa
esa bu dFkuksa dh oqQN fØ;kdykiksa }kjk tk¡p (iqf"V) dj pqosQ gSaA

vki vius nSfud thou esa lery i`"Bksa osQ fdukjksa (edges) osQ chp cus vusd izdkj
osQ dks.k ns[krs gSaA lery i`"Bksa dk iz;ksx djosQ] ,d gh izdkj osQ ekWMy cukus osQ fy,]
vkidks dks.kksa osQ ckjs esa foLr`r tkudkjh dh vko';drk gksrh gSA mnkgj.kkFkZ] vki vius
fo|ky; dh iznf'kZuh osQ fy, ck¡lksa dk iz;ksx djosQ ,d >ksaiM+h dk ekWMy cukuk pkgrs
gSaA lksfp,] vki bls oSQls cuk,¡xsA oqQN ck¡lksa dks vki ijLij lekarj j[ksaxs vkSj oqQN dks
frjNk j[ksaxsA tc ,d vkfoZQVsDV (architect) ,d cgqryh; Hkou osQ fy, ,d js[kkfp=k
[khaprk gS] rks mls fofHkUu dks.kksa ij izfrPNsnh vkSj lekarj js[kk,¡ [khapuh iM+rh gSaA D;k
vki lksprs gSa fd og js[kkvksa vkSj dks.kksa osQ Kku ds fcuk bl Hkou dh :ijs[kk [khap
ldrk gS\

foKku esa] vki izdk'k osQ xq.kksa dk fdj.k vkjs[k (ray diagrams) [khap dj vè;;u
djrs gSaA mnkgj.kkFkZ] izdk'k osQ viorZu (refraction) xq.k dk vè;;u djus osQ fy,] tc
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izdk'k dh fdj.ksa ,d ekè;e (medium) ls nwljs ekè;e esa izos'k djrh gSa] vki izfrPNsnh
js[kkvksa vkSj lekarj js[kkvksa osQ xq.kksa dk iz;ksx djrs gSaA tc ,d fiaM ij nks ;k vf/d
cy dk;Z dj jgs gksa] rks vki bu cyksa dk ml fiaM ij ifj.kkeh cy Kkr djus osQ fy,]
,d ,slk vkjs[k [khaprs gSa ftlesa cyksa dks fn"V js[kk[kaMksa (directed line segments) }kjk
fu:fir fd;k tkrk gSA ml le;] vkidks mu dks.kksa osQ chp laca/ tkuus dh vko';drk
gksxh ftudh fdj.ksa (vFkok js[kk[kaM) ijLij lekarj ;k izfrPNsnh gksaxhA ,d ehukj dh
Å¡pkbZ Kkr djus vFkok fdlh tgkt dh ,d izdk'k iqat (light house) ls nwjh Kkr djus
osQ fy,] gesa {kSfrt vkSj n`f"V js[kk (line of sight) osQ chp cus dks.k dh tkudkjh dh
vko';drk gksxhA izpqj ek=kk esa ,sls mnkgj.k fn, tk ldrs gSa tgk¡ js[kkvksa vkSj dks.kksa dk
iz;ksx fd;k tkrk gSA T;kfefr osQ vkus okys vè;k;ksa esa] vki js[kkvksa vkSj dks.kksa osQ bu xq.kksa
dk vU; mi;ksxh xq.kksa dks fuxfer (fudkyus) djus esa iz;ksx djsaxsA

vkb, igys ge fiNyh d{kkvksa esa js[kkvksa vkSj dks.kksa ls lacaf/r i<+s x, inksa vkSj
ifjHkk"kkvksa dk iqufoZyksdu djsaA

6.2 vk/kjHkwr in vkSj ifjHkk"kk,¡

;kn dhft, fd ,d js[kk dk og Hkkx ftlosQ nks var fcanq gksa ,d js[kk[kaM dgykrk gS
vkSj js[kk dk og Hkkx ftldk ,d var fcanq gks ,d fdj.k dgykrk gSA è;ku nhft,
fd js[kk[kaM AB dks AB  ls O;Dr fd;k tkrk gS vkSj mldh yackbZ dks AB ls O;Dr fd;k
tkrk gSA fdj.k AB dks AB  ls vkSj js[kk AB dks AB  ls O;Dr fd;k tkrk gSA ijUrq ge bu
laosQruksa dk iz;ksx ugha djsaxs rFkk js[kk AB, fdj.k AB] js[kk[kaM AB vkSj mldh yackbZ
dks ,d gh laosQr AB ls O;Dr djsaxsA budk vFkZ lanHkZ ls Li"V gks tk,xkA dHkh&dHkh
NksVs v{kj tSls l, m, n bR;kfn dk iz;ksx js[kkvksa dks O;Dr djus esa fd;k tk,xkA

;fn rhu ;k vf/d fcanq ,d gh js[kk ij fLFkr gksa] rks os lajs[k fcanq (collinear

points) dgykrs gSa] vU;Fkk os vlajs[k fcanq (non-collinear points) dgykrs gSaA

;kn dhft, fd tc nks fdj.ksa ,d gh var fcanq ls izkjEHk gksrh gSa] rks ,d dks.k
(angle) curk gSA dks.k dks cukus okyh nksuksa fdj.ksa dks.k dh Hkqtk,¡ (arms ;k sides)

dgykrh gSa vkSj og mHk;fu"B var fcanq dks.k dk 'kh"kZ (vertex) dgykrk gSA vki
fiNyh d{kkvksa esa] fofHkUu izdkj osQ dks.kksa tSls U;wu dks.k (acute angle), ledks.k
(right angle), vf/d dks.k (obtuse angle),  Ítq dks.k (straight angle) vkSj izfrorhZ dks.k
(reflex angle) osQ ckjs esa i<+ pqosQ gSa (nsf[k, vkÑfr 6-1)A
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(i) U;wu dks.k : 0° < x < 90° (ii) ledks.k : y = 90° (iii) vf/d dks.k : 90° < z < 180°

(iv) Ítq dks.k : s = 180° (v) izfrorhZ dks.k : 180° < t < 360°

vkÑfr 6.1 : dks.kksa osQ izdkj

,d U;wu dks.k dk eki 0º vkSj 90º osQ chp gksrk gS] tcfd ,d ledks.k dk eki
Bhd 90º gksrk gSA 90º ls vf/d ijUrq 180º ls de eki okyk dks.k vf/d dks.k
dgykrk gSA lkFk gh] ;kn dhft, fd ,d Ítq dks.k 180º osQ cjkcj gksrk gSA og dks.k
tks 180º ls vf/d] ijUrq 360º ls de eki dk gksrk gS ,d izfrorhZ dks.k dgykrk
gSA blosQ vfrfjDr] ;fn nks dks.kksa dk ;ksx ,d ledks.k osQ cjkcj gks] rks ,sls dks.k iwjd
dks.k (complementary angles) dgykrs gSa vkSj os nks dks.k] ftudk ;ksx 180º gks]
laiwjd dks.k (supplementary angles) dgykrs gSaA

vki fiNyh d{kkvks a es a vklUu dks.kk s a
(adjacent angles) osQ ckjs esa Hkh i<+ pqosQ gSa
(nsf[k, vkÑfr 6.2)A nks dks.k vklUu dks.k
(adjacent angles) dgykrs gSa] ;fn muesa ,d
mHk;fu"B 'kh"kZ gks] ,d mHk;fu"B Hkqtk gks vkSj
mudh os Hkqtk,¡ tks mHk;fu"B ugha gSa] mHk;fu"B
Hkqtk osQ foijhr vksj fLFkr gksaA vkÑfr 6-2 esa]
∠ ABD vkSj ∠ DBC vklUu dks.k gSaA fdj.k BD

budh mHk;fu"B Hkqtk gS vkSj B budk mHk;fu"B vkÑfr 6.2 : vklUu dks.k
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'kh"kZ gSA fdj.k BA vkSj fdj.k BC os Hkqtk,¡ gSa tks mHk;fu"B ugha gSaA blosQ vfrfjDr]

tc nks dks.k vklUu dks.k gksrs gSa] rks mudk ;ksx ml dks.k osQ cjkcj gksrk gS tks budh

mu Hkqtkvksa ls curk gS] tks mHk;fu"B ugha gSaA vr% ge fy[k ldrs gSa fd

∠ ABC = ∠ ABD + ∠ DBC gSA

è;ku nhft, fd ∠ ABC vkSj ∠ ABD vklUu

dks.k ugha gSaA D;ksa\ bldk dkj.k ;g gS fd

vmHk;fu"B Hkqtk,¡ (vFkkZr~ os Hkqtk,¡ tks mHk;fu"B

ugha gSa) BD vkSj BC mHk;fu"B Hkqtk BA osQ ,d

gh vksj fLFkr gSA

;fn vkÑfr 6-2 esa] vmHk;fu"B Hkqtk,¡ BA

vkSj BC ,d js[kk cuk,¡] rks ;g vkÑfr 6-3 tSlk

yxsxkA bl fLFkfr esa]  ∠ ABD vkSj ∠ DBC dks.kksa

dk ,d jSf[kd ;qXe (linear pair of angles)

cukrs gSaA

vki 'kh"kkZfHkeq[k dks.kksa (vertically opposite

angles) dks Hkh ;kn dj ldrs gSa] tks nks js[kkvksa]

eku yhft,] AB vkSj CD dks ijLij fcanq O ij

izfrPNsn djus ij curs gSa (nsf[k, vkÑfr 6-4)A

;gk¡ 'kh"kkZfHkeq[k dks.kksa osQ nks ;qXe gSaA buesa ls ,d

;qXe ∠ AOD vkSj ∠ BOC dk gSA D;k vki nwljk

;qXe Kkr dj ldrs gSa\

6.3 izfrPNsnh js[kk,¡ vkSj vizfrPNsnh js[kk,¡

,d dkx”k ij nks fHkUu js[kk,¡ PQ vkSj RS [khafp,A vki ns[ksaxs fd vki bu js[kkvksa dks nks

izdkj ls [khap ldrs gSa] tSlk fd vkÑfr 6.5 (i) vkSj vkÑfr 6.5 (ii) esa n'kkZ;k x;k gSA

vkÑfr 6.4 : 'kh"kkZfHkeq[k dks.k

vkÑfr 6.3 : dks.kksa dk jSf[kd ;qXe
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(i) izfrPNsnh js[kk,¡ (ii) vizfrPNsnh (lekarj) js[kk,¡

vkÑfr 6.5 : nks js[kk,¡ [khapus osQ fofHkUu izdkj

js[kk dh bl vo/kj.kk dks Hkh ;kn dhft, fd og nksuksa fn'kkvksa esa vfuf'pr :i
ls foLr`r gksrh gSA js[kk,¡ PQ vkSj RS vkÑfr 6.5 (i) esa izfrPNsnh js[kk,¡ gSa vkSj
vkÑfr 6.5 (ii) esa ;s lekarj js[kk,¡ gSaA è;ku nhft, fd bu nksuksa lekarj js[kkvksa osQ fofHkUu
fcanqvksa ij muosQ mHk;fu"B yEcksa dh yackb;k¡ leku jgsaxhA ;g leku yackbZ nksuksa lekarj
js[kkvksa osQ chp dh nwjh dgykrh gSA

6.4 dks.kksa osQ ;qXe

vuqPNsn 6-2 esa] vki dks.kksa osQ oqQN ;qXeksa tSls
iwjd dks.k] laiwjd dks.k] vklUu dks.k] dks.kksa dk
jSf[kd ;qXe] bR;kfn dh ifjHkk"kkvksa osQ ckjs esa i<+
pqosQ gSaA D;k vki bu dks.kksa esa fdlh laca/ osQ
ckjs esa lksp ldrs gSa\ vkb, vc mu dks.kksa esa
laca/ ij fopkj djsa ftUgsa dksbZ fdj.k fdlh js[kk
ij fLFkr gksdj cukrh gS] tSlk fd vkÑfr 6-6 esa
n'kkZ;k x;k gSA js[kk dks AB vkSj fdj.k dks OC

dfg,A fcanq O ij cuus okys dks.k D;k gSa\ ;s
∠ AOC, ∠ BOC vkSj ∠ AOB gSaA

D;k ge ∠ AOC + ∠ BOC = ∠ AOB fy[k ldrs gSa\ (1)

gk¡! (D;ksa\ vuqPNsn 6-2 esa fn, vklUu dks.kksa dks nsf[k,A)

∠ AOB dk eki D;k gS\ ;g 180° gSA (D;ksa\) (2)

D;k (1) vksj (2) ls] vki dg ldrs gSa fd ∠ AOC + ∠ BOC = 180° gS\ gk¡! (D;ksa\)

mijksDr ppkZ osQ vk/kj ij] ge fuEu vfHkx`ghr dks fy[k ldrs gSa%

vkÑfr 6.6 : dks.kksa dk jSf[kd ;qXe
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vfHkx`ghr 6.1 : ;fn ,d fdj.k ,d js[kk ij [kM+h gks] rks bl izdkj cus nksuksa vklUu
dks.kksa dk ;ksx 180º gksrk gSA

;kn dhft, fd tc nks vklUu dks.kksa dk ;ksx 180º gks] rks os dks.kksa dk ,d jSf[kd
;qXe cukrs gSaA

vfHkx̀ghr 6-1 esa ;g fn;k gS fd ^,d fdj.k ,d js[kk ij [kM+h gks*A bl fn, gq, ls]
geus fu"d"kZ fudkyk fd bl izdkj cus nksuksa vklUu dks.kksa dk ;ksx 180º gksrk gSA D;k ge
vfHkx̀ghr 6-1 dks ,d foijhr izdkj ls fy[k ldrs gSa\ vFkkZr~ vfHkx̀ghr 6-1 osQ fu"d"kZ
dks fn;k gqvk ekusa vkSj mlosQ fn, gq, dks fu"d"kZ ekusaA rc gesa ;g izkIr gksxk%

(A) ;fn nks vklUu dks.kksa dk ;ksx 180º gS] rks ,d fdj.k ,d js[kk ij [kM+h gksrh
gS (vFkkZr~ vmHk;fu"B Hkqtk,¡ ,d gh js[kk esa gSa)A

vc vki ns[krs gSa fd vfHkx`ghr 6.1 vkSj dFku (A) ,d nwljs osQ foijhr gSaA ge buesa
ls izR;sd dks nwljs dk foykse (converse) dgrs gSaA ge ;g ugha tkurs fd dFku (A)

lR; gS ;k ughaA vkb, bldh tk¡p djsaaA fofHkUu ekiksa osQ] vkÑfr 6-7 esa n'kkZ, vuqlkj]
vklUu dks.k [khafp,A izR;sd fLFkfr esa] vmHk;fu"B Hkqtkvksa esa ls ,d Hkqtk osQ vuqfn'k
,d iVjh (ruler) jf[k,A D;k nwljh Hkqtk Hkh bl iVjh osQ vuqfn'k fLFkr gS\

vkÑfr 6.7 : fofHkUu ekiksa osQ vklUu dks.k
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vki ik,¡xs fd osQoy vkÑfr 6.7 (iii) esa gh nksuksa vmHk;fu"B Hkqtk,¡ iVjh osQ vuqfn'k
gSa] vFkkZr~  A, O vkSj B ,d gh js[kk ij fLFkr gSa vkSj fdj.k OC bl js[kk ij [kM+h gSA
lkFk gh] ;g Hkh nsf[k, fd ∠ AOC + ∠ COB = 125º + 55º = 180º gSA blls vki fu"d"kZ
fudky ldrs gSa fd dFku (A) lR; gSA vr%] vki bls ,d vfHkx`ghr osQ :i esa fuEu
izdkj fy[k ldrs gSa %

vfHkx`ghr 6.2 : ;fn nks vklUu dks.kksa dk ;ksx 180º gS] rks mudh vmHk;fu"B Hkqtk,¡ ,d
js[kk cukrh gSaA

Li"V dkj.kksa ls] mijksDr nksuksa vfHkx`ghrksa dks feyk dj jSf[kd ;qXe vfHkx`ghr
(Linear Pair Axiom) dgrs gSaA

vkb, vc ml fLFkfr dh tk¡p djsa tc nks js[kk,¡ izfrPNsn djrh gSaA

fiNyh d{kkvksa ls vkidks ;kn gksxk fd ;fn nks js[kk,¡ ijLij izfrPNsn djsa] rks
'kh"kZkfHkeq[k dks.k cjkcj gksrs gSaA vkb, vc bl ifj.kke dks fl¼ djsaA ,d miifÙk
(proof) esa fufgr vo;oksa osQ fy,] ifjf'k"V 1 dks nsf[k, vkSj uhps nh gqbZ miifÙk dks
i<+rs le; bUgsa è;ku esa jf[k,A

izes; 6.1 : ;fn nks js[kk,¡ ijLij izfrPNsn djrh gSa] rks 'kh"kkZfHkeq[k dks.k cjkcj gksrs gSaA

miifÙk : mijksDr dFku esa ;g fn;k gS fd nks js[kk,¡
ijLij izfrPNsn djrh gSaA vr% eku yhft, fd AB

vkSj CD nks js[kk,¡ gSa tks ijLij fcanq O ij izfrPNsn
djrh gSa] tSlk fd vkÑfr 6-8 esa n'kkZ;k x;k gSA blls
gesa 'kh"kkZfHkeq[k dks.kksa osQ fuEu nks ;qXe izkIr gksrs gSa%

(i) ∠ AOC vkSj ∠ BOD (ii) ∠ AOD vkSj ∠ BOC

gesa fl¼ djuk gS fd ∠ AOC = ∠ BOD gS vkSj ∠ AOD = ∠ BOC gSA

vc fdj.k OA js[kk CD ij [kM+h gSA

vr%] ∠ AOC + ∠ AOD = 180º (jSf[kd ;qXe vfHkx`ghr) (1)

D;k ge ∠ AOD + ∠ BOD = 180º fy[k ldrs gSa\ gk¡A (D;ksa\) (2)

(1) vkSj (2) ls] ge fy[k ldrs gSa fd%

                                  ∠ AOC + ∠ AOD = ∠ AOD + ∠ BOD

blls fu"d"kZ fudyrk gS fd ∠ AOC = ∠ BOD (vuqPNsn 5-2 dk vfHkx`ghr 3 nsf[k,)

vko`Qfr 6.8 : 'kh"kkZfHkeq[k dks.k
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blh izdkj] fl¼ fd;k tk ldrk gS fd ∠AOD = ∠BOC gSA
vkb, vc jSf[kd ;qXe vfHkx`ghr vkSj izes; 6-1 ij vk/kfjr oqQN mnkgj.k gy djsaA

mnkgj.k 1 : vkÑfr 6-9 esa] js[kk,¡ PQ vkSj RS ijLij
fcanq O ij izfrPNsn djrh gSaA ;fn ∠ POR : ∠ ROQ

= 5 : 7 gS] rks lHkh dks.k Kkr dhft,A

gy : ∠ POR +∠ ROQ = 180º

(jSf[kd ;qXe osQ dks.k)
ijUrq] ∠ POR : ∠ ROQ = 5 : 7 (fn;k gS)

vr%] ∠ POR =
5

12
 × 180° = 75°

blh izdkj] ∠ ROQ =
7

12
 × 180° = 105°

vc ∠ POS = ∠ROQ = 105° ('kh"kkZfHkeq[k dks.k)

vkSj ∠ SOQ = ∠POR = 75° ('kh"kkZfHkeq[k dks.k)

mnkgj.k 2 : vkÑfr 6-10 esa] fdj.k OS js[kk POQ ij [kM+h gSA fdj.k OR vkSj OT

Øe'k% ∠ POS vkSj ∠ SOQ osQ lef}Hkktd gSaA ;fn ∠ POS = x gS] rks ∠ ROT Kkr
dhft,A

gy : fdj.k OS js[kk POQ ij [kM+h gSA

vr%, ∠ POS + ∠ SOQ = 180º

ijUrq] ∠ POS = x

vr%] x + ∠ SOQ = 180º

blfy,] ∠ SOQ = 180º – x

vc fdj.k OR, ∠ POS dks lef}Hkkftr djrh gSA

blfy,] ∠ ROS =
1

2
 × ∠ POS

=
1

2
 × x = 

2

x

vko`Qfr 6.9

vko`Qfr 6.10
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blh izdkj] ∠ SOT =
1

2
 × ∠ SOQ

=
1

2
 × (180° – x)

= 90
2

x
° −

vc] ∠ ROT = ∠ ROS + ∠ SOT

= 90 –
2 2

x x
+ °

= 90°

mnkgj.k 3 : vkÑfr 6-11 esa] OP, OQ, OR vkSj OS

pkj fdj.ksa gSaA fl¼ dhft, fd ∠ POQ + ∠ QOR +

∠ SOR + ∠ POS = 360° gSA

gy : vkÑfr 6.11 esa] vkidks fdj.kksa OP, OQ, OR

vkSj OS esa ls fdlh ,d dks ihNs ,d fcanq rd
c<+k, tkus dh vko';drk gSA vkb, fdj.k OQ dks
,d fcanq T rd ihNs c<+k nsa rkfd  TOQ ,d js[kk
gks (nsf[k, vkÑfr 6-12)A

vc fdj.k OP js[kk TOQ ij [kM+h gSA

vr%] ∠ TOP + ∠ POQ = 180° (1)

(jSf[kd ;qXe vfHkx`ghr)

blh izdkj] fdj.k OS  js[kk TOQ ij [kM+h gSA

vr%] ∠ TOS + ∠ SOQ = 180° (2)

ijUrq ∠ SOQ = ∠ SOR + ∠ QOR gSA

vr%] (2) fuEu gks tkrh gS %
∠ TOS + ∠ SOR + ∠ QOR = 180° (3)

vko`Qfr  6.11

vko`Qfr  6.12
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vc] (1) vkSj (3) dks tksM+us ij] vkidks izkIr gksxk%
∠ TOP + ∠ POQ + ∠ TOS + ∠ SOR + ∠ QOR = 360° (4)

ijUrq ∠ TOP + ∠ TOS = ∠ POS gSA

vr%] (4) fuEu gks tkrh gS %
∠ POQ + ∠ QOR + ∠ SOR + ∠ POS = 360°

iz'ukoyh 6.1

1. vkÑfr 6.13 esa, js[kk,¡ AB vkSj CD fcanq O ij izfrPNsn
djrh gSaA ;fn  ∠ AOC + ∠ BOE = 70° gS  vkSj
∠ BOD = 40° gS] rks ∠ BOE vkSj izfrorhZ ∠ COE Kkr
dhft,A

2. vkÑfr 6-14 esa] js[kk,¡  XY vkSj MN fcanq O ij
izfrPNsn djrh gS aA ;fn ∠ POY = 90° vkSj
a : b = 2 : 3 gS, rks c Kkr dhft,A

3. vkÑfr 6.15 esa] ;fn ∠ PQR = ∠ PRQ gS] rks fl¼
dhft, fd ∠ PQS = ∠ PRT gSA

vko`Qfr  6.13

vko`Qfr  6.14

vko`Qfr  6.15
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4. vkÑfr 6.16 esa, ;fn x + y = w + z gS, rks fl¼ dhft,
fd AOB ,d js[kk gSA

5. vkÑfr  6.17 esa, POQ ,d js[kk gSA fdj.k OR js[kk
PQ ij yEc gSA fdj.kksa OP vkSj OR osQ chp esa OS

,d vU; fdj.k gSA fl¼ dhft,%

∠ ROS = 
1

2
 (∠ QOS – ∠ POS)

6. ;g fn;k gS fd ∠ XYZ = 64° gS vkSj XY dks fcanq P rd c<+k;k x;k gSA nh gqbZ lwpuk ls
,d vkÑfr [khafp,A ;fn fdj.k YQ, ∠ ZYP dks lef}Hkkftr djrh gS] rks ∠ XYQ vkSj
izfrorhZ ∠ QYP ds eku Kkr dhft,A

6.5 ,d gh js[kk osQ lekarj js[kk,¡

;fn nks js[kk,¡ ,d gh js[kk osQ lekarj gksa] rks D;k os
ijLij lekarj gks axh\ vkb, bldh tk¡p djsaA
vkÑfr 6-18 dks nsf[k,] ftlesa m || l gS vkSj n || l gSA
vkb, js[kkvksa l, m vkSj n osQ fy, ,d fr;Zd js[kk
t [khapsaA ;g fn;k gS fd m || l gS vkSj n || l gSA

vr%] ∠ 1 = ∠ 2 vkSj ∠ 1 = ∠ 3 gSA
(laxr dks.k vfHkx`ghr)

blfy,] ∠ 2 = ∠ 3 (D;ksa\)

ijUrq ∠ 2 vkSj ∠ 3 laxr dks.k gSa vkSj cjkcj gSaA

vkÑfr  6.16

vkÑfr 6.17

vko`Qfr  6.18
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vr%] vki dg ldrs gSa fd

m || n (laxr dks.k vfHkx`ghr dk foykse)

bl ifj.kke dks ,d izes; osQ :i esa fuEu izdkj O;Dr fd;k tk ldrk gS%

izes; 6.2 : os js[kk,¡ tks ,d gh js[kk osQ lekarj gksa] ijLij lekarj gksrh gSaA

fVIi.kh : mijksDr xq.k dks nks ls vf/d js[kkvksa osQ fy, Hkh ykxw fd;k tk ldrk gSA

vkb, vc lekarj js[kkvksa ls lacaf/r oqQN iz'u gy djsa%

mnkgj.k 4 : vkÑfr 6.19 esa, ;fn PQ || RS, ∠ MXQ = 135° vkSj ∠ MYR = 40° gS, rks
∠ XMY Kkr dhft,A

vkÑfr 6.19 vkÑfr 6.20

gy : ;gk¡ gesa m ls gksdj] js[kk PQ osQ lekarj ,d js[kk AB [khapus dh vko';drk gS]
tSlk fd vkÑfr 6-20 esa fn[kk;k x;k gSA vc]  AB || PQ vkSj PQ || RS gSA

vr%] AB || RS gSA (D;ksa\)

vc] ∠ QXM + ∠  XMB = 180°

 (AB || PQ, fr;Zd js[kk XM osQ ,d gh vksj osQ var% dks.k)

ijUrq] ∠ QXM = 135° gSA blfy,]

135° + ∠ XMB = 180°

vr%] ∠ XMB = 45°  (1)

vc] ∠ BMY = ∠ MYR (AB || RS, ,dkarj dks.k)

vr%] ∠ BMY = 40°  (2)
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(1) vkSj (2) dks tksM+us ij] vkidks izkIr gksxk %

∠ XMB + ∠ BMY = 45° + 40°

vFkkZr] ∠ XMY = 85°

mnkgj.k 5 : ;fn ,d fr;Zd js[kk nks js[kkvksa dks bl izdkj izfrPNsn djs fd laxr dks.kksa
osQ ,d ;qXe osQ lef}Hkktd ijLij lekarj gksa] rks fl¼ dhft, fd nksuksa js[kk,¡ Hkh ijLij
lekarj gksrh gSaA

gy : vkÑfr 6-21 esa] ,d fr;Zd js[kk AD nks js[kkvksa PQ vkSj RS dks Øe'k% fcanqvksa B
vkSj C ij izfrPNsn djrh gSA fdj.k BE, ∠ ABQ dh lef}Hkktd gS vkSj fdj.k CG,

∠ BCS dh lef}Hkktd gS rFkk BE || CG gSA

geas fl¼ djuk gS fd PQ || RS gSA

;g fn;k gS fd fdj.k BE, ∠ ABQ dh lef}Hkktd gSA

vr%] ∠ ABE =
1

2
 ∠ ABQ  (1)

blh izdkj fdj.k CG, ∠ BCS dh lef}Hkktd gSA

vr%] ∠ BCG =
1

2
 ∠ BCS  (2)

ijUrq] BE || CG gS vkSj AD ,d fr;Zd js[kk gSA

vr%] ∠ ABE = ∠ BCG

            (laxr dks.k vfHkx`ghr)  (3)

(3) esa] (1) vkSj (2) dks izfrLFkkfir djus ij] vkidks izkIr gksxk%

1

2
 ∠ ABQ =

1

2
 ∠ BCS

vFkkZr~] ∠ ABQ = ∠ BCS

ijUrq] ;s fr;Zd js[kk AD }kjk js[kkvksa PQ vkSj RS osQ lkFk cuk, x, laxr dks.k gSa vkSj
;s cjkcj gSaA

vkÑfr 6.21
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vr%] PQ || RS

(laxr dks.k vfHkx`ghr dk foykse)

mnkgj.k 6 : vkÑfr 6.22 esa, AB || CD vkSj CD || EF gSA
lkFk gh] EA ⊥ AB gSA ;fn ∠ BEF = 55° gS] rks x, y vkSj
z osQ eku Kkr dhft,A

gy : y + 55° = 180° (CD || EF, fr;Zd

js[kk ED osQ ,d gh vksj osQ var% dks.k)

vr%] y = 180° – 55° = 125°

iqu%] x = y  (AB || CD, laxr dks.k vfHkx`ghr )

blfy,] x = 125°

vc pwa¡fd AB || CD vkSj CD || EF gS, blfy, AB || EF gSA

vr%] ∠ EAB + ∠ FEA = 180°

(fr;Zd js[kk EA osQ ,d gh vksj osQ var% dks.k)

blfy,] 90° + z + 55° = 180°

ftlls] z = 35° izkIr gksrk gSA

iz'ukoyh 6.2

1. vkÑfr 6.23 esa] ;fn AB || CD, CD || EF vkSj
y : z = 3 : 7 gS, rks x dk eku Kkr dhft,A

2. vkÑfr 6.24 esa] ;fn AB || CD, EF ⊥ CD vkSj
∠ GED = 126° gS] rks  ∠ AGE, ∠ GEF vkSj ∠ FGE

Kkr dhft,A

vkÑfr 6.22

vkÑfr 6.23

vkÑfr 6.24
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3. vkÑfr 6.25 esa, ;fn PQ || ST, ∠ PQR = 110° vkSj
∠ RST = 130° gS] rks ∠ QRS Kkr dhft,A

[laosQr % fcanq R ls gksdj ST osQ lekarj ,d js[kk
[khafp,A]

4. vkÑfr 6.26 esa, ;fn AB || CD, ∠ APQ = 50° vkSj
∠ PRD = 127° gS] rks x vkSj y Kkr dhft,A

5. vkÑfr 6.27 esa] PQ vkSj RS nks niZ.k gSa tks ,d nwljs
osQ lekarj j[ks x, gSaA ,d vkiru fdj.k (incident

ray) AB, niZ.k PQ ls B ij Vdjkrh gS vkSj ijkofrZr
fdj.k (reflected ray) iFk BC ij pydj niZ.k RS

ls C ij Vdjkrh gS rFkk iqu% CD osQ vuqfn'k ijkofrZr
gks tkrh gSA fl¼ dhft, fd AB || CD gSA

6.6 lkjka'k

bl vè;k; esa] vkius fuEu fcanqvksa dk vè;;u fd;k gS%

1. ;fn ,d fdj.k ,d js[kk ij [kM+h gks] rks bl izdkj cus nksuksa vklUu dks.kksa dk ;ksx 180º

gksrk gS vkSj foykser% ;fn nks vklUu dks.kksa dk ;ksx 180º gS] rks mudh vmHk;fu"B Hkqtk,¡
,d js[kk cukrh gSaA bu xq.kksa dks feykdj jSf[kd ;qXe vfHkx`ghr dgrs gSaA

2. ;fn nks js[kk,¡ ijLij izfrPNsn djsa] rks 'kh"kkZfHkeq[k dks.k cjkcj gksrs gSaA

3. os js[kk,¡ tks ,d gh js[kk osQ lekarj gksrh gSa ijLij lekarj gksrh gSaA

vkÑfr 6.25

vkÑfr 6.26

vkÑfr 6.27
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vè;k; 7

f=kHkqt

7.1 Hkwfedk

vki fiNyh d{kkvksa esa] f=kHkqtksa vkSj muosQ fofHkUu xq.kksa osQ ckjs esa vè;;u dj pqosQ gSaA
vki tkurs gSa fd rhu izfrPNsnh js[kkvksa }kjk cukbZ xbZ ,d can vko`Qfr (closed figure)

,d f=kHkqt  (triangle)  dgykrh gS (^f=k* dk vFkZ gS ^rhu*)A ,d f=kHkqt dh rhu Hkqtk,¡]
rhu dks.k vkSj  rhu 'kh"kZ gksrs gSaA mnkgj.kkFkZ] vko`Qfr 7.1 esa fn, f=kHkqt  ABC, ftls  ∆
ABC ls O;Dr djrs gSa] dh rhu Hkqtk,¡  AB, BC vkSj CA  gSa]  ∠ A, ∠ B vkSj ∠ C  blosQ
rhu dks.k gSa rFkk A, B vkSj C blosQ rhu 'kh"kZ gSaA

vè;k; 6 esa] vki f=kHkqtksa osQ oqQN xq.kksa dk Hkh
vè;;u dj pqosQ gSaA bl vè;k; esa] vki f=kHkqtksa dh
lok±xlerk (congruence), lok±xlerk osQ fu;eksa] f=kHkqtksa
osQ oqQN vU; xq.kksa vkSj f=kHkqtksa esa vlfedkvksa
(inequalities) osQ ckjs esa foLr`r :i ls vè;;u djasxsA
vki fiNyh d{kkvksa osQ bu xq.kksa esa ls vf/drj xq.kksa
dh lR;rk dh tk¡p fØ;kdykiksa }kjk dj pqosQ gSaA ;gk¡
ge buesa ls oqQN xq.kksa dks fl¼ Hkh djsaxsA

7.2 f=kHkqtksa dh lok±xlerk

vkius ;g vo'; gh ns[kk gksxk fd vkidh iQksVks dh ,d gh lkbt dh nks izfr;k¡ loZle
(identical) gksrh gSaA blh izdkj] ,d gh eki dh nks pwfM+;k¡ vkSj ,d gh cSad }kjk tkjh
fd, x, nks ,Vh,e (ATM) dkMZ loZle gksrs gSaA vkius ns[kk gksxk fd ;fn ,d gh o"kZ

vko`Qfr 7.1
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esa <ys (cus) nks ,d #i, osQ flDdksa esa ls ,d dks nwljs ij j[ksa] rks os ,d nwljs dks
iw.kZr;k <d ysrs gSaA

D;k vkidks ;kn gS fd ,slh vko`Qfr;ksa dks oSQlh vko`Qfr;k¡ dgrs gSa\ fu%lansg ;s
lok±xle vko`Qfr;k¡ (congruent figures) dgykrh gSa (^lok±xle* dk vFkZ gS ^lHkh
izdkj ls cjkcj*] vFkkZr~ os vko`Qfr;k¡ ftuosQ leku vkdkj vkSj leku eki gSa)A

vc ,d gh f=kT;k osQ nks o`Ùk [khafp, vkSj ,d dks nwljs ij jf[k,A vki D;k ns[krs
gSa\ ;s ,d nwljs dks iw.kZr;k <d ysrs gSa vkSj ge bUgsa lok±xle o`Ùk dgrs gSaA

blh fØ;kdyki dh ,d gh eki dh
Hkqtkvksa okys nks oxks± dks [khap dj vkSj
fiQj ,d oxZ dks nwljs oxZ ij j[kdj
(nsf[k, vkòQfr 7-2) vFkok cjkcj Hkqtkvksa
okys nks leckgq f=kHkqtksa dks ,d nwljs ij
j[kdj] iqujko`fÙk dhft,A vki ns[ksaxs fd
oxZ lok±xle gSa vkSj leckgq f=kHkqt Hkh
lok±xle gSaA

vki lksp ldrs gSa fd ge lok±xlerk dk vè;;u D;ksa dj jgs gSaA vkius vius
jsizQhtjsVj esa ciZQ dh Vªs (ice tray) vo'; gh ns[kh gksxhA è;ku nhft, fd ciZQ tekus osQ
fy, cus lHkh [kk¡ps lok±xle gSaA Vªs esa ([kk¡pksa osQ fy, iz;ksx fd, x, lk¡pksa dh xgjkb;k¡
Hkh lok±xle gksrh gSa (;s lHkh vk;rkdkj ;k lHkh o`Ùkkdkj ;k lHkh f=kHkqtkdkj gks ldrs
gSa)A vr%] tc Hkh loZle (,d tSlh) oLrq,¡ cukuh gksrh gSa] rks lk¡ps cukus osQ fy,
lok±xlerk dh ladYiuk dk iz;ksx fd;k tkrk gSA

dHkh&dHkh vkidks vius isu osQ fjfiQy (refill) cnyus esa Hkh dfBukbZ gks ldrh gS]
;fn u;k fjfiQy vkiosQ isu osQ lkbt dk u gksA Li"Vr% fjfiQy rHkh isu esa yx ik,xk]
tcfd iqjkuh fjfiQy vkSj u;k fjfiQy lok±xle gksaxsA bl izdkj] vki nSfud thou dh
fLFkfr;ksa esa ,sls vusd mnkgj.k Kkr dj ldrs gSa] tgk¡ oLrqvksa dh lok±xlerk dk mi;ksx
gksrk gSA

D;k vki lok±xle vko`Qfr;ksa osQ oqQN vkSj mnkgj.k lksp ldrs gSa\

vc] fuEu esa ls dkSu&dkSu lh vkòQfr;k¡ vkòQfr 7-3 (i) esa fn, oxZ osQ lok±xle ugha gSa\

vko`Qfr  7.2
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vko`Qfr 7.3 (ii) vkSj vko`Qfr 7-3 (iii) esa fn, cM+s oxZ Li"Vr% vko`Qfr 7.3 (i) osQ oxZ
osQ lok±xle ugha gSaA ijUrq vko`Qfr 7.3 (iv) esa fn;k gqvk oxZ vko`Qfr 7.3 (i) esa fn, oxZ
osQ lok±xle gSA

vko`Qfr  7.3

vkb, vc nks f=kHkqtksa dh lok±xlerk dh ppkZ djsaA

vki igys ls ;g tkurs gSa fd nks f=kHkqt lok±xle gksrs gSa] ;fn ,d f=kHkqt dh Hkqtk,¡
vkSj dks.k nwljs f=kHkqt dh laxr Hkqtkvksa vkSj dks.kksa osQ cjkcj gksaA

vc] fuEu esa ls dkSu&dkSu ls f=kHkqt vko`Qfr 7.4 (i) esa fn, f=kHkqt ABC osQ lok±xle
gSa\

vko`Qfr  7.4
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vko`Qfr 7.4 (ii) ls vko`Qfr 7.4 (v) rd osQ izR;sd f=kHkqt dks dkV dj mls iyV dj
∆ ABC ij j[kus dk iz;Ru dhft,A nsf[k, fd vko`Qfr;ksa  7.4 (ii), (iii) vkSj (iv) esa fn,
f=kHkqt  ∆ ABC osQ lok±xle gSa] tcfd 7.4 (v) dk  ∆ TSU, ∆ ABC  osQ lok±xle ugha gSA

;fn  ∆ PQR, ∆ ABC osQ lok±xle gS] rks ge  ∆ PQR ≅ ∆ ABC  fy[krs gSaA

è;ku nhft, fd tc  ∆ PQR ≅ ∆ ABC gks] rks  ∆ PQR dh Hkqtk,¡  ∆ ABC dh laxr
cjkcj Hkqtkvksa ij iM+saxh vkSj ,slk gh dks.kksa osQ fy, Hkh gksxkA

vFkkZr~ Hkqtk PQ Hkqtk AB dks <drh gS] Hkqtk  QR  Hkqtk BC  dks <drh gS vkSj Hkqtk
RP Hkqtk CA dks <drh gS_ dks.k P  dks.k  A  dks <drk gS] dks.k Q dks.k B dks <drk gS vkSj
dks.k  R dks.k  C dks <drk gSA lkFk gh] nksuksa f=kHkqtksa osQ 'kh"kks± esa ,d&,d laxrrk (one-

one correspondence)  gSA vFkkZr~ 'kh"kZ  P 'kh"kZ A  osQ laxr gS] 'kh"kZ Q 'kh"kZ B osQ laxr gS
vkSj 'kh"kZ R 'kh"kZ C osQ laxr gSA bls fuEu :i esa fy[kk tkrk gS %

P ↔ A, Q ↔ B, R ↔ C

è;ku nhft, fd bl laxrrk osQ varxZr]  ∆ PQR ≅ ∆ ABC gSA ijUrq bls  ∆QRP ≅

∆ ABC fy[kuk xyr gksxkA

blh izdkj] vko`Qfr 7.4 (iii) osQ fy,]

FD ↔ AB, DE ↔ BC vkSj EF ↔ CA

rFkk F ↔ A, D ↔ B vkSj E ↔ C gSA

blfy,] ∆ FDE ≅ ∆ ABC fy[kuk lgh gS] ijUrq  ∆ DEF ≅ ∆ ABC  fy[kuk xyr
gksxkA

vko`Qfr 7.4 (iv) osQ f=kHkqt vkSj  ∆ ABC  osQ chp laxrrk fyf[k,A

vr%] f=kHkqtksa dh lok±xlerk dks lkaosQfrd :i esa fy[kus osQ fy,] muosQ 'kh"kks± dh
laxrrk dks lgh izdkj ls fy[kuk vko';d gSA

è;ku nhft, fd lok±xle f=kHkqtksa esa laxr Hkkx cjkcj gksrs gSa vkSj ^lok±xle
f=kHkqtksa osQ laxr Hkkxksa osQ fy,* ge la{ksi esa ‘CPCT’ fy[krs gSaA

7.3 f=kHkqtksa dh lok±xlerk osQ fy, dlkSfV;k¡

fiNyh d{kkvksa esa] vki f=kHkqtksa dh lok±xlerk osQ fy, pkj dlkSfV;k¡ (criteria) ;k fu;e
(rules) i<+ pqosQ gSaA vkb, budk iqu£oyksdu djsaA
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,d Hkqtk  3 cm ysdj nks f=kHkqt [khafp, (nsf[k, vko`Qfr 7.5)A D;k ;s f=kHkqt lok±xle
gSa\ è;ku nhft, fd ;s f=kHkqt lok±xle ugha gSaA

vko`Qfr  7.5

vc nks f=kHkqt [khafp, ftues a ,d Hkqtk 4 cm gS vkSj ,d dks.k 50° gS
(nsf[k, vko`Qfr 7.6) A D;k ;s f=kHkqt lok±xle gSa\

vko`Qfr  7.6

nsf[k, fd ;s nksuksa f=kHkqt lok±xle ugha gSaA

bl fØ;kdyki dks f=kHkqtksa osQ oqQN vkSj ;qXe [khap dj nksgjkb,A

vr%] Hkqtkvksa osQ ,d ;qXe dh lerk vFkok Hkqtkvksa osQ ,d ;qXe vkSj dks.kksa osQ ,d
;qXe dh lerk gesa lok±xle f=kHkqt nsus osQ fy, i;kZIr ugha gSA

ml fLFkfr esa D;k gksxk tc cjkcj dks.kksa dh Hkqtkvksa dk vU; ;qXe Hkh cjkcj gks
tk,\

vko`Qfr 7.7 esa BC = QR, ∠ B = ∠ Q vkSj lkFk gh AB = PQ gSA vc vki ∆ ABC

vkSj ∆ PQR dh lok±xlerk osQ ckjs esa D;k dg ldrs gSa\
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fiNyh d{kkvksa ls ;kn dhft, fd bl fLFkfr esa] nksuksa f=kHkqt lok±xle gksrs gSaA vki
bldk lR;kiu] ∆ ABC dks dkV dj vkSj mls  ∆ PQR ij j[k dj dj ldrs gSaA bl
fØ;kdyki dks f=kHkqtksa osQ vU; ;qXe ysdj nksgjkb,A D;k vki ns[krs gSa fd nks Hkqtkvksa
vkSj varxZr dks.k dh lerk f=kHkqtksa dh lok±xlerk osQ fy, i;kZIr gS\ gk¡] ;g i;kZIr
gSA

vko`Qfr  7.7

;g f=kHkqtksa dh lok±xlerk dh igyh dlkSVh (criterion) gSA

vfHkx`ghr 7.1 (SAS lok±xlerk fu;e) : nks f=kHkqt lok±xle gksrs gSa] ;fn ,d f=kHkqt
dh nks Hkqtk,¡ vkSj mudk varxZr dks.k nwljs f=kHkqt dh nks Hkqtkvksa vkSj muosQ varxZr dks.k
osQ cjkcj gksaA

bl ifj.kke dks blls igys Kkr ifj.kkeksa dh lgk;rk ls fl¼ ugha fd;k tk
ldrk gS vkSj blhfy, bls ,d vfHkx`ghr osQ :i esa lR; eku fy;k x;k gS
(nsf[k, ifjf'k"V 1)A

vkb, vc oqQN mnkgj.k ysaA

mnkgj.k 1 : vko`Qfr 7.8 esa OA = OB vkSj OD = OC gSA n'kkZb, fd

(i) ∆ AOD ≅ ∆ BOC vkSj (ii) AD || BC gSA

gy : (i)  ∆ AOD vkSj ∆ BOC esa]

OA = OB
(fn;k gS)

OD = OC

lkFk gh] D;ksafd ∠ AOD vkSj ∠ BOC 'kh"kkZfHkeq[k dks.kksa dk ,d ;qXe gS] vr%

∠ AOD = ∠ BOC

blfy,] ∆ AOD ≅ ∆ BOC (SAS lok±xlerk fu;e }kjk)

vko`Qfr  7.8






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(ii) lok±xle f=kHkqtksa  AOD vkSj BOC esa] vU; laxr Hkkx Hkh cjkcj gksaxsA

vr%] ∠ OAD = ∠ OBC gSA ijUrq ;s js[kk[kaMksa  AD  vkSj  BC osQ fy, ,dkarj dks.kksa dk
,d ;qXe cukrs gSaA

vr%] AD || BC gSA

mnkgj.k 2 : AB ,d js[kk[kaM gS vkSj js[kk l bldk yEc lef}Hkktd gSA ;fn  l  ij fLFkr
P dksbZ fcanq gS] rks n'kkZb, fd  P  fcanqvksa  A  vkSj  B ls lenwjLFk (equidistant) gSA

gy : l ⊥ AB  gS vkSj  AB  osQ eè;&fcanq  C  ls gksdj
tkrh gS (nsf[k, vko`Qfr 7.9)A vkidks n'kkZuk gS fd
PA = PB gSA blosQ fy,  ∆ PCA vkSj ∆ PCB ij
fopkj dhft,A gesa izkIr gS %

AC = BC (C, AB dk eè;&fcanq gS)

∠ PCA = ∠ PCB = 90°  (fn;k gS)

PC = PC  (mHk;fu"B)

vr%]     ∆ PCA ≅ ∆ PCB (SAS fu;e)

blfy,]  PA = PB  (lok±xle f=kHkqtksa dh laxr Hkqtk,¡)

vkb, vc nks f=kHkqtksa dh jpuk djsa ftudh nks Hkqtk,¡  4 cm  vkSj  5 cm gSa vkSj ,d
dks.k 50°  gS rFkk lkFk gh ;g dks.k cjkcj Hkqtkvksa osQ chp varxZr dks.k ugha gS
(nsf[k, vko`Qfr  7.10)A D;k ;s f=kHkqt lok±xle gSa\

vko`Qfr  7.10

vko`Qfr  7.9
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è;ku nhft, fd ;s nksuksa f=kHkqt lok±xle ugha gSaA

f=kHkqtksa osQ oqQN vU; ;qXe ysdj bl fØ;kdyki dks nksgjkb,A vki ns[ksaxs fd nksuksa
f=kHkqtksa dh lok±xlerk osQ fy, ;g vko';d gS fd cjkcj dks.k cjkcj Hkqtkvksa osQ
varxZr dks.k gksA

vr%] SAS  fu;e rks lR; gS] ijUrq  ASS  ;k  SSA  fu;e lR; ugha gSA

vc] ,sls nks f=kHkqtksa dh jpuk djus dk iz;Ru dfj,] ftuesa nks dks.k  60°  vkSj  45°

gksa rFkk bu dks.kksa dh varxZr Hkqtk  4 cm gks (nsf[k, vko`Qfr 7.11)A

vko`Qfr  7.11

bu nksuksa f=kHkqtksa dks dkfV, vkSj ,d f=kHkqt dks nwljs osQ Åij jf[k,A vki D;k ns[krs
gSa\ nsf[k, fd ,d f=kHkqt nwljs f=kHkqt dks iw.kZr;k <d ysrk gS] vFkkZr~ nksuksa f=kHkqt
lok±xle gSaA oqQN vkSj f=kHkqtksa dks ysdj bl fØ;kdyki dks nksgjkb,A vki ns[ksaxs fd
f=kHkqtksa dh lok±xlerk osQ fy,] nks dks.kksa vkSj mudh varxZr Hkqtk dh lerk i;kZIr gSA

;g ifj.kke dks.k&Hkqtk&dks.k (Angle-Side-Angle) dlkSVh gS vkSj bls ASA  lok±xlerk
dlkSVh fy[kk tkrk gSA vki fiNyh d{kkvksa esa] bldh lR;rk dh tk¡p dj pqosQ +++gSaA
vkb, bl ifj.kke dks fl¼ djsaA

pw¡fd bl ifj.kke dks fl¼ fd;k tk ldrk gS] blfy, bls ,d izes; (theorem)

dgk tkrk gSA bls fl¼ djus osQ fy,] ge SAS lok±xlerk fu;e dk iz;ksx djsaxsA

izes; 7.1  (ASA lok±xlerk fu;e) : nks f=kHkqt lok±xle gksrs gSa] ;fn ,d f=kHkqt osQ nks
dks.k vkSj mudh varxZr Hkqtk nwljs f=kHkqt osQ nks dks.kksa vkSj mudh varxZr Hkqtk osQ cjkcj
gksaA

miifÙk : gesa nks f=kHkqt  ABC  vkSj DEF fn, gSa] ftuesa ∠ B = ∠ E, ∠ C = ∠ F vkSj
BC = EF  gSA gesa ∆ ABC ≅ ∆ DEF  fl¼ djuk gSA
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nksuksa f=kHkqtksa dh lok±xlerk osQ fy, nsf[k, fd ;gk¡ rhu fLFkfr;k¡ laHko gSaA

fLFkfr (i) : eku yhft,  AB = DE  gS(nsf[k, vkÑfr 7-12)A

vc vki D;k ns[krs gSa\ vki ns[k ldrs gSa fd

AB = DE (dYiuk dh gS)

∠ B = ∠ E (fn;k gS)

BC = EF (fn;k gS)

vr%] ∆ ABC ≅ ∆ DEF (SAS fu;e }kjk)

vko`Qfr  7.12

fLFkfr (ii) : eku yhft,] ;fn laHko gS rks]  AB > DE gSA blfy,] ge  AB ij ,d fcanq
P  ,slk ys ldrs gSa fd PB = DE gks (nsf[k, vko`Qfr 7.13)A

vko`Qfr  7.13

vc  ∆ PBC vkSj  ∆ DEF esa]

PB = DE (jpuk ls)

∠ B = ∠ E (fn;k gS)

BC = EF (fn;k gS)
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vr%] ge fu"d"kZ fudky ldrs gSa fd

∆ PBC ≅ ∆ DEF (SAS  lok±xlerk vfHkx`ghr }kjk)

pw¡fd nksuksa f=kHkqt lok±xle gSa] blfy, buosQ laxr Hkkx cjkcj gksus pkfg,A

vr%] ∠ PCB = ∠ DFE

ijUrq gesa fn;k gS fd

∠ ACB = ∠ DFE

vr%] ∠ ACB = ∠ PCB

ijUrq D;k ;g laHko gS\

;g rHkh laHko gS] tc  P  fcanq  A osQ lkFk laikrh gksA

;k BA = ED

vr%] ∆ ABC ≅ ∆ DEF (SAS vfHkx`ghr }kjk)

fLFkfr (iii) : ;fn AB < DE gks] rks ge DE ij ,d fcanq  M bl izdkj ys ldrs gSa fd
ME = AB gksA vc fLFkfr (ii)  okys roZQ.k dks nksgjkrs gq,] ge fu"d"kZ fudky ldrs gSa
fd AB = DE gS vkSj blhfy, ∆ ABC ≅ ∆ DEF  gSA

vc eku yhft, fd nks f=kHkqtksa esa nks dks.kksa osQ ;qXe vkSj laxr Hkqtkvksa dk ,d ;qXe
cjkcj gSa] ijUrq ;s Hkqtk,¡ cjkcj dks.kksa osQ ;qXeksa dh varxZr Hkqtk,¡ ugha gSaA D;k ;s f=kHkqt
vHkh Hkh lok±xle gSa\ vki ns[ksaxs fd ;s f=kHkqt lok±xle gSaA D;k vki bldk dkj.k crk
ldrs gSa\

vki tkurs gSa fd f=kHkqt osQ rhuksa dks.kksa dk ;ksx  180°  gksrk gSA vr% f=kHkqtksa osQ dks.kksa
osQ nks ;qXe cjkcj gksus ij muosQ rhljs dks.k Hkh cjkcj gksaxs  (180° – nksuksa cjkcj dks.kksa
dk ;ksx)A

vr%] nks f=kHkqt lok±xle gksrs gSa] ;fn bu f=kHkqtksa osQ nks dks.kksa osQ ;qXe cjkcj gksa vkSj
laxr Hkqtkvksa dk ,d ;qXe cjkcj gksA ge bls AAS  lok±xlerk fu;e dg ldrs gSaA

vkb, vc fuEufyf[kr fØ;kdyki djsa %

40°, 50° vkSj 90°  okys oqQN f=kHkqt [khafp,A
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vki ,sls fdrus f=kHkqt [khap ldrs gsa\ okLro esa] Hkqtkvksa dh fofHkUu yackb;k¡ ysdj
ge ,sls ftrus pkgs mrus f=kHkqt [khap ldrs gSa (nsf[k, vko`Qfr 7.14)A

vko`Qfr  7.14

nsf[k, fd ;s f=kHkqt lok±xle gks Hkh ldrs gSa vkSj ugha Hkh gks ldrs gSaA

vr%] rhu dks.kksa dh lerk f=kHkqtksa dh lok±xlerk osQ fy, i;kZIr ugha gSA blfy,]
f=kHkqtksa dh lok±xlerk osQ fy,] rhu cjkcj Hkkxksa esa ls ,d cjkcj Hkkx Hkqtk vo'; gksuk
pkfg,A

vkb, vc oqQN vkSj mnkgj.k ysaA

mnkgj.k 3 : js[kk[kaM AB ,d vU; js[kk[kaM CD osQ lekarj gS vkSj  O  js[kk[kaM  AD  dk
eè;&fcanq gS (nsf[k, vko`Qfr 7.15)A n'kkZb, fd (i) ∆AOB ≅ ∆DOC (ii) O js[kk[kaM BC dk
Hkh eè;&fcanq gSA

gy : (i)  ∆ AOB vkSj  ∆ DOC  ij fopkj dhft,A

∠ ABO = ∠ DCO (,dkarj dks.k vkSj fr;Zd js[kk  BC  osQ lkFk AB || CD)

∠ AOB = ∠ DOC ('kh"kkZfHkeq[k dks.k)

OA = OD (fn;k gS)

vr%] ∆ AOB ≅ ∆ DOC (AAS fu;e)

(ii) OB = OC (CPCT)

vFkkZr~  O,  js[kk[kaM  BC dk Hkh eè;&fcanq gSA

vko`Qfr 7.15
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iz'ukoyh 7.1

1. prqHkqZt  ACBD  esa] AC = AD gS vkSj
AB dks.k A dks lef}Hkkftr djrk gS
(nsf[k, vko`Qfr 7-16)A n'kkZb, fd
∆ ABC ≅ ∆ ABD  gSA

BC  vkSj  BD  osQ ckjs esa vki D;k dg
ldrs gSa\

2. ABCD ,d prqHkqZt gS] ftlesa  AD = BC vkSj
∠ DAB = ∠ CBA gS (nsf[k, vko`Qfr 7.17)A fl¼
dhft, fd

(i) ∆ ABD ≅ ∆ BAC

(ii) BD = AC

(iii) ∠ ABD = ∠ BAC

3. ,d js[kk[kaM AB ij AD vkSj BC nks cjkcj yac
js[kk[kaM gSa (nsf[k, vko`Qfr 7.18)A n'kkZb, fd  CD,

js[kk[kaM AB  dks lef}Hkkftr djrk gSA

vko`Qfr  7.16

vko`Qfr  7.17

vko`Qfr  7.18
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4. l vkSj m nks lekarj js[kk,¡ gSa ftUgsa lekarj js[kkvksa
p  vkSj q  dk ,d vU; ;qXe izfrPNsfnr djrk gS
(nsf[k, vkòQfr 7.19)A n'kkZb, fd ∆ ABC ≅ ∆ CDA

gSA

5. js[kk l  dks.k  A  dks lef}Hkkftr djrh gS vkSj  B  js[kk
l ij fLFkr dksbZ fcanq gSA  BP vkSj  BQ  dks.k
A  dh Hkqtkvksa ij  B  ls Mkys x, yEc gSa
(nsf[k, vko`Qfr 7.20)A n'kkZb, fd

(i) ∆ APB ≅ ∆ AQB

(ii) BP = BQ gS] vFkkZr~ fcanq  B  dks.k dh Hkqtkvksa ls
lenwjLFk gS

6. vkòQfr 7.21 esa] AC = AE, AB = AD vkSj
∠ BAD = ∠ EAC gSA n'kkZb, fd  BC = DE  gSA

7. AB ,d js[kk[kaM gS vkSj  P  bldk eè;&fcanq gSA
D vkSj E  js[kk[kaM AB osQ ,d gh vksj fLFkr nks fcanq
bl izdkj gS a fd ∠ BAD = ∠ ABE vkSj
∠ EPA = ∠ DPB  gSA (nsf[k, vko`Qfr 7.22)A
n'kkZb, fd

(i) ∆ DAP ≅ ∆ EBP

(ii) AD = BE

vko`Qfr  7.19

vko`Qfr 7.20

vko`Qfr 7.21

vko`Qfr  7.22
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8. ,d ledks.k f=kHkqt  ABC esa] ftlesa dks.k  C
ledks.k gS]  M  d.kZ  AB dk eè;&fcanq gSA  C dks
M ls feykdj D rd bl izdkj c<+k;k x;k gS fd
DM = CM gSA fcanq D dks fcanq B ls feyk fn;k
tkrk gS (nsf[k, vko`Qfr 7.23)A n'kkZb, fd

(i) ∆ AMC ≅ ∆ BMD

(ii) ∠ DBC ,d ledks.k gS

(iii) ∆ DBC ≅ ∆ ACB

(iv) CM = 
1

2
 AB

7.4 ,d f=kHkqt osQ oqQN xq.k

fiNys vuqPNsn esa] vkius f=kHkqtksa dh lok±xlerk dh nks dlkSfV;ksa dk vè;;u fd;k gSA
vkb, bu ifj.kkeksa dk ,d ,sls f=kHkqt osQ oqQN xq.kksa dk vè;;u djus esa iz;ksx djsa
ftldh nks Hkqtk,¡ cjkcj gksrh gSaA

uhps fn;k x;k fØ;kdyki dhft,%

,d f=kHkqt dh jpuk dhft, ftldh nks
Hkqtk,¡ cjkcj gksaA eku yhft, nks Hkqtk,¡  3.5 cm

yackbZ dh gSa vkSj ,d Hkqtk 5 cm yackbZ dh gS
(nsf[k, vko`Qfr 7.24)A vki fiNyh d{kkvksa esa]
,slh jpuk,¡ dj pqosQ gSaA

D;k vkidks ;kn gS fd bl f=kHkqt dks D;k dgrs gSa\

,d f=kHkqt ftldh nks Hkqtk,¡ cjkcj gksa lef}ckgq f=kHkqt (isosceles triangle)

dgykrk gSA vr%] vko`Qfr 7.24 dk ∆ ABC ,d lef}ckgq f=kHkqt gS] ftlesa  AB = AC

gSA

vc ∠ B vkSj ∠ C dks ekfi,A vki D;k ns[krs gSa\

fofHkUu Hkqtkvksa okys vU; lef}ckgq f=kHkqt ysdj bl fØ;kdyki dks nksgjkb,A vki ns[k
ldrs gSa fd ,sls izR;sd f=kHkqt esa cjkcj Hkqtkvksa osQ lEeq[k (lkeus osQ) dks.k cjkcj gSaA

vko`Qfr  7.23

vko`Qfr  7.24
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;g ,d vfr egRoiw.kZ ifj.kke gS vkSj izR;sd lef}ckgq f=kHkqt osQ fy, lR; gSA

bls uhps n'kkbZ fof/ osQ vuqlkj fl¼ fd;k tk ldrk gS%

izes; 7.2 : ,d lef}ckgq f=kHkqt dh cjkcj Hkqtkvksas osQ lEeq[k dks.k cjkcj gksrs gSaA

bl ifj.kke dks dbZ fof/;ksa ls fl¼ fd;k tk ldrk gSA buesa ls ,d miifÙk uhps nh
tk jgh gSA

miifÙk : gesa ,d lef}ckgq  ∆ABC fn;k gS] ftlesa
AB = AC gSA gesa ∠ B = ∠ C  fl¼ djuk gSA

vkb,  ∠ A dk lef}Hkktd [khapsA eku yhft,
;g BC ls D  ij feyrk gS (nsf[k, vko`Qfr 7.25)A

vc]  ∆ BAD vkSj  ∆ CAD  esa]

AB = AC (fn;k gS)

∠ BAD = ∠ CAD (jpuk ls)

AD = AD (mHk;fu"B)

vr%] ∆ BAD ≅ ∆ CAD (SAS fu;e }kjk)

blfy,]                ∠ ABD = ∠ ACD (CPCT)

vFkkZr~ ∠ B = ∠ C

D;k bldk foykse Hkh lR; gS\ vFkkZr~

;fn fdlh f=kHkqt osQ nks dks.k cjkcj gksa] rks D;k ge fu"d"kZ fudky ldrs gSa fd
mudh lEeq[k Hkqtk,¡ Hkh cjkcj gksaxh\

uhps fn;k fØ;kdyki dhft, %

 ,d ∆ ABC dh jpuk dhft, ftlesa
BC fdlh Hkh yackbZ okyh ,d Hkqtk gS vkSj
∠ B = ∠ C = 50º gSA ∠ A dk lef}Hkktd [khafp,
vkSj eku yhft, fd ;g BC dks  D ij izfrPNsn
djrk gS (nsf[k, vko`Qfr 7.26)A

vko`Qfr 7.25

vko`Qfr  7.26
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f=kHkqt ABC dks dkxt esa ls dkV yhft, vkSj bls  AD osQ vuqfn'k eksfM+, rkfd 'kh"kZ
C 'kh"kZ B ij fxjs (iM+s)A

AC vkSj  AB  osQ ckjs esa vki D;k dg ldrs gSa\

nsf[k, fd  AC,  AB  dks iw.kZr;k <d ysrh gSA

vr%] AC = AB

blh fØ;kdyki dks ,sls gh oqQN vU; f=kHkqt ysdj nksgjkb,A izR;sd ckj vki ns[ksaxs
fd ,d f=kHkqt osQ cjkcj dks.kksa dh lEeq[k Hkqtk,¡ cjkcj gSaA vr%] ge fuEu izes; izkIr
djrs gSa %

izes; 7.3 : fdlh f=kHkqt osQ cjkcj dks.kksa dh lEeq[k Hkqtk,¡ cjkcj gksrh gSaA

;g izes; 7-2 dk foykse gSA

vki bl izes; dks  ASA  lok±xlerk fu;e dk iz;ksx djosQ fl¼ dj ldrs gSaA

vkb, bu ifj.kkeksa dks Li"V djus osQ fy, oqQN mnkgj.k ysaA

mnkgj.k 4 : ∆ ABC esa] ∠ A dk lef}Hkktd AD Hkqtk BC ij yEc gS (nsf[k, vkÑfr 7.27)A
n'kkZb, fd AB = AC gS vkSj ∆ ABC  lef}ckgq gSA

gy : ∆ ABD  vkSj  ∆ ACD esa]

∠ BAD = ∠ CAD (fn;k gS)

AD = AD (mHk;fu"B)

∠ ADB = ∠ ADC = 90° (fn;k gS)

vr%] ∆ ABD ≅ ∆ ACD (ASA  fu;e)

blfy,] AB = AC (CPCT)

blh dkj.k ∆ ABC lef}ckgq gSA

mnkgj.k 5 : E vkSj  F Øe'k% f=kHkqt  ABC dh cjkcj Hkqtkvksa  AB vkSj AC  osQ eè;&fcanq
gSa  (nsf[k, vko`Qfr 7.28)A n'kkZb, fd BF = CE gSA

vko`Qfr  7.27
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gy : ∆ ABF vkSj ∆ ACE  esa]

AB = AC (fn;k gS)

∠ A = ∠ A (mHk;fu"B)

AF = AE (cjkcj Hkqtkvksa osQ vk/s)

vr%] ∆ ABF ≅ ∆ ACE (SAS fu;e)

blfy,] BF = CE (CPCT)

mnkgj.k 6 : ,d lef}ckgq f=kHkqt  ABC  ftlesa  AB = AC  gS] dh Hkqtk  BC  ij nks fcanq
D vkSj E  bl izdkj gSa fd  BE = CD gS (nsf[k, vko`Qfr 7.29)A n'kkZb, fd  AD = AE gSA

gy : ∆ ABD vkSj ∆ ACE  esa]

AB = AC (fn;k gS) (1)

∠ B = ∠ C (2)

(cjkcj Hkqtkvksa osQ lEeq[k dks.k)

lkFk gh] BE = CD  (fn;k gS)

blfy,] BE – DE = CD – DE

vFkkZr~] BD = CE (3)

vr%] ∆ ABD ≅ ∆ ACE [(1), (2), (3) vkSj SAS fu;e }kjk]

blls izkIr gksrk gS% AD = AE (CPCT)

iz'ukoyh 7.2

1. ,d lef}ckgq f=kHkqt  ABC esa ftlesa  AB = AC  gS]
∠ B  vkSj  ∠ C  osQ lef}Hkktd ijLij fcanq O ij
izfrPNsn djrs gSaA  A vkSj O dks tksfM+,A n'kkZb, fd

(i) OB = OC

(ii) AO dks.k  A  dks lef}Hkkftr djrk gS

2. ∆ ABC  esa   AD  Hkqtk  BC  dk yEc lef}Hkktd gS
(nsf[k, vko`Qfr 7.30)A n'kkZb, fd ∆ ABC ,d
lef}ckgq f=kHkqt gS] ftlesa  AB = AC  gSA

vko`Qfr  7.28

vko`Qfr  7.29

vko`Qfr  7.30
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3. ABC ,d lef}ckgq f=kHkqt gS] ftlesa cjkcj Hkqtkvksa
AC vkSj AB ij Øe'k% 'kh"kZyEc  BE  vkSj CF [khaps
x, gSa  (nsf[k, vkòQfr 7.31)A n'kkZb, fd ;s 'kh"kZyEc
cjkcj gSaA

4. ABC ,d f=kHkqt gS ftlesa  AC  vkSj  AB  ij [khaps
x, 'kh"kZyEc  BE  vkSj CF cjkcj gSa
(nsf[k, vko`Qfr 7.32)A n'kkZb, fd

(i) ∆ ABE ≅ ∆ ACF

(ii) AB = AC, vFkkZr~ ∆ABC ,d lef}ckgq f=kHkqt gSA

5. ABC vkSj  DBC  leku vk/kj  BC  ij fLFkr nks
lef}ckgq f=kHkqt gSa (nsf[k, vkòQfr 7.33)A n'kkZb, fd
∠ ABD = ∠ ACD  gSA

6. ABC ,d lef}ckgq f=kHkqt gS] ftlesa AB = AC  gSA
Hkqtk BA fcanq D rd bl izdkj c<+kbZ xbZ gS fd
AD = AB  gS (nsf[k, vko`Qfr 7.34)A n'kkZb, fd
∠ BCD ,d ledks.k gSA

vko`Qfr 7.31

vko`Qfr 7.32

vko`Qfr 7.33

vko`Qfr 7.34
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7. ABC  ,d ledks.k f=kHkqt gS] ftlesa ∠ A = 90° vkSj  AB = AC  gSA  ∠ B  vkSj  ∠ C  Kkr
dhft,A

8. n'kkZb, fd fdlh leckgq f=kHkqt dk izR;sd dks.k  60° gksrk gSA

7.5 f=kHkqtksas dh lok±xlerk osQ fy, oqQN vkSj dlkSfV;k¡

vki bl vè;k; esa] igys ;g ns[k pqosQ gSa fd ,d f=kHkqt osQ rhuksa dks.kksa osQ nwljs f=kHkqt
osQ rhuksa dks.kksa osQ cjkcj gksus ij nksuksa f=kHkqtksa dk lok±xle gksuk vko';d ugha gSA vki
lksp ldrs gSa fd laHkor% ,d f=kHkqt dh rhuksa Hkqtkvksa osQ nwljs f=kHkqt dh rhuksa Hkqtkvksa
osQ cjkcj gksus ij f=kHkqt lok±xle gks tk,¡A vki ;g fiNyh d{kkvksa esa i<+ pqosQ gSa fd
,slh fLFkfr esa f=kHkqt fu%lansg lok±xle gksrs gSaA

bl /kj.kk dks fuf'pr djus osQ fy,]  4cm] 3-5cm vkSj 4-5cm osQ nks f=kHkqt [khafp,
(nsf[k, vko`Qfr 7.35)A bUgsa dkVdj] ,d nwljs ij jf[k,A vki D;k ns[krs gSa\ ;fn cjkcj
Hkqtkvksa dks ,d nwljs ij j[kk tk,A ;s ,d nwljs dks iw.kZr;k <d ysrs gSa vr%] nksuksa f=kHkqt
lok±xle gSaA

vko`Qfr  7.35

bl fØ;kdyki dks oqQN vU; f=kHkqt [khapdj nksgjkb,A bl izdkj] ge lok±xlerk
osQ ,d vkSj fu;e ij igq¡p tkrs gSa%

izes; 7.4 (SSS lok±xlerk fu;e ) : ;fn ,d f=kHkqt dh rhuksa Hkqtk,¡ ,d vU; f=kHkqt
dh rhuksa Hkqtkvksa osQ cjkcj gksa] rks nksuksa f=kHkqt lok±xle gksrs gSaA

,d mi;qDr jpuk djosQ] bl izes; dks fl¼ fd;k tk ldrk gSA

Reprint 2025-26



116 xf.kr

vki SAS lok±xlerk fu;e esa igys gh ns[k pqosQ gSa fd cjkcj dks.kksa osQ ;qXe laxr
cjkcj Hkqtkvksa osQ ;qXeksa osQ chp esa (varxZr) gksus pkfg, vkSj ;fn ,slk ugha gks] rks nksuksa
f=kHkqt lok±xle ugha Hkh gks ldrs gSaA

bl fØ;kdyki dks dhft, %
nks ledks.k f=kHkqt ,sls [khafp, ftuesa izR;sd dk d.kZ 5 lseh vkSj ,d Hkqtk 4 cm

dh gks (nsf[k, vko`Qfr 7-36)A

vko`Qfr  7.36

bUgsa dkfV, vkSj ,d nwljs ij bl izdkj jf[k, fd budh cjkcj Hkqtk,¡ ,d nwljs
ij vk,¡A ;fn vko';d gks] rks f=kHkqtksa dks ?kqekb,A vki D;k ns[krs gSa\

vki ns[krs gSa fd nksuksa f=kHkqt ,d nwljs dks iw.kZr;k <d ysrs gSa vkSj blhfy, ;s
lok±xle gSaA ;gh fØ;kdyki ledks.k f=kHkqtksa osQ vU; ;qXe ysdj nksgjkb,A vki D;k
ns[krs gSa\

vki ik,¡xs fd nksuksa ledks.k f=kHkqt lok±xle gksaxs] ;fn muosQ d.kZ cjkcj gksa vkSj
Hkqtkvksa dk ,d ;qXe cjkcj gksA vki bl rF; dh tk¡p fiNyh d{kkvksa esa dj pqosQ gSaA

è;ku nhft, fd bl fLFkfr esa ledks.k varxZr dks.k ugha gSA
bl izdkj] vki fuEufyf[kr lok±xlerk fu;e ij igq¡p x, gSa%

izes; 7.5 (RHS lok±xlerk fu;e) : ;fn nks ledks.k f=kHkqtksa esa] ,d f=kHkqt dk d.kZ
vkSj ,d Hkqtk Øe'k% nwljs f=kHkqt osQ d.kZ vkSj ,d Hkqtk osQ cjkcj gksa] rks nksuksa f=kHkqt
lok±xle gksrs gSaA

è;ku nhft, fd ;gk¡ RHS  ledks.k (Right angle) - d.kZ (Hypotenuse) - Hkqtk
(Side) dks n'kkZrk gSA

vkb, vc oqQN mnkgj.k ysaA
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mnkgj.k 7 : AB  ,d js[kk[kaM gS rFkk fcanq P vkSj Q bl
js[kk[kaM AB osQ foijhr vksj bl izdkj fLFkr gSa fd buesa ls
izR;sd  A  vkSj B ls lenwjLFk gS (nsf[k, vkòQfr 7-37)A
n'kkZb, fd js[kk PQ  js[kk[kaM  AB dk yEc lef}Hkktd gSA

gy : vkidks PA = PB vkSj  QA = QB fn;k gqvk gSA
vkidks n'kkZuk gS fd  PQ ⊥ AB gS vkSj  PQ  js[kk[kaM  AB

dks lef}Hkkftr djrh gSA eku yhft, js[kk  PQ  js[kk[kaM
AB dks  C ij izfrPNsn djrh gSA D;k vki bl vko`Qfr esa
nks lok±xle f=kHkqtksa dks ns[k ldrs gSa\

vkb,  ∆ PAQ vkSj  ∆ PBQ  ysaA

bu f=kHkqtksa esa]
AP = BP  (fn;k gS)

AQ = BQ  (fn;k gS)

PQ = PQ  (mHk;fu"B)

vr%] ∆ PAQ ≅ ∆ PBQ (SSS fu;e)

blfy,] ∠ APQ = ∠ BPQ (CPCT)

vc ∆ PAC vkSj ∆ PBC  dks yhft,A vkidks izkIr gS %

AP = BP (fn;k gS)

                             ∠ APC = ∠ BPC (∠ APQ = ∠ BPQ Åij fl¼ fd;k gS)

PC = PC (mHk;fu"B)

vr%] ∆ PAC ≅ ∆ PBC (SAS fu;e)

blfy,] AC = BC (CPCT) (1)

vkSj ∠ ACP = ∠ BCP (CPCT)

lkFk gh] ∠ ACP + ∠ BCP = 180° (jSf[kd ;qXe)

blfy,] 2∠ ACP  = 180°

;k] ∠ ACP  = 90° (2)

vko`Qfr  7.37
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(1) vkSj (2) ls] vki fu"d"kZ fudky ldrs gSa fd js[kk PQ js[kk[kaM AB dk yEc
lef}Hkktd gSA

[è;ku nhft, fd ∆ PAQ vkSj ∆ PBQ dh lok±xlerk n'kkZ, fcuk] vki ;g ugha fn[kk
ldrs fd ∆ PAC ≅  ∆ PBC gS] ;|fi AP = BP (fn;k gS)] PC =PC (mHk;fu"B) vkSj
∠ PAC = ∠ PBC (∆ APB esa cjkcj Hkqtkvksa osQ lEeq[k dks.k) gSA ;g bl dkj.k gS fd
buls gesa SSA fu;e izkIr gksrk gS] tks f=kHkqtksa dh lok±xlerk osQ fy, lnSo ekU; ugha
gSA lkFk gh] dks.k cjkcj Hkqtkvksa osQ varxZr ugha gSA]

vkb, oqQN vkSj mnkgj.k ysaA

mnkgj.k 8 : fcanq A ij izfrPNsn djus okyh nks js[kkvksa l vkSj m ls lenwjLFk ,d fcanq P
gS (nsf[k, vkÑfr 7-38)A n'kkZb, fd js[kk AP nksuksa js[kkvksa osQ chp osQ dks.k dks
lef}Hkkftr djrh gSA

gy : vkidks fn;k gS fd js[kk,¡ l vkSj m ijLij A ij izfrPNsn djrh gSaA eku yhft,
PB ⊥ l vkSj PC ⊥ m gSA ;g fn;k gS fd PB = PC gSA

vkidks n'kkZuk gS fd ∠ PAB = ∠ PAC gSA

vc] ∆ PAB vkSj ∆ PAC esa]

PB = PC (fn;k gS)

∠ PBA = ∠ PCA = 90° (fn;k gS)

PA = PA (mHk;fu"B)

vr%] ∆ PAB ≅ ∆ PAC (RHS fu;e)

blfy,] ∠ PAB = ∠ PAC (CPCT)

è;ku nhft, fd ;g ifj.kke iz'ukoyh 7-1 osQ iz'u 5 esa fl¼ fd, x, ifj.kke dk
foykse gSA

vko`Qfr  7.38
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iz'ukoyh 7.3

1. ∆ ABC vkSj ∆ DBC ,d gh vk/kj BC ij cus nks
lef}ckgq f=kHkqt bl izdkj gSa fd A vkSj D Hkqtk BC

osQ ,d gh vksj fLFkr gSa  (nsf[k, vkÑfr 7-39)A
;fn AD c<+kus ij  BC dks P ij izfrPNsn djs] rks
n'kkZb, fd

(i) ∆ ABD ≅ ∆ ACD

(ii) ∆ ABP ≅ ∆ ACP

(iii) AP dks.k A vkSj dks.k D nksuksa dks lef}Hkkftr djrk gSA

(iv) AP js[kk[kaM BC dk yEc lef}Hkktd gSA

2. AD ,d lef}ckgq f=kHkqt ABC dk ,d 'kh"kZyEc gS] ftlesa AB = AC gSA n'kkZb, fd

(i) AD js[kk[kaM BC dks lef}Hkkftr djrk gSA    (ii) AD dks.k A dks lef}Hkkftr djrk
gSSA

3. ,d f=kHkqt ABC dh nks Hkqtk,¡ AB vkSj
BC rFkk ekfè;dk AM Øe'k% ,d nwljs
f=kHkqt dh Hkqtkvksa PQ vkSj QR rFkk ekfè;dk
PN osQ cjkcj gSa (nsf[k, vkÑfr 7-40)A
n'kkZb, fd

(i) ∆ ABM ≅ ∆ PQN

(ii) ∆ ABC ≅ ∆ PQR

4. BE vkSj CF ,d f=kHkqt ABC osQ nks cjkcj 'kh"kZyEc gSaA RHS lok±xlerk fu;e dk iz;ksx
djosQ fl¼ dhft, fd ∆ ABC ,d lef}ckgq f=kHkqt gSA

5. ABC ,d lef}ckgq f=kHkqt gS ftlesa AB = AC gSA AP ⊥ BC [khap dj n'kkZb, fd
∠ B = ∠ C gSA

vko`Qfr 7.39

vko`Qfr 7.40

Reprint 2025-26



120 xf.kr

7.6 lkjka'k

bl vè;k; esa] vkius fuEu fcanqvksa dk vè;;u fd;k gS%

1. nks vko`Qfr;k¡ lok±xle gksrh gSa] ;fn mudk ,d gh vkdkj gks vkSj ,d gh eki gksA

2. leku f=kT;kvksas okys nks o`Ùk lok±xle gksrs gSaA

3. leku Hkqtkvksa okys nks oxZ lok±xle gksrs gSaA

4. ;fn f=kHkqt ABC vkSj PQR laxrrk A ↔ P, B ↔ Q vkSj  C ↔ R, osQ varxZr lok±xle gksa] rks
mUgsa lkaosQfrd :i esa  ∆ ABC ≅ ∆ PQR fy[krs gSaA

5. ;fn ,d f=kHkqt dh nks Hkqtk,¡ vkSj varxZr dks.k nwljs f=kHkqt dh nks Hkqtkvksa vkSj varxZr
dks.k osQ cjkcj gksa] rks nksuksa f=kHkqt lok±xle gksrs gSa (SAS lok±xlerk fu;e)A

6. ;fn ,d f=kHkqt osQ nks dks.k vkSj varxZr Hkqtk nwljs f=kHkqt osQ nks dks.kksa vkSj varxZr Hkqtk
osQ cjkcj gksa] rks nksuksa f=kHkqt lok±xle gksrs gSa (ASA lok±xlerk fu;e)A

7. ;fn ,d f=kHkqt osQ nks dks.k vkSj ,d Hkqtk nwljs f=kHkqt osQ nks dks.kksa vkSj laxr Hkqtk osQ
cjkcj gksa] rks nksuksa f=kHkqt lok±xle gksrs gSa (AAS lok±xlerk fu;e)A

8. f=kHkqt dh cjkcj Hkqtkvksa osQ lEeq[k dks.k cjkcj gksrs gSaA

9. f=kHkqt osQ cjkcj dks.kksa dh lEeq[k Hkqtk,¡ cjkcj gksrh gSaA

10. fdlh leckgq f=kHkqt dk izR;sd dks.k 60º dk gksrk gSA

11. ;fn ,d f=kHkqt dh rhuksa Hkqtk,¡ nwljs f=kHkqt dh rhuksa Hkqtkvksa osQ cjkcj gksa] rks nksuksa f=kHkqt lok±xle
gksrs gSa  (SSS lok±xlerk fu;e)A

12. ;fn nks ledks.k f=kHkqtksa esa] ,d f=kHkqt dk d.kZ vkSj ,d Hkqtk Øe'k% nwljs f=kHkqt osQ d.kZ vkSj
,d Hkqtk osQ cjkcj gksa] rks nksuksa f=kHkqt lok±xle gksrs gSa  (RHS lok±xlerk fu;e)A
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vè;k; 8

prqHkqZt

8.1 lekarj prqHkZqt osQ xq.k

vki d{kk vkB esa prqHkZqtksa vkSj muds çdkjksa dk vè;;u dj pqds gSaA ,d prqHkZqt pkj
Hkqtk,¡] pkj dks.k vkSj pkj 'kh"kZ gSaA ,d lekarj prqHkZqt ,d prqHkZqt gS ftlesa lEeq•
Hkqtkvksa ds nksuksa ;qXe lekarj gSa
vkb, ,d fØ;kdyki djsaA

dkxt ij ,d lekarj prqHkqZt [khap dj mls dkV
yhft,A vc bls fod.kZ osQ vuqfn'k dkV yhft,
(nsf[k, vkÑfr 8.1)A vki nks f=kHkqt izkIr djrs gSaA bu
f=kHkqtksa osQ ckjs esa vki D;k dg ldrs gSa\

,d f=kHkqt dks nwljs f=kHkqt ij jf[k,A ;fn vko';d
gks] rks f=kHkqt dks ?kqekb, HkhA vki D;k ns[krs gSa\

nsf[k, fd nksuksa f=kHkqt ijLij lok±xle gSaA

oqQN vkSj lekarj prqHkqZt [khap dj bl fØ;kdyki dks nksgjkb,A izR;sd ckj vki
ik,¡xs fd lekarj prqHkqZt dk ,d fod.kZ mls nks lok±xle f=kHkqtksa esa foHkkftr djrk gSA

vc vkb, bl ifj.kke dks fl¼ djsaA

izes; 8.1 : fdlh lekarj prqHkZqt dk ,d fod.kZ mls nks lok±xle f=kHkqtksa esa foHkkftr
djrk gSA

vkÑfr 8.1
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miifÙk : eku yhft, ABCD ,d lekarj prqHkZqt gS vkSj AC mldk ,d fod.kZ gS (nsf[k,
vkÑfr 8.2)A nsf[k, fd fod.kZ AC lekarj prqHkZqt ABCD dks nks f=kHkqtksa ABC vkSj CDA

esa foHkkftr djrk gSA gesa fl¼ djuk gS fd ;s nksuksa f=kHkqt lok±xle gSaA

∆ ABC vkSj ∆ CDA osQ fy, è;ku nhft, fd BC || AD gS vkSj AC ,d fr;Zd js[kk
gSA

blfy,]Ð BCA = Ð DAC (,dkarj dks.kksa dk ;qXe)

lkFk gh] AB || DC vkSj AC ,d fr;Zd js[kk gSA

blfy,]Ð BAC = Ð DCA (,dkarj dks.kksa dk ;qXe)

vkSj AC = CA (mHk;fu"B)

vr%] ∆ ABC @ ∆ CDA (ASA fu;e)

vFkkZr~ fod.kZ AC lekarj prqHkZqt ABCD dks nks lok±xle f=kHkqtksa ABC vkSj CDA esa
foHkkftr djrk gSA

vc lekarj prqHkZqt ABCD dh lEeq[k Hkqtkvksa dks ekfi,A vki D;k ns[krs gSa\

vki ik,¡xs fd AB = DC vkSj AD = BC gSA

;g lekarj prqHkZqt dk ,d vU; xq.k gS] ftls uhps fn;k tk jgk gS %

izes;  8.2 : ,d lekarj prqHkZqt esa lEeq[k Hkqtk,¡ cjkcj gksrh gSaA

vki igys gh fl¼ dj pqosQ gSa fd lekarj prqHkZqt dk fod.kZ mls nks lok±xle
f=kHkqtksa esa foHkkftr djrk gSA vr%] vki buosQ laxr Hkkxksa] eku yhft, Hkqtkvksa] osQ ckjs
esa D;k dg ldrs gSa\ ;s cjkcj gSaA

blfy,] AB = DC vkSj AD = BC gSA

vc bl ifj.kke dk foykse D;k gS\ vki tkurs gSa fd tks izes; (fdlh dFku) esa
fn;k gks] rks mlosQ foykse esa mls fl¼ djuk gksrk gS vkSj tks izes; esa fn;k x;k gS mls
foykse esa fn;k gqvk ekuk tkrk gSA è;ku nhft, fd izes; 8.2 dks fuEu :i esa Hkh fy[kk
tk ldrk gS %

;fn ,d prqHkZqt ,d lekarj prqHkZqt gS] rks mldh lEeq[k Hkqtkvksa dk izR;sd ;qXe
cjkcj gksrk gSA blfy,] bldk foykse fuEu gksxk %

vkÑfr  8.2
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izes; 8.3 : ;fn ,d prqHkZqt dh lEeq[k Hkqtkvksa dk izR;sd ;qXe cjkcj gks] rks og ,d
lekarj prqHkZqt gksrk gSA

D;k vki blosQ dkj.k ns ldrs gSa\

eku yhft, prqHkZqt ABCD dh Hkqtk,¡ AB

vkSj CD  cjkcj gSa vkSj lkFk gh  AD = BC gS
(nsf[k, vkÑfr 8.3)A fod.kZ AC [khafp,A

Li"Vr%]    ∆ ABC @ ∆ CDA (D;ksa\)

vr%]       Ð BAC = Ð DCA

vkSj      Ð BCA = Ð DAC (D;ksa\)

D;k vc vki dg ldrs gSa fd ABCD ,d lekarj prqHkZqt gS\ (D;ksa\)

vkius vHkh ns[kk gS fd ,d lekarj prqHkZqt esa lEeq[k Hkqtkvksa dk izR;sd ;qXe cjkcj
gksrk gS vkSj foykser% ;fn fdlh prqHkZqt eas lEeq[k Hkqtkvksa dk izR;sd ;qXe cjkcj gks]
rks og ,d lekarj prqHkZqt gksrk gSA D;k ge ;gh ifj.kke lEeq[k dks.kksa osQ ;qXeksa osQ ckjs
esa Hkh fudky ldrs gSa\

,d lekarj prqHkZqt [khafp, vkSj mlosQ dks.kksa dks ekfi,A vki D;k ns[krs gSa\

lEeq[k dks.kksa dk izR;sd ;qXe cjkcj gSA

bls oqQN vkSj lekarj prqHkZqt ysdj nksgjkb,A blls ge ,d vU; ifj.kke ij igq¡prs
gSa] tks fuEu gS %

izes; 8.4 : ,d lekarj prqHkZqt esa lEeq[k dks.k cjkcj gksrs gSaA

vc] D;k bl ifj.kke dk foykse Hkh lR; gS\ gk¡] ,slk gh gSA prqHkZqt osQ dks.k ;ksx
xq.k vkSj fr;Zd js[kk }kjk izfrPNsfnr lekarj js[kkvksa osQ xq.kksa dk iz;ksx djosQ] ge ns[k
ldrs gSa fd mijksDr dk foykse Hkh lR; gSA bl izdkj] gesa fuEu izes; izkIr gksrh gS%

izes; 8.5 : ;fn ,d prqHkZqt esa lEeq[k dks.kksa dk izR;sd ;qXe cjkcj gks] rks og ,d
lekarj prqHkZqt gksrk gSA

lekarj prqHkZqt dk ,d xq.k vkSj Hkh gSA vkb, bldk vè;;u djsaA ,d lekarj
prqHkZqt ABCD [khafp, vkSj mlosQ nksuksa fod.kZ AC vkSj BD [khafp,] tks ijLij O ij

vkÑfr  8.3
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izfrPNsn djrs gSa (nsf[k, vkÑfr 8.4)A

OA, OB, OC vkSj OD dh yEckb;k¡ ekfi,A

vki D;k ns[krs gSa\ vki ns[ksaxs fd

OA = OC vkSj OB = OD

gSA vFkkZr~ O nksuksa fod.kks± dk eè;&fcanq gSA

oqQN vkSj lekarj prqHkZqt ysdj bl fØ;kdyki dks nksgjkb,A

izR;sd ckj] vki izkIr djsaxs fd O nksuksa fod.kks± dk eè;&fcanq gSA

bl izdkj] ge fuEu izes; izkIr djrs gSa %

izes; 8.6 : lekarj prqHkqZt osQ fod.kZ ,d nwljs dks (ijLij) lef}Hkkftr djrs gSaA

vc] ;fn ,d prqHkZqt osQ fod.kZ ,d nwljs dks lef}Hkkftr djsa] rks D;k gksxk\ D;k
;g ,d lekarj prqHkZqt gksxk\ okLro esa] ;g lR; gSA

;g izes; 8.6 osQ ifj.kke dk foykse gSA bls uhps fn;k tk jgk gS %

izes; 8.7 : ;fn ,d prqHkZqt osQ fod.kZ ,d nwljs dks lef}Hkkftr djsa] rks og ,d lekarj
prqHkZqt gksrk gSA

vki bl ifj.kke osQ fy, roZQ fuEu izdkj ns ldrs gSa %

è;ku nhft, fd vkÑfr 8.5 esa] ;g fn;k gS fd OA = OC vkSj OB = OD gSA

vr%]          ∆ AOB @ ∆ COD (D;ksa\)

blfy,] Ð ABO = Ð CDO (D;ksa\)

blls gesa AB || CD izkIr gksrk gSA

blh izdkj] BC || AD gSA

vr%] ABCD ,d lekarj prqHkZqt gSA

vkb, vc oqQN mnkgj.k ysaA

vkÑfr  8.4

vkÑfr  8.5
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mnkgj.k 1 : n'kkZb, fd ,d vk;r dk izR;sd dks.k ,d ledks.k gksrk gSA

gy : ;kn dhft, fd ,d vk;r D;k gksrk gSA

,d vk;r og lekarj prqHkqZt gksrk gS ftldk ,d
dks.k ledks.k gksA

eku yhft,  ABCD ,d vk;r gS] ftlesa Ð A = 90° gSA

gesa n'kkZuk gS fd Ð B = Ð C = Ð D = 90° gSA

AD || BC vkSj AB ,d fr;Zd js[kk gS (nsf[k, vkÑfr 8.6)A

blfy,]        Ð A + Ð B = 180° (fr;Zd js[kk osQ ,d gh vksj osQ var% dks.k)
ijUrq] Ð A =90° gSA

blfy,] Ð B =180° – Ð A = 180° – 90° = 90°

vc Ð C = Ð A vkSj Ð D = Ð B (lekarj prqHkZqt osQ lEeq[k dks.k)
blfy,] Ð C = 90° vkSj Ð D = 90°

vr%] vk;r dk izR;sd dks.k 90° gSA

mnkgj.k 2 : n'kkZb, fd ,d leprqHkZqt osQ fod.kZ ijLij yEc gksrs gSaA

gy : leprqHkZqt ABCD ij fopkj dhft, (nsf[k, vkÑfr 8.7)A

vki tkurs gSa fd  AB = BC = CD = DA (D;ksa\)

vc] ∆ AOD vkSj ∆ COD esa]

OA = OC (lekarj prqHkZqt osQ fod.kZ ijLij lef}Hkkftr djrs gSa)

OD = OD (mHk;fu"B)

AD = CD (fn;k gS)

vr%] ∆ AOD @ ∆ COD (SSS lok±xlerk fu;e)

blfy,] Ð AOD = Ð COD (CPCT)

ijUrq] Ð AOD + Ð COD = 180° (jSf[kd ;qXe)

blfy,] 2Ð AOD = 180°

;k] Ð AOD = 90°

vr%] leprqZHkqt osQ fod.kZ ijLij yEc gSaA

vkÑfr 8.6

vkÑfr  8.7
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mnkgj.k 3 : ABC ,d lef}ckgq f=kHkqt gS] ftlesa AB = AC gSA AD cfg"dks.k PAC dks
lef}Hkkftr djrk gS vkSj CD || BA gS (nsf[k, vkÑfr 8.8)A n'kkZb, fd

(i) Ð DAC = Ð BCA vkSj (ii) ABCD ,d lekarj prqHkZqt gSA

gy : (i) ABC ,d lef}ckgq f=kHkqt gS] ftlesa AB = AC gSA (fn;k gS)

blfy,]    Ð ABC =Ð ACB (cjkcj Hkqtkvksa osQ lEeq[k dks.k)

lkFk gh]   Ð PAC = Ð ABC + Ð ACB

(f=kHkqt dk cfg"dks.k)

;k] Ð PAC = 2Ð ACB (1)

vc] AD dks.k PAC dks lef}Hkkftr djrh gSA

blfy,]  Ð PAC = 2Ð DAC (2)

vr%]

2Ð DAC = 2Ð ACB [(1) vkSj (2) ls]

;k] Ð DAC = Ð ACB

(ii) vc ;s nksuksa cjkcj dks.k os ,dkarj dks.k gSa tks js[kk[kaMksa BC vkSj AD dks fr;Zd js[kk
AC }kjk izfrPNsn djus ls curs gSaA

blfy,] BC || AD

lkFk gh] BA || CD gSA

bl izdkj] prqHkZqt ABCD dh lEeq[k Hkqtkvksa osQ nksuksa ;qXe lekarj gSaA

vr%] ABCD ,d lekarj prqHkZqt gSA

mnkgj.k 4 : nks lekarj js[kkvksa l vkSj m dks ,d fr;Zd js[kk p izfrPNsn djrh gS (nsf[k,
vkÑfr 8.9)A n'kkZb, fd var% dks.kksa osQ lef}Hkktdksa ls cuk prqHkZqt ,d vk;r gSA

gy : ;g fn;k gS fd l || m gS vkSj fr;Zd js[kk p bUgsa Øe'k% fcanqvksa A vkSj C ij izfrPNsn
djrh gSA

Ð PAC vkSj Ð ACQ osQ lef}Hkktd B ij izfrPNsn djrs gSa vkSj Ð ACR vkSj
Ð SAC osQ lef}Hkktd D ij izfrPNsn djrs gSaA

vkÑfr  8.8
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gesa n'kkZuk gS fd prqHkZqt ABCD ,d vk;r gSA

vc] Ð PAC = Ð ACR

(l || m vkSj fr;Zd js[kk p ls cus ,dkarj dks.k)

blfy,]
1

2
Ð PAC =

1

2
 Ð ACR

vFkkZr~] Ð BAC = Ð ACD

;s cjkcj dks.k js[kkvksa AB vkSj DC osQ fr;Zd js[kk AC

}kjk izfrPNsfnr djus ls curs gSa vkSj ;s ,dkarj dks.k gSaA

blfy,] AB || DC

blh izdkj] BC || AD (Ð ACB vkSj Ð CAD ysus ij)

vr%] ABCD ,d lekarj prqHkqZt gSA

lkFk gh] Ð PAC + Ð CAS = 180° (jSf[kd ;qXe)

blfy,]
1

2
 Ð PAC +

1

2
 Ð CAS =

1

2
 × 180° = 90°

;k] Ð BAC + Ð CAD = 90°

;k] Ð BAD = 90°

blfy,] ABCD ,d lekarj prqHkZqt gS ftldk ,d dks.k ledks.k gSA

vr% ABCD ,d vk;r gSA

mnkgj.k 5 : n'kkZb, fd ,d lekarj prqHkZqt osQ dks.kksa osQ lef}Hkktd ,d vk;r
cukrs gSaA
gy : eku yhft, P, Q, R vkSj S Øe'k% lekarj
prqHkZqt  ABCD osQ Ð A vkSj Ð B,  Ð B vkSj Ð C,

Ð C vkSj Ð D rFkk Ð D vkSj Ð A osQ lef}Hkktdksa
osQ izfrPNsn fcanq gSa  (nsf[k, vkÑfr 8.10)A

∆ ASD esa vki D;k ns[k ldrs gSa\

pw¡fd DS dks.k D dks vkSj AS dks.k A dks lef}Hkkftr djrs gSa] blfy,

vkÑfr  8.9

vkÑfr  8.10
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Ð DAS + Ð ADS =
1

2
 Ð A + 

1

2
Ð D

=
1

2
 (Ð A + Ð D)

=
1

2
 × 180°

(Ð A vkSj Ð D fr;Zd js[kk osQ ,d gh vksj osQ var% dks.k gSa)
= 90°

lkFk gh] Ð DAS + Ð ADS + Ð DSA = 180° (f=kHkqt dk dks.k ;ksx xq.k)

;k] 90° + Ð DSA = 180°

;k] Ð DSA = 90°

vr%] Ð PSR = 90° (Ð DSA dk 'kh"kkZfHkeq[k dks.k)

blh izdkj] ;g n'kkZ;k tk ldrk gS fd Ð APB = 90° ;k Ð SPQ = 90°  (tSlk fd
Ð DSA osQ fy, fd;k Fkk)A blh izdkj] Ð PQR = 90° vkSj Ð SRQ = 90°  gSA

blfy,] PQRS ,d ,slk prqHkZqt gS ftlosQ lHkh dks.k ledks.k gSaA

D;k ge fu"d"kZ fudky ldrs gSa fd ;g ,d vk;r gS\ vkb, bldh tk¡p djsaA

ge n'kkZ pqosQ gSa fdÐ PSR = Ð PQR = 90° vkSj Ð SPQ = Ð SRQ = 90° gS] vFkkZr~
lEeq[k dks.kksa osQ nksuksa ;qXe cjkcj gSaA

vr% PQRS ,d lekarj prqHkqZt gS] ftlesa ,d dks.k (okLro esa lHkh dks.k) ledks.k gSaA
blfy,] PQRS ,d vk;r gSA

iz'ukoyh 8.1

1. ;fn ,d lekarj prqHkZqt osQ fod.kZ cjkcj gksa] rks n'kkZb, fd og ,d vk;r gSA

2. n'kkZb, fd ,d oxZ osQ fod.kZ cjkcj gksrs gSa vkSj ijLij ledks.k ij lef}Hkkftr djrs gSaA

3. lekarj prqHkZqt ABCD dk fod.kZ AC dks.k A  dks
lef}Hkkftr djrk gS (nsf[k, vkÑfr 8.11)A n'kkZb,
fd

(i) ;g Ð C dks Hkh lef}Hkkftr djrk gSA

(ii) ABCD ,d leprqHkZqt gSA
vkÑfr  8.11
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4. ABCD ,d vk;r gS ftlesa fod.kZ AC nksuksa dks.kksa A vkSj C dks lef}Hkkftr djrk gSA
n'kkZb, fd (i) ABCD ,d oxZ gS (ii) fod.kZ BD nksuksa dks.kksa B vkSj D dks lef}Hkkftr djrk gS

5. lekarj prqHkZqt ABCD osQ fod.kZ BD ij nks fcanq
P vkSj Q bl izdkj fLFkr gSa fd DP = BQ gS
(nsf[k, vkÑfr 8.12)A n'kkZb, fd

(i) ∆ APD @ ∆ CQB

(ii) AP = CQ

(iii) ∆ AQB @ ∆ CPD

(iv) AQ = CP

(v) APCQ ,d lekarj prqHkZqt gSA

6. ABCD ,d lekarj prqHkZt gS rFkk AP vkSj CQ

'kh"kks± A vkSj C ls fod.kZ BD ij Øe'k% yEc gSa
(nsf[k, vkÑfr 8.13)A n'kkZb, fd

(i) ∆ APB @ ∆ CQD

(ii) AP = CQ

7. ABCD ,d leyac gS] ftlesa  AB || DC vkSj
AD = BC gS (nsf[k, vkÑfr 8.14)A n'kkZb, fd

(i) Ð A = Ð B

(ii) Ð C = Ð D

(iii) ∆ ABC @ ∆ BAD

(iv) fod.kZ AC = fod.kZ BD gSA

[laosQr : AB dks c<+kb, vkSj  C ls gksdj DA

osQ lekarj ,d js[kk [khafp, tks c<+h gqbZ
Hkqtk AB dks E ij izfrPNsn djsA]

vkÑfr  8.12

vkÑfr   8.13

vkÑfr  8.14
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8.2 eè;&fcanq izes;

vki ,d f=kHkqt vkSj ,d prqHkZqt osQ vusd xq.kksa dk vè;;u dj pqosQ gSaA vkb, f=kHkqt
osQ ,d vU; xq.k dk vè;;u djsa] tks ,d f=kHkqt dh Hkqtkvksa osQ eè;&fcanqvksa ls
lacaf/r gSA blosQ fy,] fuEufyf[kr fØ;kdyki dhft, %

,d f=kHkqt ABC [khafp, vkSj mldh nks Hkqtkvksa AB vkSj AC osQ eè;&¯cnq E vkSj F
vafdr dhft,A E  vkSj F  dks feykb, (nsf[k, vkÑfr 8.15)A

EF vkSj BC dks ekfi,A lkFk gh] Ð AEF vkSj Ð ABC dks Hkh ekfi,A vki D;k
ns[krs gSa\

vki ik,¡xs fd

EF = 
1

2
 BC vkSj Ð AEF = Ð ABC

gSA vr%] EF || BC gSA

oqQN vU; f=kHkqt ysdj] bl fØ;kdyki dks nksgjkb,A

bl izdkj] vki ljyrk ls fuEu izes; ij igq¡p ldrs gSa%

izes; 8.8 : fdlh f=kHkqt dh fdUgh nks Hkqtkvksa osQ eè;&fcanqvksa dks feykus okyk js[kk[kaM
rhljh Hkqtk osQ lekarj gksrk gSA

vki bl izes; dks fuEufyf[kr laosQr dh lgk;rk ls fl¼ dj ldrs gSaA

vkÑfr 8.16 dks nsf[k,] ftlesa E vkSj F Øe'k%
∆ABC dh Hkqtkvksa AB vkSj AC osQ eè;&fcanq gSa rFkk
CD || BA gSA

∆ AEF @ ∆ CDF (ASA fu;e)

blfy,] EF = DF vkSj BE = AE = DC (D;ksa\)

vr%] BCDE ,d lekarj prqHkZqt gSA  (D;ksa\)

blls  EF || BC izkIr gksrk gSA

vkÑfr   8.15

vkÑfr  8.16
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è;ku nhft, fd EF = 
1

2
 ED = 

1

2
BC gSA

D;k vki izes; 8.8 dk foykse fy[k ldrs gSa\ D;k ;g foykse lR; gS\
vki ns[ksaxs fd Åij fn, x, izes; dk foykse Hkh lR; gSA bls uhps fn;k tk jgk gS %

izes; 8.9 : fdlh f=kHkqt dh ,d Hkqtk osQ eè;&fcanq ls nwljh Hkqtk osQ lekarj [khaph xbZ
js[kk rhljh Hkqtk dks lef}Hkkftr djrh gSA

vkÑfr 8.17 esa nsf[k, fd  Hkqtk AB dk eè;&fcanq
E gS vkSj E ls gksdj tkus okyh js[kk l Hkqtk BC osQ
lekarj gSA lkFk gh] CM || BA gSA

∆ AEF vkSj ∆ CDF dh lok±xlerk dk iz;ksx
djosQ]  AF = CF fl¼ dhft,A

mnkgj.k 6 : ∆ ABC esa] D, E vkSj F Øe'k% Hkqtkvksa
AB, BC vkSj CA osQ eè;&fcanq gSa (nsf[k, vkÑfr
8.18)A n'kkZb, fd fcUnqvksa D, E vkSj F  dks feykus
ij ∆ ABC pkj lok±xle f=kHkqtksa esa foHkkftr gks
tkrk gSA

gy : pw¡fd D vkSj E Øe'k% Hkqtkvksa AB vkSj BC osQ
eè;&fcanq gSa] blfy, izes; 8-9 }kjk

DE || AC

blh izdkj] DF || BC vkSj EF || AB gSA

blfy,] ADEF, BDFE vkSj DFCE esa ls izR;sd ,d lekarj prqHkZqt gSA

vc] DE lekarj prqHkqZt BDFE dk ,d fod.kZ gSA

blfy,] ∆ BDE @ ∆ FED

blh izdkj] ∆ DAF @ ∆ FED

vkSj ∆ EFC @ ∆ FED

vr%] pkjksa f=kHkqt lok±xle gSaA

vkÑfr  8.17

vkÑfr  8.18
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mnkgj.k 7 : l, m vkSj n rhu lekarj js[kk,¡ gSa] tks
fr;Zd js[kkvksa p vkSj q }kjk bl izdkj izfrPNsfnr gSa
fd l, m vkSj n js[kk p ij leku var% [kaM AB vkSj
BC dkVrh gSa (nsf[k, vkÑfr 8.19)A n'kkZb, fd l, m

vkSj n js[kk q ij Hkh leku var% [kaM DE vkSj EF

dkVrh gSaA

gy : gesa AB = BC fn;k gS vkSj gesa DE = EF fl¼
djuk gSA

vkb, A dks F ls feyk,¡ vkSj blls AF js[kk m dks
G ij izfrPNsn djrh gSA

leyac ACFD nks f=kHkqtksa ACF vkSj AFD esa foHkkftr
gks tkrk gSA

∆ ACF esa ;g fn;k gS fd B, Hkqtk AC dk eè;&fcanq gSA (AB = BC)

lkFk gh] BG || CF (pw¡fd m || n gS)

vr%] G Hkqtk AF dk eè;&fcanq gSA (izes; 8.9 }kjk)

vc] ∆ AFD esa Hkh ge blh roZQ dk iz;ksx dj ldrs gSaA D;ksafd G Hkqtk AF dk
eè;&fcanq gS vkSj GE || AD gS] blfy, izes; 8.9 ls E Hkqtk DF dk eè;&fcanq gSA

vFkkZr~ DE = EF gSA

nwljs 'kCnksa esa] l, m vkSj n fr;Zd js[kk q ij Hkh cjkcj var% [kaM dkVrh gaSA

iz'ukoyh 8.2

1. ABCD ,d prqHkqZt gS ftlesa  P, Q, R vkSj S Øe'k%
Hkqtkvksa AB, BC, CD vkSj DA osQ eè;&fcanq gSa
(nsf[k, vko`Qfr  8.20)A AC mldk ,d fod.kZ gSA
n'kkZb, fd

(i)  SR || AC  vkSj  SR = 
1

2
 AC gSA

(ii)  PQ = SR gSA
(iii)  PQRS ,d lekarj prqHkZqt gSA

vkÑfr 8.19

vkÑfr  8.20
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2. ABCD ,d leprqHkZqt gS vkSj P, Q, R vkSj S Øe'k% Hkqtkvksa AB, BC, CD vkSj DA osQ
eè;&fcanq gSA n'kkZb, fd prqHkZqt PQRS ,d vk;r gSA

3. ABCD ,d vk;r gS] ftlesa P, Q, R vkSj S Øe'k% Hkqtkvksa AB, BC, CD vkSj DA osQ
eè;&fcanq gSaA n'kkZb, fd prqHkZqt PQRS ,d leprqHkZqt gSA

4. ABCD ,d leyac gS] ftlesa AB || DC gSA lkFk gh] BD ,d fod.kZ gS vkSj E Hkqtk AD dk
eè;&fcanq gSA E ls gksdj ,d js[kk AB osQ lekarj [khaph xbZ gS] tks BC dks F ij izfrPNsn
djrh gS (nsf[k, vkÑfr 8.21)A n'kkZb, fd F Hkqtk BC dk eè;&fcanq gSA

vkÑfr  8.21

5. ,d lekarj prqHkZqt ABCD esa E vkSj F Øe'k% Hkqtkvksa  AB vkSj CD osQ eè;&fcanq gSa (nsf[k,
vkÑfr 8.22)A n'kkZb, fd js[kk[kaM  AF vkSj EC fod.kZ BD dks lef=kHkkftr djrs gSaA

vkÑfr  8.22

6. ABC ,d f=kHkqt gS ftldk dks.k C ledks.k gSA d.kZ AB osQ eè;&fcanq M ls gksdj BC

osQ lekarj [khaph xbZ js[kk AC dks D ij izfrPNsn djrh gSA n'kkZb, fd

(i) D Hkqtk AC dk eè;&fcanq gSA (ii) MD ̂  AC gSA

(iii) CM = MA = 
1

2
AB gSA
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8.3 lkjka'k

bl vè;k; esa] vkius fuEufyf[kr fcanqvksa dk vè;;u fd;k gS %

1. lekarj prqHkZqt dk ,d fod.kZ mls nks lok±xle f=kHkqtksa esa foHkkftr djrk gSA

2. ,d lekarj prqHkZqt esa]

(i) lEeq[k Hkqtk,¡ cjkcj gksrh gSaA (ii) lEeq[k dks.k cjkcj gksrs gSaA

(iii) fod.kZ ijLij lef}Hkkftr djrs gSaA

3. vk;r osQ fod.kZ ijLij lef}Hkkftr djrs gSa vkSj cjkcj gksrs gSaA bldk foykse Hkh lR; gSA

4. leprqHkZqt osQ fod.kZ ijLij ledks.k ij lef}Hkkftr djrs gSaA bldk foykse Hkh lR; gSA

5. oxZ osQ fod.kZ ijLij ledks.k ij lef}Hkkftr djrs gSa vkSj cjkcj gksrs gSaA bldk foykse Hkh
lR; gSA

6. fdlh f=kHkqt dh fdUgha nks Hkqtkvksa osQ eè;&fcanqvksa dks feykus okyk js[kk[kaM rhljh Hkqtk osQ
lekarj gksrk gS vkSj mldk vk/k gksrk gSA

7. fdlh f=kHkqt dh ,d Hkqtk osQ eè;&fcanq ls nwljh Hkqtk osQ lekarj [khaph xbZ js[kk rhljh Hkqtk
dks lef}Hkkftr djrh gSA
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vè;k; 9

òÙk

9.1 thok }kjk ,d fcUnq ij varfjr dks.k

,d js[kk[kaM PQ rFkk ,d fcUnq  R,  tks js[kk  PQ ij fLFkr u gks] yhft,A  PR rFkk QR

dks feykb, (nsf[k, vko`Qfr 9-1)A rc dks.k PRQ, js[kk[kaM PQ }kjk fcUnq R ij varfjr
dks.k dgykrk gSA vko`Qfr 9-2 esa dks.k  POQ, PRQ rFkk PSQ D;k dgykrs gSa\ Ð POQ

thok PQ }kjk osQUnz O ij varfjr dks.k gS] Ð PRQ rFkk Ð PSQ Øe'k%  PQ }kjk nh?kZ pki
PQ rFkk y?kq pki PQ ij fLFkr fcUnqvksa R vkSj S ij varfjr dks.k gSaA

vko`Qfr 9.1           vko`Qfr 9.2

vkb, ge thok dh eki rFkk mlosQ }kjk osQUnz ij varfjr dks.k esa laca/ dh tk¡p
djsaA vki ,d o`Ùk esa fofHkUu thok,¡ [khapdj rFkk muosQ }kjk osQUnz ij varfjr dks.kksa dks
cukdj ns[k ldrs gSa fd thok ;fn cM+h gksxh] rks mlosQ }kjk osQUnz ij varfjr dks.k Hkh
cM+k gksxkA D;k gksxk ;fn vki nks cjkcj thok,¡ ysaxs\ D;k osQUnz ij varfjr dks.k leku
gksaxs ;k ugha\
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,d o`Ùk dh nks ;k vf/d cjkcj thok,¡ [khafp,
rFkk osQUnz ij muosQ }kjk varfjr dks.kksa dks ekfi,
(nsf[k, vko`Qfr 9-3)A vki ik,¡xs fd muosQ }kjk osQUnz
ij varfjr dks.k cjkcj gSaA vkb, bl rF; dh ge
miifÙk nsaA

izes; 9.1 : o`Ùk dh cjkcj thok,¡ osQUnz ij cjkcj dks.k
varfjr djrh gSaA

miifÙk : vkidks ,d o`Ùk] ftldk osQUnz O gS] dh
nks cjkcj thok,¡  AB  vkSj  CD  nh gqbZ gSa
(nsf[k, vko`Qfr 9-4) rFkk vki fl¼ djuk pkgrs
gSa fd Ð AOB = Ð COD gSA

f=kHkqtksa AOB rFkk COD esa]
OA = OC (,d o`Ùk dh f=kT;k,¡)
OB = OD (,d o`Ùk dh f=kT;k,¡)
AB = CD (fn;k gS)

vr%] ∆ AOB @ ∆ COD (SSS fu;e)

bl izdkj] ge ikrs gSa fd Ð AOB = Ð COD (lok±xle f=kHkqtksa osQ laxr Hkkx)

fVIi.kh : lqfo/k osQ fy, ^lok±xle f=kHkqtksa osQ laxr Hkkx* osQ LFkku ij la{ksi esa
CPCT  dk iz;ksx fd;k tk,xk] D;ksafd tSlk fd vki ns[ksaxs fd bldk ge cgq/k iz;ksx
djrs gSaA

vc ;fn ,d o`Ùk dh nks thok,¡ osQUnz ij cjkcj dks.k varfjr djsa] rks mu thokvkssa
osQ ckjs esa vki D;k dg ldrs gSa\ D;k os cjkcj gSa vFkok ugha\ vkb, ge bldh fuEu
fØ;kdyki }kjk tk¡p djsaA

,d vDl dkx”k (tracing paper) yhft, vkSj bl
ij ,d o`Ùk [khafp,A bls o`Ùk osQ vuqfn'k dkVdj ,d
pdrh (disc) izkIr dhft,A blosQ osQUnz O ij ,d
dks.k  AOB cukb,] tgk¡ A, B o`Ùk ij fLFkr fcUnq gSaA
dsUæ ij] ,d nwljk dks.k POQ dks.k AOB osQ cjkcj
cukb,A pdrh dks bu dks.kksa osQ fljksa dks feykus okyh
thokvksa osQ vuqfn'k dkVsa (nsf[k, vko`Qfr 9-5)A vki

vko`Qfr 9.3

vko`Qfr 9.4

vko`Qfr  9.5
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nks o`Ùk[kaM  ACB rFkk PRQ  izkIr djsaxsA ;fn vki ,d dks nwljs osQ Åij j[ksaxs] rks vki
D;k vuqHko djsaxs\ os ,d nwljs dks iw.kZr;k <d ysaxs] vFkkZr~ os lok±xle gksaxsA blfy,
AB  = PQ gSA

;|fi vkius bls ,d fo'ks"k n'kk esa gh ns[kk gS] bls vki vU; leku dks.kksa osQ fy,
nksgjkb,A fuEu izes; osQ dkj.k lHkh thok,¡ cjkcj gksaxh%

izes; 9.2 : ;fn ,d o`Ùk dh thokvksa }kjk osQUnz ij varfjr dks.k cjkcj gksa] rks os thok,¡
cjkcj gksrh gSaA

mi;qZDr izes;] izes; 9-1 dk foykse gSA è;ku nhft, fd vko`Qfr 9-4 esa ;fn vki
Ð AOB = Ð COD ysa] rks

           ∆ AOB @ ∆ COD (D;ksa\)

D;k vc vki ns[k ldrs gSa fd  AB = CD gS?

iz'ukoyh 9.1

1. ;kn dhft, fd nks o`Ùk lok±xle gksrs gSa] ;fn mudh f=kT;k,¡ cjkcj gksaA fl¼ dhft, fd
lok±xle o`Ùkksa dh cjkcj thok,¡ muosQ osQUnzksa ij cjkcj dks.k varfjr djrh gSaA

2. fl¼ dhft, fd ;fn lok±xle o`Ùkksa dh thok,¡ muosQ osQUnzksa ij cjkcj dks.k varfjr djsa]
rks thok,¡ cjkcj gksrh gSaA

9.2 osQUnz ls thok ij yEc

fØ;kdyki : ,d vDl dkxt ij ,d o`Ùk [khafp,A
ekuk bldk osQUnz  O  gSA ,d thok  AB [khafp,A dkxt
dks  O ls tkus okyh ,d js[kk osQ vuqfn'k bl izdkj
eksfM+, fd thok dk ,d Hkkx nwljs Hkkx ij iM+sA eku
yhft, fd eksM+ dk fu'kku  AB  dks  M ij dkVrk gSA rc
Ð OMA = Ð OMB = 90°  vFkok  OM,  AB ij yEc gS
(nsf[k, vko`Qfr 9-6)A D;k fcUnq  B, A  osQ laikrh
gksrk gS\

gk¡] ;g gksxkA blfy,  MA = MB gSA vko`Qfr 9.6
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OA vkSj OB dks feykdj rFkk ledks.k f=kHkqtksa  OMA vkSj OMB dks lok±xle fl¼
dj bldh miifÙk Lo;a nhft,A ;g mnkgj.k fuEu ifj.kke dk fo'ks"k n`"Vkar gS%

izes; 9.3 : ,d o`Ùk osQ osQUnz ls ,d thok ij Mkyk x;k yEc thok dks lef}Hkkftr
djrk gSA

bl izes; dk foykse D;k gS\ bldks fy[kus osQ fy,] loZizFke gesa Li"V gksuk gS fd
izes; 9-3 esa D;k fn;k x;k gS vkSj D;k fl¼ djuk gSA fn;k gS fd osQUnz ls thok ij
yac [khapk x;k gS vkSj fl¼ djuk gS fd og thok dks lef}Hkkftr djrk gSA vr% foykse
esa ifjdYiuk gS ^;fn ,d osQUnz ls tkus okyh js[kk o`Ùk dh ,d thok dks lef}Hkkftr
djs* vkSj fl¼ djuk gS ^js[kk thok ij yEc gS*A bl izdkj] foykse gS %

izes; 9.4 : ,d o`Ùk osQ osQUnz ls ,d thok dks lef}Hkkftr djus osQ fy, [khaph xbZ js[kk
thok ij yac gksrh gSA

D;k ;g lR; gS\ bldks oqQN fLFkfr;ksa esa iz;Ru djosQ nsf[k,A vki ns[ksaxs fd ;g bu lHkh
fLFkfr;ksa esa lR; gSA fuEu vH;kl djosQ nsf[k, fd D;k ;g dFku O;kid :i esa lR;
gSA ge blosQ oqQN dFku nsaxs vkSj vki buosQ dkj.k nhft,A

eku yhft, fd ,d o`Ùk] ftldk osQUnz O gS] dh
AB ,d thok gS vkSj O dks AB osQ eè;&fcUnq  M ls
feyk;k x;k gSA vkidks fl¼ djuk gS fd  OM ^ AB

gSA OA vkSj OB dks feykb, (nsf[k, vko`Qfr 9-7)A
f=kHkqtksa OAM rFkk  OBM esa]

OA = OB (D;ksa\)

AM = BM (D;ksa\)

OM = OM (mHk;fu"B)

vr%] ∆OAM @ ∆OBM (D;ksa\)

blls izkIr gksrk gS% ÐOMA = ÐOMB = 90°    (D;ksa\)

9.3 leku thok,¡ vkSj mudh osQUnz ls nwfj;k¡

eku yhft,  AB  ,d js[kk gS vkSj  P  dksbZ fcUnq gSA D;ksafd ,d js[kk ij vla[; fcUnq
gksrs gSa] blfy, ;fn vki bu lHkh dks P ls feyk,¡ rks vkidks vla[; js[kk[kaM PL

1
, PL

2
,

PM, PL
3
, PL

4
, vkfn feysaxsA bueaas ls dkSu lh fcUnq P ls AB  dh nwjh gS\ vki FkksM+k

vko`Qfr  9.7
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lkspdj bldk mÙkj izkIr dj ldrs gSaA bu js[kk[kaMksa] esa
ls P  ls  AB ij yEc js[kk[kaM vFkkZr~ vko`Qfr 9-8 esa  PM

lcls NksVk gksxkA xf.kr esa bl lcls NksVh yEckbZ  PM  dks
P  ls  AB dh nwjh osQ :i esa ifjHkkf"kr djrs gSaA vr%]
vki dg ldrs gSa fd %

,d fcUnq ls ,d js[kk ij yEc dh yEckbZ js[kk dh
fcUnq ls nwjh gksrh gSA

è;ku nhft, fd ;fn fcUnq js[kk ij fLFkr gS] rks js[kk dh blls nwjh 'kwU; gSA

,d o`Ùk esa vla[; thok,¡ gks ldrh gSaA vki ,d o`Ùk esa thok,¡ [khapdj tk¡p dj
ldrs gSa fd yach thok] NksVh thok dh rqyuk esa osQUnz osQ fudV gksrh gSA bldh vki
fofHkUu yEckbZ dh dbZ thok,¡ dh [khapdj rFkk mudh osQUnz ls nwfj;k¡ ekidj tk¡p dj
ldrs gSaA O;kl] tks o`Ùk dh lcls cM+h thok gS] dh osQUnz ls D;k nwjh gS\ D;ksafd osQUnz
bl ij fLFkr gS] vr% bldh nwjh 'kwU; gSA D;k vki lksprs gSa fd thok dh yEckbZ vkSj
mldh osQUnz ls nwjh esa dksbZ laca/ gS\ vkb, ns[ksa fd D;k ,slk gSA

vko`Qfr  9.9

fØ;kdyki : fdlh f=kT;k dk vDl dkxt ij ,d o`Ùk [khafp,A bldh nks cjkcj thok,¡
AB  rFkk CD  [khafp, rFkk bu ij osQUnz  O  ls yEc  OM  rFkk  ON  Hkh cukb,A vko`Qfr
dks bl izdkj eksfM+, fd  D, B  ij rFkk  C, A  ij iM+s [nsf[k, vko`Qfr 9-9 (i)]A vki ik,¡xs
fd  O  eksM+ osQ fu'kku  ij iM+rk gS vkSj N, M  ij iM+rk gSA vr%]  OM = ON gSA bl
fØ;kdyki dks osQUnzks a O rFkk O¢  osQ lok±xle o`Ùk [khapdj vkSj vyx&vyx
cjkcj thok,¡  AB  rFkk  CD  ysdj nksgjk,¡A mu ij yEc  OM rFkk O¢N [khafp,
[nsf[k, vko`Qfr 9.9(ii)]A buesa ls ,d o`Ùkkdkj pdrh dks dkVdj nwljs o`Ùk ij bl izdkj

vko`Qfr  9.8
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j[ksa fd  AB, CD  dks iw.kZ :i ls <d ysA rc vki ik,¡xs fd  O,  O¢  ij iM+rk gS rFkk
M, N ij iM+rk gSA bl izdkj] vkius fuEu dks lR;kfir fd;k gS%

izes; 9.5 : ,d o`Ùk dh (;k lok±xle o`Ùkksa dh) cjkcj thok,¡ osQUnz ls (;k osQUnzksa ls)
leku nwjh ij gksrh gSA

vc ;g ns[kk tk, fd D;k bldk foykse lR; gS vFkok ughaA blosQ fy, osQUnz  O okyk
,d òÙk [khafp,A osQUnz O  ls òÙk osQ Hkhrj jgus okys nks cjkcj yEckbZ osQ js[kk[kaM OL

 rFkk  OM  [khafp, [nsf[k, vkòQfr 9-10 (i)]A vc Øe'k% nks thok,¡  PQ  vkSj  RS  [khafp,
tks OL vkSj OM ij yEc gksa [nsf[k, vkòQfr 9.10(ii)]A  PQ vkSj RS  dh yEckb;k¡
ekfi,A D;k ;s vleku gSa\ ugha] nksuksa cjkcj gSaA fØ;kdyki dks vkSj vf/d leku
js[kk[kaMksa rFkk mu ij yEc thok,¡ [khapdj nksgjkb,A bl izdkj] izes; 9-5 dk foykse

vko`Qfr  9.10

lR;kfir gks tkrk gS] ftldk dFku uhps fn;k x;k gS%

izes; 9.6 : ,d o`Ùk osQ osQUnz ls lenwjLFk thok,¡ yEckbZ esa leku gksrh gSaA

vc ge mi;qZDr ifj.kkeksa ij vk/kfjr ,d mnkgj.k ysrs gSaA

mnkgj.k 1 : ;fn ,d o`Ùk dh nks izfrPNsnh thok,¡
izfrPNsn fcUnq ls tkus okys O;kl ls leku dks.k cuk,¡]
rks fl¼ dhft, fd os thok,¡ cjkcj gSaA

gy : fn;k gS fd ,d o`Ùk] ftldk osQUnz  O  gS] dh nks
thok,¡  AB vkSj CD fcUnq  E  ij izfrPNsn djrh gSaA
E  ls tku s okyk  PQ  ,d ,slk O;kl gS fd
Ð AEQ = Ð DEQ  gS (nsf[k, vko`Qfr 9-11)A vko`Qfr 9.11
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vkidks fl¼ djuk gS fd  AB = CD gSA thokvksa  AB  vkSj  CD ij Øe'k%  OL  rFkk  OM

yEc [khafp,A vc]

Ð LOE = 180° – 90° – Ð LEO = 90° – Ð LEO    (f=kHkqt osQ dks.kksa osQ ;ksx dk xq.k)
= 90° – Ð AEQ = 90° – Ð DEQ

= 90° – Ð MEO = Ð MOE

f=kHkqtksa  OLE  rFkk  OME  esa]

Ð LEO = Ð MEO (fn;k gS)

Ð LOE = Ð MOE (Åij fl¼ fd;k gS)

EO = EO (mHk;fu"B)

vr%] ∆ OLE @ ∆ OME (D;ksa\)

blls izkIr gksrk gS% OL = OM (CPCT)

blfy,] AB = CD (D;ksa\)

iz'ukoyh 9.2

1. 5 cm rFkk 3 cm f=kT;k okys nks o`Ùk nks fcUnqvksa ij izfrPNsn djrs gSa rFkk muosQ osQUnzksa
osQ chp dh nwjh 4 cm gSA mHk;fu"B thok dh yEckbZ Kkr dhft,A

2. ;fn ,d o`Ùk dh nks leku thok,¡ o`Ùk osQ vUnj izfrPNsn djsa] rks fl¼ dhft, fd ,d
thok osQ [kaM nwljh thok osQ laxr [kaMksa osQ cjkcj gSaA

3. ;fn ,d o`Ùk dh nks leku thok,¡ o`Ùk osQ vUnj izfrPNsn djsa] rks fl¼ dhft, fd
izfrPNsn fcUnq dks osQUnz ls feykus okyh js[kk thokvksa ls cjkcj dks.k cukrh gSA

4. ;fn ,d js[kk nks laosQUnzh o`Ùkksa (,d gh osQUnz okys
o`Ùk) dks] ftudk osQUnz  O  gS]  A, B, C vkSj
D  ij izfrPNsn djs] rks fl¼ dhft,  AB = CD  gS
(nsf[k, vko`Qfr 9-12)A

5. ,d ikoZQ esa cus 5 m f=kT;k okys o`Ùk ij [kM+h
rhu yM+fd;k¡ js'kek] lyek ,oa eunhi [ksy jgh
gSaA js'kek ,d xsan dks lyek osQ ikl] lyek
eunhi osQ ikl rFkk eunhi js'kek osQ ikl
isaQdrh gSA ;fn js'kek rFkk lyek osQ chp vkSj
lyek rFkk eunhi osQ chp dh izR;sd nwjh 6 m

gks] rks js'kek vkSj eunhi osQ chp dh nwjh D;k gS\
vko`Qfr  9.12
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6.  20 m f=kT;k dk ,d xksy ikoZQ (o`Ùkkdkj) ,d dkyksuh esa fLFkr gSA rhu yM+osQ
vaoqQj] lSÕ;n rFkk MsfoM bldh ifjlhek ij cjkcj nwjh ij cSBs gSa vkSj izR;sd osQ
gkFk esa ,d f[kykSuk VsyhiQksu vkil esa ckr djus osQ fy, gSA izR;sd iQksu dh Mksjh
dh yEckbZ Kkr dhft,A

9.4 ,d o`Ùk osQ pki }kjk varfjr dks.k

vkius ns[kk gS fd ,d thok osQ var fcUnq (O;kl osQ vfrfjDr) o`Ùk dks nks pkiksa esa ,d
(nh?kZ rFkk nwljk y?kq) foHkkftr djrs gSaA ;fn vki cjkcj thok,¡ ysa] rks vki mu pkiksa
dh ekiksa osQ ckjs esa D;k dg ldrs gSa\ D;k ,d thok }kjk cuk pki nwljh thok osQ }kjk
cus pki ds cjkcj gS\ okLro esa] ;s cjkcj yEckbZ ls Hkh oqQN vf/d gSA ;g bl vFkZ
esa] fd ;fn ,d pki dks nwljs pki osQ Åij j[kk tk,] rks fcuk ,saBs ;k eksM+s os ,d nwljs
dks iw.kZr;k <d ysaxsA

bl rF; dks vki thok  CD  osQ laxr pki dks o`Ùk
ls CD osQ vuqfn'k dkVdj rFkk mls cjkcj thok  AB

osQ laxr pki ij j[kdj lR;kfir dj ldrs gSaA vki
ik,¡xs fd pki  CD, pki  AB dks iw.kZ:i ls <d ysrk gS
(nsf[k, vko`Qfr 9-13)A ;g n'kkZrk gS fd cjkcj
thok,¡ lok±xle pki cukrh gSa rFkk foykser% lok±xle
pki o`Ùk dh cjkcj thok,¡ cukrs gSaA bldk fuEu izdkj
ls dFku ns ldrs gSa%

;fn fdlh o`Ùk dh nks thok,¡ cjkcj gksa] rks muosQ
laxr pki lok±xle gksrs gSa rFkk foykser% ;fn nks pki
lok±xle gksa] rks muosQ laxr thok,¡ cjkcj gksrh gSaA

pki }kjk osQUnz ij varfjr dks.k Hkh laxr thok
}kjk osQUnz ij varfjr dks.k ls bl vFkZ esa ifjHkkf"kr
fd;k tkrk gS fd y?kq pki dks.k dks varfjr djrk gS
vkSj nh?kZ pki laxr izfrorhZ dks.k varfjr djrk gSA
vr% vko`Qfr 9-14 esa] y?kq pki  PQ  }kjk  O  ij
varfjr dks.k POQ gS rFkk nh?kZ pki  PQ  }kjk  O  ij
varfjr laxr izfrorhZ dks.k  POQ  gSA vko`Qfr  9.14

vko`Qfr  9.13

Reprint 2025-26
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mijksDr xq.k ,oa izes; 9-1 osQ lanHkZ esa fuEu ifj.kke lR; gS %

fdlh òÙk osQ lok±xle pki (;k cjkcj pki) osQUnz ij cjkcj dks.k varfjr djrs gSaA

vr%] fdlh o`Ùk dh thok }kjk osQUnz ij varfjr dks.k laxr (y?kq) pki }kjk osQUnz
ij varfjr dks.k osQ cjkcj gksrk gSA fuEu izes; ,d pki }kjk osQUnz ij varfjr dks.k rFkk
o`Ùk osQ fdlh fcUnq ij varfjr dks.k esa laca/ nsrh gSA

izes; 9.7 : ,d pki }kjk osQUnz ij varfjr dks.k o`Ùk osQ 'ks"k Hkkx osQ fdlh fcUnq ij
varfjr dks.k dk nqxquk gksrk gSA

miifÙk : ,d o`Ùk dk pki  PQ  fn;k gS] tks osQUnz  O  ij ÐPOQ  rFkk o`Ùk osQ 'ks"k
Hkkx osQ ,d fcUnq A ij  Ð PAQ  varfjr djrk gSA gesa fl¼ djuk gS fd
ÐPOQ = 2 Ð PAQ gSA

vko`Qfr  9.15

vko`Qfr 9-15 esa nh xbZ rhu fofHkUu fLFkfr;ksa ij fopkj dhft,A

(i)  esa pki  PQ y?kq gS] (ii)  esa pki  PQ  v/Zo`Ùk gS rFkk  (iii) esa pki  PQ  nh?kZ gSA

vkb, ge  AO  dks feykdj ,d fcUnq B rd c<+k,¡A

lHkh fLFkfr;ksa esa]

Ð BOQ = Ð OAQ + Ð AQO

(D;ksafd f=kHkqt dk cfg"dks.k mlosQ nks vfHkeq[k var% dks.kksa osQ ;ksx osQ cjkcj gksrk gSA)

lkFk gh ∆ OAQ  esa]

OA = OQ (,d o`Ùk dh f=kT;k,¡)

vr%] Ð OAQ = Ð AQO (izes; 7-2)
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blls izkIr gksrk gS% Ð BOQ = 2 Ð OAQ (1)

blh izdkj] Ð BOP = 2 Ð OAP (2)

(1) vkSj (2) ls] Ð BOP + Ð BOQ = 2(Ð OAP + Ð OAQ)

vFkkZr~] Ð POQ = 2 Ð PAQ (3)

fLFkfr (iii) osQ fy,] tgk¡  PQ  nh?kZ pki gS] (3) osQ LFkku ij

izfrorhZ dks.k POQ = 2 Ð PAQ  gksxkA

fVIi.kh : eku yhft, fd mi;qZDr vko`Qfr;ksa esa
ge  P  vkSj  Q dks feykdj thok  PQ  cukrs gSaA
rc] Ð PAQ  dks o`Ùk[kaM  PAQP  esa cuk dks.k
Hkh dgrs gSaA

izes; 9-7 esa o`Ùk osQ 'ks"k Hkkx ij dksbZ
Hkh fcUnq  A gks ldrk gSA blfy, ;fn vki o`Ùk
osQ 'ks"k Hkkx ij ,d vkSj fcUnq C  ysa
(nsf[k, vko`Qfr 9-16)] rks vki ik,¡xs%

Ð POQ = 2 Ð PCQ = 2 Ð PAQ

vr%] Ð PCQ = Ð PAQ

;g fuEu dks fl¼ djrk gS %

izes; 9.8 : ,d gh o`Ùk[kaM osQ dks.k cjkcj gksrs gSaA

vkb, vc izes; 9-8 dh fLFkfr  (ii)  dh vyx ls foospuk djsaA ;gk¡  ÐPAQ  ml o`Ùk[kaM

esa ,d dks.k gS tks v/Zo`Ùk gSA lkFk gh]  Ð PAQ = 
1

2
 Ð POQ = 

1

2  × 180° = 90° gSA ;fn

vki dksbZ vkSj fcUnq  C  v/Zo`Ùk ij ysa] rks Hkh vki ikrs gSa fd

Ð PCQ = 90°

bl izdkj] vki o`Ùk dk ,d vkSj xq.k ikrs gSa tks fuEu gS%

v/Zo`Ùk dk dks.k ledks.k gksrk gSA

izes; 9-8 dk foykse Hkh lR; gS] ftldk bl izdkj dFku fn;k tk ldrk gS%

vko`Qfr  9.16
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izes; 9.9 : ;fn nks fcUnqvksa dks feykus okyk js[kk[kaM] mldks var£o"V djus okyh js[kk
osQ ,d gh vksj fLFkr nks vU; fcUnqvksa ij leku dks.k varfjr djs] rks pkjksa fcUnq ,d
o`Ùk ij fLFkr gksrs gSa (vFkkZr~ os pØh; gksrs gSa )A

vki bl dFku dh lR;rk fuEu izdkj ls ns[k ldrs gSa %

vko`Qfr 9-17 esa  AB  ,d js[kk[kaM gS] tks nks fcUnqvksa  C  vkSj D ij leku dks.k varfjr
djrk gSA vFkkZr~

Ð ACB =  Ð ADB

;g n'kkZus osQ fy, fd fcUnq  A, B, C vkSj D ,d o`Ùk ij
fLFkr gSa] fcUnqvksa  A, C vkSj B ls tkus okyk ,d o`Ùk
[khafp,A eku yhft, fd og D ls gksdj ugha tkrk gSA
rc] og  AD (vFkok c<+h gqbZ  AD) dks ,d fcUnq  E
(vFkok E¢) ij dkVsxkA

;fn fcUnq  A, C, E vkSj  B  ,d o`Ùk ij fLFkr gSa] rks

Ð ACB = Ð AEB (D;ksa\)

ijUrq fn;k gS fd Ð ACB = Ð ADB

vr%] Ð AEB = Ð ADB

;g rc rd laHko ugha gS tc rd  E, D osQ laikrh u gksA (D;ksa\)

blh izdkj]  E¢ Hkh D osQ laikrh gksuk pkfg,A

9.5 pØh; prqHkqZt

,d prqHkqZt  ABCD  pØh; dgykrk gS] ;fn blosQ pkjksa
'kh"kZ ,d o`Ùk ij fLFkr gksrs gSa (nsf[k, vko`Qfr 9-18)A bu
prqHkqZtksa esa vki ,d fo'ks"k xq.k ik,¡xsA vyx&vyx Hkqtkvksa
okys dbZ pØh; prqHkqZt [khafp, vkSj izR;sd dk uke
ABCD jf[k, (bldks fofHkUu f=kT;kvksa osQ dbZ o`Ùk [khapdj
rFkk izR;sd ij pkj fcUnq ysdj fd;k tk ldrk gS)A lEeq[k
dks.kksa dks ekfi, vkSj vki vius isz{k.k vkxs nh xbZ lkj.kh
esa fyf[k, %

vko`Qfr  9.17

vko`Qfr  9.18
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prqHkqZt dh Øe la[;k Ð A Ð B Ð C Ð D Ð A +Ð C Ð B +Ð D

1.

2.

3.

4.

5.

6.

bl lkj.kh ls vki D;k fu"d"kZ fudkyrs gSa\

;fn ekius esa dksbZ =kqfV u gqbZ gks] rks ;g fuEu dks lR;kfir djrk gS%

izes; 9.10 : pØh; prqHkqZt osQ lEeq[k dks.kksa osQ izR;sd ;qXe dk ;ksx  180º gksrk gSA

okLro esa bl izes; dk foykse] ftldk dFku fuEu izdkj ls gS] Hkh lR; gS%

izes; 9.11 : ;fn fdlh prqHkqZt osQ lEeq[k dks.kksa osQ ,d ;qXe dk ;ksx  180º  gks] rks prqHkqZt
pØh; gksrk gSA

bl izes; dh lR;rk vki izes; 9-9 esa nh xbZ fof/ dh rjg ls tk¡p ldrs gSaA

mnkgj.k 2 : vko`Qfr 9-19 esa]  AB  o`Ùk dk ,d O;kl gS vkSj CD  f=kT;k osQ cjkcj ,d
thok gSA AC vkSj BD c<+k, tkus ij ,d fcUnq E ij feyrh gSaA fl¼ dhft, fd
Ð AEB = 60° gSA

gy : OC, OD vkSj  BC dks feykb,A

f=kHkqt  ODC  ,d leckgq f=kHkqt gSA (D;ksa\)

vr%] Ð COD = 60°

vc] Ð CBD  =
1

2
 Ð COD(izes; 10-8)

blls izkIr gksrk gS% Ð CBD = 30°

iqu%] Ð ACB = 90° (D;ksa\)

blfy,] Ð BCE = 180° – Ð ACB = 90°

ftlls Ð CEB =90° – 30° = 60°, vFkkZr~ Ð AEB = 60° izkIr gksrk gSA

vko`Qfr  9.19
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mnkgj.k 3 : vko`Qfr 9-20 esa]  ABCD ,d pØh;
prqHkqZt gS] ftlesa  AC vkSj  BD fod.kZ gSaA ;fn
Ð DBC = 55°  rFkk  Ð BAC = 45° gks] rks Ð BCD

Kkr dhft,A

gy : Ð CAD = Ð DBC = 55°   (,d o`Ùk[kaM osQ dks.k)
vr%] Ð DAB = Ð CAD + Ð BAC

= 55° + 45° = 100°

ijUrq] Ð DAB + Ð BCD = 180° (pØh; prqHkqZt osQ lEeq[k dks.k)

blfy,] Ð BCD = 180° – 100° = 80°

mnkgj.k 4 : nks o`Ùk nks fcUnqvksa  A  vkSj  B ij izfrPNsn
djrs gSaA  AD vkSj  AC nksuksa o`Ùkksa osQ O;kl gSa (nsf[k,
vko`Qfr 9-21)A fl¼ dhft, fd B js[kk[kaM DC  ij
fLFkr gSaA

gy : AB  dks feykb,A vc]
Ð ABD = 90° (v/Zo`Ùk dk dks.k)
Ð ABC = 90° (v/Zo`Ùk dk dks.k)

blfy,] Ð ABD + Ð ABC = 90° + 90° = 180°

vr%] DBC ,d js[kk gSA vFkkZr~  B js[kk[kaM DC ij fLFkr gSA

mnkgj.k 5 : fl¼ dhft, fd fdlh prqHkqZt osQ var% dks.kksa osQ lef}Hkktdksaa ls cuk
prqHkqZt (;fn laHko gks) pØh; gksrk gSA

gy : vko`Qfr  9-22 esa]  ABCD  ,d prqHkqZt gS
ftlosQ var%dks.kksa  A, B, C  vkSj D  osQ Øe'k% dks.k
lef}Hkktd AH, BF, CF  vkSj  DH  ,d prqHkqZt
EFGH  cukrs gSaA

vc]  Ð FEH = Ð AEB = 180° – Ð EAB – Ð EBA (D;ksa\)

           = 180° – 
1

2
 (Ð A + Ð B)

rFkk Ð FGH = Ð CGD = 180° – Ð GCD – Ð GDC (D;ksa\)

vko`Qfr  9.20

vko`Qfr  9.21

vko`Qfr  9.22
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                      = 180° – 
1

2
 (Ð C + Ð D)

vr%] Ð FEH + Ð FGH = 180° – 
1

2
 (Ð A + Ð B) + 180° – 

1

2
 (Ð C + Ð D)

 = 360° – 
1

2
 (Ð A+ Ð B +Ð C +Ð D) = 360° – 

1

2
 × 360°

 = 360° – 180° = 180°

blfy,] izes; 9-11 ls prqHkqZt  EFGH  pØh; gSA

iz'ukoyh 9.3

1. vko`Qfr 9-23 esa]  osQUnz  O okys ,d o`Ùk ij rhu fcUnq A,B vkSj  C bl izdkj gSa fd
 Ð BOC = 30°  rFkk Ð AOB = 60° gSA ;fn pki  ABC  osQ vfrfjDr o`Ùk ij  D  ,d fcUnq
gS] rks ÐADC  Kkr dhft,A

2. fdlh o`Ùk dh ,d thok o`Ùk dh f=kT;k osQ cjkcj gSA thok }kjk y?kq pki osQ fdlh fcUnq
ij varfjr dks.k Kkr dhft, rFkk nh?kZ pki osQ fdlh fcUnq ij Hkh varfjr dks.k Kkr
dhft,A

3. vkòQfr 9-24 esa]  Ð PQR = 100° gS,  tgk¡  P, Q rFkk R,  osQUnz  O okys ,d òÙk ij fLFkr fcUnq
gSaA  Ð OPR  Kkr dhft,A

vko`Qfr 9.23 vko`Qfr 9.24
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4. vkòQfr 9-25 esa]  Ð ABC = 69° vkSj Ð ACB = 31°

gks] rks   Ð BDC  Kkr dhft,A

5. vkòQfr 9-26 esa] ,d o`Ùk ij  A, B, C  vkSj  D pkj
fcUnq gSaA  AC vkSj  BD  ,d fcUnq  E ij bl izdkj
izfrPNsn djrs gSa fd  Ð BEC = 130°   rFkk
Ð ECD = 20° gSA  Ð BAC  Kkr dhft,A

6. ABCD  ,d pØh; prqHkqZt gS ftlosQ fod.kZ ,d fcUnq  E  ij izfrPNsn djrs gSaA ;fn
Ð DBC = 70° vkSj Ð BAC = 30° gks, rks Ð BCD Kkr dhft,A iqu% ;fn  AB = BC gks,
rks  Ð ECD  Kkr dhft,A

7. ;fn ,d pØh; prqHkqZt osQ fod.kZ mlosQ 'kh"kks± ls tkus okys o`Ùk osQ O;kl gksa] rks fl¼
dhft, fd og ,d vk;r gSA

8. ;fn ,d leyac dh vlekarj Hkqtk,¡ cjkcj gksa] rks fl¼ dhft, fd og pØh; gSA

9. nks o`Ùk nks fcUnqvksa  B  vkSj  C ij izfrPNsn djrs gSaA
B  ls tkus okys nks js[kk[kaM  ABD  vkSj  PBQ  o`Ùkksa
dks  A, D vkSj P, Q ij Øe'k% izfrPNsn djrs gq,
[khaps x, gSa (nsf[k, vko`Qfr 9-27)A fl¼ dhft,
fd Ð ACP = Ð QCD gSA

vko`Qfr  9.25

vko`Qfr  9.26

vko`Qfr  9.27
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10. ;fn fdlh f=kHkqt dh nks Hkqtkvksa dks O;kl ekudj o`Ùk [khaps tk,¡] rks fl¼ dhft, fd
bu o`Ùkksa dk izfrPNsn fcUnq rhljh Hkqtk ij fLFkr gSA

11. mHk;fu"B d.kZ AC  okys nks ledks.k f=kHkqt ABC  vkSj  ADC  gSaA fl¼ dhft, fd
Ð CAD = Ð CBD gSA

12. fl¼ dhft, fd pØh; lekarj prqHkqZt vk;r gksrk gSA

9.6 lkjka'k

bl vè;k; eas] vkius fuEu fcUnqvksa dk vè;;u fd;k gS %

1. ,d o`Ùk fdlh ry osQ mu lHkh fcUnqvksa dk lewg gksrk gS] tks ry osQ ,d fLFkj fcUnq ls
leku nwjh ij gksaA

2. ,d o`Ùk dh (;k lok±xle o`Ùkksa dh) cjkcj thok,¡ osQUnz (;k laxr osQUnzksa) ij cjkcj dks.k
varfjr djrh gSaA

3. ;fn fdlh o`Ùk dh (;k lok±xle o`Ùkksa dh) nks thok,¡ osQUnz ij (;k laxr osQUnzksa ij) cjkcj
dks.k varfjr djsa] rks thok,¡ cjkcj gksrh gSaA

4. fdlh o`Ùk osQ osQUnz ls fdlh thok ij Mkyk x;k yEc mls lef}Hkkftr djrk gSA
5. osQUnz ls gksdj tkus okyh vkSj fdlh thok dks lef}Hkkftr djus okyh js[kk thok ij yEc

gksrh gSA
6. ,d o`Ùk dh (;k lok±xle o`Ùkksa dh) cjkcj thok,¡ osQUnz ls (;k laxr osQUnzksa ls) leku nwjh

ij gksrh gSaA
7. ,d òÙk osQ osQUnz (;k lok±xle òÙkksa osQ osQUnzksa) ls leku nwjh ij fLFkr thok,a cjkcj gksrh gSaA
8. ;fn fdlh o`Ùk osQ nks pki lok±xle gksa] rks mudh laxr thok,¡ cjkcj gksrh gSa vkSj foykser%

;fn fdlh o`Ùk dh nks thok,¡ cjkcj gksa] rks muosQ laxr pki (y?kq] nh?kZ) lok±xle gksrs gSaA
9. fdlh o`Ùk dh lok±xle pki osQUnz ij cjkcj dks.k varfjr djrs gSaA
10. fdlh pki }kjk osQUnz ij varfjr dks.k mlosQ }kjk o`Ùk osQ 'ks"k Hkkx osQ fdlh fcUnq ij varfjr

dks.k dk nqxquk gksrk gSA
11. ,d o`Ùk[kaM esa cus dks.k cjkcj gksrs gSaA
12. v/Zo`Ùk dk dks.k ledks.k gksrk gSA
13. ;fn nks fcUnqvksa dks feykus okyk js[kk[kaM mldks var£o"V djus okyh js[kk osQ ,d gh vksj

fLFkr nks vU; fcUnqvksa ij leku dks.k varfjr djs] rks pkjksa fcUnq ,d o`Ùk ij fLFkr gksrs gSaA
14. pØh; prqHkqZt osQ lEeq[k dks.kksa osQ izR;sd ;qXe dk ;ksx  1800  gksrk gSA
15. ;fn fdlh prqHkqZt osQ lEeq[k dks.kksa osQ fdlh ,d ;qXe dk ;ksx  1800  gks] rks prqHkqZt pØh;

gksrk gSA
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vè;k; 10

ghjksu dk lw=k

10.1 f=kHkqt dk {ks=kiQy & ghjksu osQ lw=k }kjk

ghjksu dk tUe laHkor% felz esa vysDtasfMª;k uked LFkku ij gqvkA
mUgksaus vuqizk;ksfxd xf.kr (applied mathematics) ij dk;Z fd;kA
mudk xf.krh; vkSj HkkSfrdh; fo"k;ksa ij dk;Z bruk vf/d vkSj
fofHkUu izdkj dk Fkk fd mUgsa bu {ks=kksa dk ,d fo'odks.k laca/h
(encyclopedic) ys[kd le>k tkrk FkkA mudk T;kferh; dk;Z
eq[;r% esUlqjs'ku ({ks=kfefr) dh leL;kvksa ls lacaf/r FkkA ;g dk;Z
rhu iqLrdksa esa fy[kk x;k gSA iqLrd 1 eas] oxks±] vk;rksa] f=kHkqtksa]
leyacksa] vusd izdkj osQ fof'k"V prqHkqZtksa] le cgqHkqtksa] o`Ùkksa osQ
{ks=kiQyksa] csyuksa] 'kaoqQvksa] xksyksa] bR;kfn osQ i`"Bh; {ks=kiQyksa dk o.kZu
gSA blh iqLrd esa] ghjksu us f=kHkqt dh rhuksa Hkqtkvksa osQ inksa esa mlosQ
{ks=kiQy dk izfl¼ (;k lqifjfpr) lw=k izfrikfnr fd;k gSA

ghjksu osQ bl lw=k dks ghjks dk lw=k (Hero’s formula) Hkh dgk tkrk gSA bls uhps fn;k
tk jgk gS%

f=kHkqt dk {ks=kiQy = ( ) ( ) ( )s s a s b s c− − −

tgk¡  a, b vkSj c f=kHkqt dh Hkqtk,¡ gSa rFkk

vko`Qfr 10.1

ghjksu
(10 lkú;wúiwú&75 lkú;wúiwú)
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s = f=kHkqt dk v/Zifjeki (semi-perimeter) = 
2

a b c+ +
  gSA

;g lw=k ml fLFkfr esa lgk;d gksrk gS] tc f=kHkqt dh Å¡pkbZ ljyrk ls Kkr u gks
ldrh gksA vkb, Åij crk, x, f=kHkqtkdkj ikoZQ ABC dk {ks=kiQy Kkr djus osQ fy,]
bl lw=k dk iz;ksx djsa (nsf[k, vko`Qfr 10-2)A

vkb,  a = 40 m, b = 24 m] c = 32 m  ysa rkfd gesa

 s = 
40 24 32

2

+ +
 m = 48 m

izkIr gksxkA

vc] s – a = (48 – 40) m = 8 m]

 s – b = (48 – 24) m = 24 m]

vkSj s – c = (48 – 32) m = 16 m

gSaA

vr%] ikoZQ ABC dk {ks=kiQy = ( ) ( ) ( )− − −s s a s b s c

= 2 248 8 24 16 m 384m× × × =

ge ;g Hkh ns[krs gSa fd 322 + 242 = 1024 + 576 = 1600 = 402  gSA vr%] bl ikoZQ dh
Hkqtk,¡ ,d ledks.k f=kHkqt cukrh gSaA lcls cM+h] vFkkZr~  BC, ftldh yEckbZ 40 m gS] bl
f=kHkqt dk d.kZ gS rFkk AB vkSj AC osQ chp dk dks.k 90° gksxkA

blfy,] lw=k I ls ge tk¡p dj ldrs gSa fd ikoZQ dk {ks=kiQy = 
1

2
 × 32 × 24 m2

= 384 m2

ge ikrs gSa fd ;g {ks=kiQy ogh gS tks gesa ghjksu osQ lw=k ls izkIr gqvk FkkA

vc vki igys p£pr fd, x, vU; f=kHkqtksa osQ {ks=kiQyksa dks ghjksu osQ lw=k ls Kkr
djosQ tk¡p dhft, fd {ks=kiQy igys tSls gh izkIr gksrs gSaA ;s f=kHkqt gSa %

 (i) 10 cm Hkqtk okyk leckgq f=kHkqt

vkSj (ii) vleku Hkqtk 8 cm vkSj cjkcj Hkqtk,¡ 5 cm okyk lef}ckgq f=kHkqtA

vki ns[ksaxs fd

vko`Qfr 10.2
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(i) osQ fy,]       s = 
10 10 10

2

+ +
 cm = 15 cm

blfy,] f=kHkqt dk {ks=kiQy  = 15(15 10)(15 10)(15 10)− − −  cm2

= 2 215 5 5 5 cm 25 3 cm× × × =

(ii)  osQ fy,]      s = 
8 5 5

cm 9 cm
2

+ + =

blfy,] f=kHkqt dk {ks=kiQy = 9(9 8) (9 5) (9 5)− − − cm2

= 2 29 1 4 4 cm 12 cm× × × =

vkb, vc oqQN mnkgj.k ysaA

mnkgj.k 1 : ,d f=kHkqt dk {ks=kiQy Kkr dhft, ftldh nks Hkqtk,¡ 8 cm vkSj 11 cm gSa
vkSj ftldk ifjeki 32 cm gS (nsf[k, vko`Qfr 10-3)A

gy : ;gk¡] ifjeki = 32 cm, a = 8 cm vkSj b = 11 cm gSA

blfy,] rhljh Hkqtk c = 32 cm – (8 + 11) cm = 13 cm

vc] 2s = 32  gSA blfy,  s = 16 cm]

s – a = (16 – 8) cm = 8 cm]

s – b = (16 – 11) cm = 5 cm]

s – c = (16 – 13) cm = 3 cm

blfy,] f=kHkqt dk {ks=kiQy = ( ) ( ) ( )s s a s b s c− − −

= 2 216 8 5 3 cm 8 30 cm× × × =

mnkgj.k 2 : ,d f=kHkqtkdkj ikoZQ  ABC  dh Hkqtk,¡ 120 m] 80 m vkSj 50 m gSa (nsf[k,
vko`Qfr 10-4)A ,d ekfyu /fu;k dks blosQ pkjksa vksj ,d ckM+ yxkuh gS vkSj blosQ
vanj ?kkl mxkuh gSA mls fdrus {ks=kiQy esa ?kkl mxkuh gS\ ,d vksj 3 m pkSM+s ,d iQkVd
osQ fy, LFkku NksM+rs gq, blosQ pkjksa vksj ` 20 izfr ehVj dh nj ls dk¡Vsnkj ckM+ yxkus
dk O;; Hkh Kkr dhft,A

vko`Qfr 10.3
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gy : ikoZQ dk {ks=kiQy Kkr djus osQ fy,] gesa izkIr gS %
2s = 50 m + 80 m + 120 m = 250 m

vFkkZr~ s = 125 m

blfy,] s – a = (125 – 120) m = 5 m]

s – b = (125 – 80) m = 45 m]
s – c = (125 – 50) m = 75 m

vr%] ?kkl mxkus osQ fy, {ks=kiQy = ( )( )( )s s a s b s c− − −

= 125 5 45 75× × × m2

= 2375 15 m

lkFk gh] ikoZQ dk ifjeki  =  AB + BC + CA = 250 m

vr%] ckM+ yxkus osQ fy, vko';d rkj dh yEckbZ = 250 m – 3 m (iQkVd osQ fy,)
= 247 m

blfy,] ckM+ yxkus dk O;; = `20 × 247 = ` 4940

mnkgj.k 3 : ,d f=kHkqtkdkj Hkw[kaM (plot) dh Hkqtkvksa dk vuqikr 3 % 5 % 7 gS vkSj
mldk ifjeki 300 m gSA bl Hkw[kaM dk {ks=kiQy Kkr dhft,A

gy : eku yhft, Hkqtk,¡ (ehVjksa esa) 3x, 5x vkSj 7x gSa (nsf[k, vko`Qfr 10-5)A

rc] ge tkurs gSa fd  3x + 5x + 7x = 300 (f=kHkqt dk ifjeki)

blfy,]  15x = 300  gS] ftlls  x = 20  izkIr gksrk gSA

blfy,] f=kHkqt dh Hkqtk,¡  3 × 20 m]  5 × 20 m vkSj  7 × 20 m gSaA

vFkkZr~ ;s Hkqtk,¡ 60 m] 100 m vkSj 140 m gSaA

D;k vki vc (ghjksu dk lw=k iz;ksx djosQ) {ks=kiQy Kkr dj ldrs gSa\

vc]             s = 
60 100 140

2

+ +
 m = 150 m

blfy,] {ks=kiQy = 150(150 60) (150 100) (150 140)− − − m2

vko`Qfr  10.4
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= 150 90 50 10× × × m2

= 21500 3 cm

iz'ukoyh 10.1

1. ,d ;krk;kr laosQr cksMZ ij ̂ vkxs LowQy gS* fy[kk gS vkSj ;g Hkqtk  ‘a’ okys ,d leckgq
f=kHkqt osQ vkdkj dk gSA ghjksu osQ lw=k dk iz;ksx djosQ bl cksMZ dk {ks=kiQy Kkr dhft,A
;fn laosQr cksMZ dk ifjeki 180 cm gS] rks bldk {ks=kiQy D;k gksxk\

2. fdlh ÝykbZvksoj (flyover) dh f=kHkqtkdkj nhokj dks foKkiuksa osQ fy, iz;ksx fd;k
tkrk gSA nhokj dh Hkqtkvksa dh yackb;k¡ 122 m] 22 m vkSj 120 m gSa (nsf[k,
vko`Qfr 10-6)A bl foKkiu ls izfr o"kZ ̀ 5000 izfr m2 dh izkfIr gksrh gSA ,d dEiuh
us ,d nhokj dks foKkiu nsus osQ fy, 3 eghus osQ fy, fdjk, ij fy;kA mlus dqy fdruk
fdjk;k fn;k\

vko`Qfr 10.6

3. fdlh ikoZQ esa ,d fiQly iV~Vh (slide) cuh gqbZ gSA bldh ik'ohZ; nhokjksa (side walls)

esa ls ,d nhokj ij fdlh jax ls isaV fd;k x;k gS vkSj ml ij ¶ikoZQ dks gjk&Hkjk vkSj
lkiQ jf[k,¸ fy[kk gqvk gS (nsf[k, vko`Qfr 10-7)A ;fn bl nhokj dh foek,¡ 15 m]
11 m vkSj 6 m gSa] rks jax ls isaV gq, Hkkx dk {ks=kiQy Kkr dhft,A

vko`Qfr 10.7

vko`Qfr 10.5
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4. ml f=kHkqt dk {ks=kiQy Kkr dhft, ftldh nks Hkqtk,¡ 18 cm vkSj 10 cm gSa rFkk mldk
ifjeki 42 cm gSA

5. ,d f=kHkqt dh Hkqtkvksa dk vuqikr 12 % 17 % 25 gS vkSj mldk ifjeki 540 cm gSA bl
f=kHkqt dk {ks=kiQy Kkr dhft,A

6. ,d lef}ckgq f=kHkqt dk ifjeki 30 cm gS vkSj mldh cjkcj Hkqtk,¡ 12 cm yEckbZ dh
gSaaA bl f=kHkqt dk {ks=kiQy Kkr dhft,A

10.2 lkjka'k

bl vè;k; esa] vkius fuEufyf[kr ¯cnq dk vè;;u fd;k gS %

1. ;fn f=kHkqt dh Hkqtk,¡ a, b  vkSj  c  gksa] rks ghjksu osQ lw=k }kjk f=kHkqt dk {ks=kiQy

( ) ( ) ( )− − −s s a s b s c  gksrk gS tgk¡ s = 
2

+ +a b c
 gSA

Reprint 2025-26



i`"Bh; {ks=kiQy vkSj vk;ru 157

vè;k; 11

ì"Bh; {ks=kiQy vkSj vk;ru

11.1 ,d yac o`Ùkh; 'kaoqQ dk i`"Bh; {ks=kiQy

vHkh rd ge lok±xle vkÑfr;ksa dks ,d osQ Åij ,d j[k dj Bksl tfur dj jgs FksA
la;ksx ls bu vkÑfr;ksa dks fizTe ( prism) dgrs gSaA vc ,d vU; izdkj osQ Bkslksa dks
ns[ksa tks fizTe ugha gSaA (bl izdkj osQ Bksl fijkfeM (pyramids) dgykrs gSaA) vkb, ns[ksa
fd budks fdl izdkj tfur fd;k (cuk;k) tkrk gSA

fØ;kdyki % ,d ledks.k f=kHkqt ABC ftldk dks.k B ledks.k gks] dkV yhft,A nksuksa yac
Hkqtkvksa esa ls fdlh ,d] eku yhft, AB, osQ vuqfn'k ,d yach vkSj eksVh Mksjh fpidk
nhft, [nsf[k, vkÑfr 11.1(a)]A Mksjh dks nksuksa gkFkksa ls f=kHkqt osQ nksuksa vksj ls idM+s gq,]
f=kHkqt dks Mksjh osQ vuqfn'k dbZ ckj ?kqekb,A vki D;k ns[krs gSa\ tc f=kHkqt Mksjh osQ vuqfn'k
?kwe jgk gS] rks tks og vkÑfr cuk jgk gS] D;k vki mls igpkurs gSa [nsf[k, vkÑfr
11.1(b)]\ D;k vkidks bl ckr dh ;kn fnykrh gS fd blh vkdkj osQ ,d NksVs crZu
(ik=k) esa Hkjh vkius dHkh vkblØhe [kkbZ Fkh [nsf[k, vkÑfr 11.1 (c) vkSj (d)]\

vkÑfr 11.1
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;g vkÑfr ,d yac o`Ùkh; 'kaoqQ (right circular

cone) dgykrh gSA vkÑfr 11.1(c) esa fcUnq A bl
yEc o`Ùkh; 'kaoqQ dk 'kh"kZ (vertex) dgykrk gS] AB

bldh Å¡pkbZ dgykrh gS vkSj BC vk/kj dh f=kT;k
dgykrh gSA AC bl 'kaoqQ dh fr;Zd Å¡pkbZ (slant

height) dgykrh gSA ;gk¡ B o`Ùkh; vk/kj dk oasQnz
(centre) gSA 'kaoqQ dh Å¡pkbZ] f=kT;k vkSj fr;Zd Å¡pkbZ
dks izk;% Øe'k% h, r vkSj l ls O;Dr fd;k tkrk gSA
,d ckj iqu% ns[ksa fd fdl izdkj osQ 'kaoqQ dks ge
yac o`Ùkh; 'kaoqQ ugha dg ldrs gSaA vki vkÑfr
11.2 dks nsf[k,A buesa tks vki 'kaoqQ ns[k jgs gSa os yac o`Ùkh; 'kaoqQ ugha gSaA (a) esa] 'kh"kZ
dks vk/kj osQ oasQnz ls feykus okyh js[kk vk/kj ij yac ugha gS vkSj (b) esa] vk/kj o`Ùkh;
ugha gSA

tSlk fd csyu dh fLFkfr esa Fkk] tc rd vU;Fkk u dgk tk,] ^'kaoqQ* ls gekjk rkRi;Z
yac o`Ùkh; ^'kaoqQ* ls gh gksxkA

fØ;kdyki % (i) ,d lkiQ cus gq, dkx”k osQ 'kaoqQ dks mlosQ 'kh"kZ ls tkus okyh fdlh
Hkqtk ;k fdukjs osQ vuqfn'k dkfV, ftlesa dksbZ vfrO;kfidrk u gks rFkk [kksy dj nsf[k,
fd fdl vkdkj osQ dkx”k ls 'kaoqQ dk i`"B cuk FkkA (ftl Hkqtk ;k fdukjs osQ vuqfn'k
vki 'kaoqQ dks dkVsaxs og mldh fr;Zd Å¡pkbZ gksxh ftls l ls O;Dr fd;k tkrk gSA) [kksyk
gqvk dkx”k vkidks ,d xksy osQd osQ Hkkx dh rjg fn[kkbZ nsxkA

(ii) ;fn vki mu Hkqtkvksa] ftuosQ fljksa ij A vkSj B vafdr gS] dks eksM+ dj feyk ysa]
rks vki ns[ksaxs fd vkÑfr 11-3 (c) dk ofØr Hkkx 'kaoqQ dk òÙkh; vkèkkj cukrk gSA

 vkÑfr 11.3

vkÑfr 11.2
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(iii) ;fn vkÑfr 11.3 (c) esa fn, dkx”k dks O ls tkrh gqbZ js[kkvksa }kjk lSdM+ksa NksVs&NksVs
VqdM+ksa esa foHkkftr dj fy;k tk,] rks ;s dVs gq, Hkkx yxHkx f=kHkqt osQ vkdkjksa osQ
gSa vkSj buesa ls izR;sd dh Å¡pkbZ 'kaoqQ dh fr;Zd Å¡pkbZ l osQ cjkcj gSA

(iv) vc izR;sd f=kHkqt dk {ks=kiQy =
1

2
 × izR;sd f=kHkqt dk vk/kj × l

vr%] iwjs dkx”k dk {ks=kiQy
= lHkh f=kHkqtksa osQ {ks=kiQyksa dk ;ksx

= 1 2 3

1 1 1

2 2 2
b l b l b l+ + +   = ( )1 2 3

1

2
l b b b+ + +  

=
1

2
 × l × [vkÑfr 11.3(c) dh iwjh ofØr ifjlhek dh yackbZ]

(pw¡fd b
1
 + b

2
 + b

3
 + . . . feydj bl vkÑfr osQ ofØr Hkkx dks cukrs gSa)

ijUrq bl ofØr Hkkx ls 'kaoqQ dk vk/kj curk gSA
lkFk gh] bl vk/kj dh ifjf/ = 2πr, tgk¡ r vk/kj dh f=kT;k gSA

blfy,]   'kaoqQ dk oØ i`"Bh; {ks=kiQy =
1

2
 × l × 2πππππr = πππππrl

tgk¡ r vk/kj dh f=kT;k gS vkSj l fr;Zd Å¡pkbZ gSaA

è;ku nhft, fd l2 = r2 + h2 gksrk gS] ftls ge vkÑfr 11.4 ls
ns[k ldrs gSa (ikbFkkxksjl izes; ls)A ;gk¡ h 'kaoqQ dh Å¡pkbZ gSA

vr%] l = 2 2
r h+  gksxkA

vc ;fn 'kaoqQ osQ vk/kj dks can j[kk tkrk gS] rks <dus osQ fy, r f=kT;k okys ,d
o`Ùkkdkj dkxt osQ VqdM+s dh vko';drk vkSj gksxhA bldk {ks=kiQy Li"Vr% πr2 gSA

blfy,]   'kaoqQ dk oqQy i`"Bh; {ks=kiQy = πππππrl + πππππr2 = πππππr(l + r)

mnkgj.k 1 % ,d yac o`Ùkh; 'kaoqQ dk oØ i`"Bh; {ks=kiQy Kkr dhft,] ftldh fr;Zd
Å¡pkbZ 10 cm gS vkSj vk/kj dh f=kT;k 7 cm gSA

gy % oØ i`"Bh; {ks=kiQy =  πrl

=
22

7
 × 7 × 10 cm2

= 220 cm2

vkÑfr 11.4
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mnkgj.k 2 % ,d 'kaoqQ dh Å¡pkbZ 16 cm gS vkSj vk/kj dh f=kT;k 12 cm gSA bl 'kaoqQ
dk oØ i`"Bh; {ks=kiQy Kkr dhft,A (π = 3.14 dk iz;ksx dhft,)

gy % ;gk¡] h = 16 cm vkSj r = 12cm gSA

blfy,] l2 = h2 + r2 ls gesa izkIr gksrk gS %

l = 2 2
16 12+  cm = 20 cm

vr%] oØ i`"Bh; {ks=kiQy = πrl

= 3.14 × 12 × 20 cm2

= 753.6 cm2

lkFk gh] oqQy i`"Bh; {ks=kiQy = πrl + πr2

= (753.6 + 3.14 × 12 × 12) cm2

= (753.6 + 452.16) cm2

= 1205.76 cm2

mnkgj.k 3 % ,d HkqV~Vk oqQN&oqQN 'kaoqQ tSls vkdkj dk gS
(nsf[k, vkÑfr 11.5) ftlds lcls pkSM+s fljs dh f=kT;k
2-1 cm gS vkSj bldh yEckbZ (Å¡pkbZ) 20 cm gSA ;fn HkqV~Vs
osQ izR;sd 1cm2 i`"B ij vkSlru pkj nkusa gksa] rks Kkr dhft,
fd iwjs HkqV~Vs ij oqQy fdrus nkusa gksaxs\.

gy % pw¡fd HkqV~Vs osQ nkusa mlosQ oØ i`"B ij gh gksrs gSa] blfy, gesa nkuksa dh la[;k Kkr
djus osQ fy, HkqV~Vs osQ oØ i`"Bh; {ks=kiQy dks Kkr djuk gksxkA ;gk¡ gesa 'kaoqQ dh Å¡pkbZ
nh gSA blfy,] gesa igys 'kaoqQ dh fr;Zd Å¡pkbZ Kkr djuh iM+sxhA

vc] l = 2 2r h+  = 2 2(2.1) 20+  cm

= 404.41  cm = 20.11 cm

vr%] HkqV~Vs dk oØ i`"Bh; {ks=kiQy = πrl

vkÑfr 11.5
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=
22

7
 × 2.1 × 20.11 cm2 = 132.726 cm2 = 132.73 cm2 (yxHkx)

vr% 1 cm2 {ks=kiQy ij nkuksa dh la[;k = 4

blfy,] iwjs HkqV~Vs ij oqQy nkuksa dh la[;k = 132.73 × 4 = 530.92 = 531 (yxHkx)
vr%] bl HkqV~Vs ij yxHkx 531 nkusa gksaxsA

iz'ukoyh 11.1

tc rd vU;Fkk u dgk tk,] π =
22

7
 yhft,A

1. ,d 'kaoqQ osQ vk/kj dk O;kl 10-5 cm gS vkSj bldh fr;Zd Å¡pkbZ 10 cm gSA bldk
oØ i`"Bh; {ks=kiQy Kkr dhft,A

2. ,d 'kaoqQ dk oqQy i`"Bh; {ks=kiQy Kkr dhft,] ftldh fr;Zd Å¡pkbZ 21 m gS vkSj
vk/kj dk O;kl 24 m gSA

3. ,d 'kaoqQ dk oØ i`"Bh; {ks=kiQy 308 cm2 gS vkSj bldh fr;Zd Å¡pkbZ 14 cm gSA Kkr
dhft, %

(i) vk/kj dh f=kT;k (ii) 'kaoqQ dk oqQy i`"Bh; {ks=kiQy

4. 'kaoqQ osQ vkdkj dk ,d racw 10 m Å¡pk gS vkSj mlosQ vk/kj dh f=kT;k 24 m gSA Kkr
dhft, %

(i) racw dh fr;Zd Å¡pkbZ

(ii) racw esa yxs osQuokl (canvas) dh ykxr] ;fn 1 m2 osQuokl dh ykxr 70 #i, gSA

5. 8 m Å¡pkbZ vkSj vk/kj dh f=kT;k 6 m okys ,d 'kaoqQ osQ vkdkj dk racw cukus esa
3 m pkSM+s frjiky dh fdruh yackbZ yxsxh\ ;g eku dj pfy, fd bldh flykbZ vkSj
dVkbZ esa 20 cm frjiky vfrfjDr yxsxkA (π = 3.14 dk iz;ksx dhft,A)

6. 'kaoqQ osQ vk/kj dh ,d xqact dh fr;Zd Å¡pkbZ vkSj vk/kj O;kl Øe'k% 25 m vkSj
14 m gSaA bldh oØ i`"B ij ` 210 izfr 100 m2 dh nj ls lisQnh djkus dk O;;
Kkr dhft,A

7. ,d tksdj dh Vksih ,d 'kaoqQ osQ vkdkj dh gS] ftlosQ vk/kj dh f=kT;k 7 cm vkSj
Å¡pkbZ 24 cm gSA blh izdkj dh 10 Vksfi;k¡ cukus ds fy, vko';d xÙks dk {ks=kiQy
Kkr dhft,A

Reprint 2025-26



162 xf.kr

8. fdlh cl LVki dks iqjkus xÙks ls cus 50 [kks[kys 'kaoqQvksa }kjk lM+d ls vyx fd;k gqvk
gSA izR;sd 'kaoqQ osQ vk/kj dk O;kl 40 cm gS vkSj Å¡pkbZ 1 m gSA ;fn bu 'kaoqQvksa dh
ckgjh i`"Bksa dks isaV djokuk gS vkSj isaV dh nj ` 12 izfr m2 gS] rks budks isaV djkus esa
fdruh ykxr vk,xh\ (π = 3.14 vkSj 1.04  = 1.02 dk iz;ksx dhft,A)

11.2 xksys dk i`"Bh; {ks=kiQy

,d xksyk (sphere) D;k gksrk gS\ D;k ;g ,d o`Ùk dh rjg gh gS\ D;k vki ,d dkxt
ij o`Ùk [khap ldrs gSa\ gk¡] vki [khap ldrs gSa] D;ksafd ;g ,d can lery vkÑfr gS
ftldk izR;sd fcanq ,d fuf'pr fcanq (ftls o`Ùk dk oasQnz dgrs gSa) ls ,d fuf'pr nwjh
ij jgrk gS (ftls o`Ùk dh f=kT;k dgrs gSa)A vc ;fn vki ,d o`Ùkkdkj pdrh (disc) osQ
,d O;kl osQ vuqfn'k ,d Mksjh fpidk nsa vkSj bls oSls gh ?kqek,¡ tSls vkius fiNys
vuqPNsn esa f=kHkqt dks ?kqek;k Fkk] rks vki ,d u;k Bksl ns[ksaxs (nsf[k, vkÑfr 11-6)A
;g fdl oLrq ls feyrk&tqyrk yxrk gS\ ,d xasn\ gk¡] ,slk gh gSA ;g ,d xksyk
(sphere) dgykrk gSA

vkÑfr 11.6

D;k vki vuqeku yxk ldrs gSa fd ml o`Ùk osQ oasQnz dk D;k gksrk gS ftls vkius
?kqek;k gSA fu%lansg] ;g xksys dk oasQnz Hkh gks tkrk gSA bl izdkj] xksyk ,d f=kfoeh;
vkÑfr (three dimensional figure) (Bksl vkÑfr) gS] tks vkdk'k (Lisl) (space) esa
fLFkr mu lHkh fcanqvksa ls fey dj cuh gS tks ,d fuf'pr fcanq ls (tks xksys dk osQUnz
dgykrk gS) ls ,d vpj ;k fuf'pr nwjh ij gksrs gSa (tks xksys dh f=kT;k dgykrh gS)A

fVIi.kh % xksyk ,d xsan dh i`"B dh rjg gksrk gSA Bksl xksyk ml Bksl osQ fy, iz;ksx
gksrk gS ftldk i`"B ,d xksyk gksA
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fØ;kdyki % D;k vki dHkh yV~Vw osQ lkFk [ksys gSa ;k dHkh vkius fdlh O;fDr dks
yV~Vw osQ lkFk [ksyrs ns[kk gS\ vki ;g tkurs gksaxs fd ml ij Mksjh fdl izdkj yisVh
tkrh gSA vc vkb, ,d jcj dh xasn ysa vkSj mlosQ Åij ,d dhy yxk nsaA dhy dh
lgk;rk ysrs gq,] xsan ij Mksjh yisVuk izkjEHk dj nhft,A tc vki ,slk dj jgs gksa] rks
Mksjh dks Fkkes j[kus osQ fy,] chp&chp esa fiu yxkrs jfg, vkSj Mksjh yisVuk rc rd
tkjh jf[k, tc rd fd iwjh xsan ij Mksjh u fyiV tk, [nsf[k, vkÑfr 11.7(a)]A Mksjh
ij izkjfEHkd vkSj vafre fcanq vafdr dj yhft, vkSj /hjs&/hjs xsan ls Mksjh dks gVk
yhft,A vc vius f'k{kd ls xsan dk O;kl ekius osQ fy, lgk;rk nsus osQ fy, dfg,A
blls vkidks xsan dh f=kT;k Kkr gks tk,xhA blosQ ckn] dkxt ij xsan dh f=kT;k osQ cjkcj
pkj o`Ùk [khap yhft,A vc tks Mksjh vkius xsan ij yisVh Fkh mlh dks ,d&,d djosQ
bu o`Ùkksa ij j[kdj o`Ùkksa dks Hkfj, [nsf[k, vkÑfr 11.7(b)]A

vkÑfr 11.7

bu lcls vkidks D;k izkIr gksrk gS\

og Mksjh ftlus ,d xksys osQ i`"B dks iwjk&iwjk <d fn;k Fkk vc mlh xksys dh f=kT;k
okys pkj o`Ùkksa osQ {ks=kksa dks Hkj jgh gSA bldk D;k vFkZ gqvk\ blls ;g lq>ko feyrk
gS fd f=kT;k r okys ,d xksys dk i`"Bh; {ks=kiQy

= f=kT;k r okys pkj o`Ùkksa dk {ks=kiQy = 4 × (π r2)

blfy,] xksys dk i`"Bh; {ks=kiQy = 4 πππππ r2

tgk¡ r xksys dh f=kT;k gSA

xksys osQ i`"B ij vki fdrus iQyd ns[krs gSa\ osQoy ,dA ;g oØh; gSA
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vkb, ,d Bksl xksyk ysa vkSj bls chp ls blosQ oasQnz ls tkrs
gq, ,d ry }kjk nks Hkkxksa esa dkV ysaA xksys dk D;k gksrk gS\

;g nks cjkcj Hkkxksa esa foHkkftr gks x;k gS (nsf[k, vkÑfr 11.8)A
izR;sd vk/k Hkkx D;k dgykrk gS ;g ,d v/Zxksyk
(hemisphere) dgykrk gS (D;ksafd hemi dk vFkZ vk/k gSA)A

v/Zxksys osQ i`"B osQ ckjs esa vki D;k dg ldrs gSa\ blosQ
fdrus iQyd gSa\

nks!] buesa ,d oØh; gS vkSj ,d lery iQyd gS (vk/kj)A

vèkZxksys dk oØ i`"Bh; {ks=kiQy xksys osQ i`"Bh; {ks=kiQy dk vk/k] vFkkZr~ 
1

2
 × 4πr2  gSA

vr%] v/Zxksys dk oØ i`"Bh; {ks=kiQy = 2πππππr2

tgk¡ r ml xksys dh f=kT;k gS ftldk v/Zxksyk ,d Hkkx gSA

vc nksuksa iQydksa dks ysus ij] bldk oqQy i`"Bh; {ks=kiQy = 2πr2 + πr2 gSA

vr%] v/Zxksys dk oqQy i`"Bh; {ks=kiQy = 3πππππr2

mnkgj.k 4 % 7 cm f=kT;k okys ,d xksys dk i`"Bh; {ks=kiQy Kkr dhft,A

gy % 7 cm f=kT;k okys xksys dk i`"Bh; {ks=kiQy

= 4πr2 = 4 ×
22

7
 × 7 × 7 cm2 = 616 cm2

mnkgj.k 5 % f=kT;k 21 cm okys ,d v/Zxksys osQ fy,] Kkr dhft,%

(i) oØ i`"Bh; {ks=kiQy (ii) oqQy i`"Bh; {ks=kiQy

gy % (i) f=kT;k 21 cm okys v/Zxksys dk oØ i`"Bh; {ks=kiQy

= 2πr2 = 2 ×
22

7
 × 21 × 21 cm2 = 2772 cm2

vkÑfr 11.8
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(ii) v/Zxksys dk oqQy i`"Bh; {ks=kiQy

= 3πr2 = 3 ×
22

7
 × 21 × 21 cm2 = 4158 cm2

mnkgj.k 6 % loZQl dk ,d eksVjlkbfdy lokj ftl [kks[kys xksys osQ vanj vius djrc
([ksy) fn[kkrk gS mldk O;kl 7 m gSA eksVjlkbfdy lokj osQ ikl ;s djrc fn[kkus osQ
fy, fdruk {ks=kiQy miyC/ gS\

gy % xksys dk O;kl = 7 m gSA blfy, f=kT;k 3-5m gqbZA vc] djrc fn[kkus osQ fy,]
eksVjlkbfdy lokj dks miyC/ LFkku bl xksys dk i`"Bh; {ks=kiQy gSA

xksys dk i`"Bh; {ks=kiQy = 4πr2 = 4 ×
22

7
 × 3.5 × 3.5 m2 = 154 m2

mnkgj.k 7 % fdlh Hkou dk Åijh Hkkx v/Zxksykdkj gS vkSj bl ij isaV fd;k tkuk gS
(nsf[k, vkÑfr 11-9)A ;fn bl v/Zxksys osQ vk/kj dh ifjf/ 17-6 m gS] rks `5 izfr
100 cm2 dh nj ls bls isaV djkus dk O;; Kkr dhft,A

gy % pw¡fd osQoy xksykdkj i`"B ij gh isaV gksxk] blfy, gesa v/Zxksys osQ oØ i`"Bh;
{ks=kiQy dks Kkr djus dh vko';drk gSA

vc] vk/kj dh ifjf/ = 17.6 m gSA

blfy,] 2πr = 17.6

vFkkZr~] r =
17.6 7

2 22

×
×  m = 2.8 m

blfy,] Hkou dk oØ i`"Bh; {ks=kiQy = 2πr2

= 2 ×
22

7
 × 2.8 × 2.8 m2

= 49.28 m2

vc] 100 cm2 isafVax dh ykxr = `5

blfy,] 1m2 isafVax dh ykxr = `500

vr%] 49-28 m2 isafVax dh ykxr = `500 × 49.28 = `24640

vkÑfr 11.9
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iz'ukoyh 11.2

tc rd vU;Fkk u dgk tk,] π =
22

7
 yhft,A

1. fuEu f=kT;k okys xksys dk i`"Bh; {ks=kiQy Kkr dhft, %
(i) 10.5 cm (ii) 5.6 cm (iii) 14 cm

2. fuEu O;kl okys xksys dk i`"Bh; {ks=kiQy Kkr dhft, %
(i) 14 cm (ii) 21 cm (iii) 3.5 m

3. 10 cm f=kT;k okys ,d v/Zxksys dk oqQy ì"Bh; {ks=kiQy Kkr dhft,A (π = 3.14 yhft,A)

4. ,d xksykdkj xqCckjs esa gok Hkjus ij] mldh f=kT;k 7 cm ls 14 cm gks tkrh gSA bu nksuksa
fLFkfr;ksa esa] xqCckjs osQ i`"Bh; {ks=kiQyksa dk vuqikr Kkr dhft,A

5. ihry ls cus ,d v/Zxksykdkj dVksjs dk vkarfjd O;kl 10.5 cm gSA ̀ 16 izfr 100 cm2

dh nj ls blosQ vkarfjd i`"B ij dybZ djkus dk O;; Kkr dhft,A

6. ml xksys dh f=kT;k Kkr dhft, ftldk i`"Bh; {ks=kiQy 154 cm2  gSA

7. pUnzek dk O;kl i`Foh osQ O;kl dk yxHkx ,d&pkSFkkbZ gSA bu nksuksa osQ i`"Bh; {ks=kiQyksa
dk vuqikr Kkr dhft,A

8. ,d v/Zxksykdkj dVksjk 0.25 cm eksVh LVhy ls cuk gSA bl dVksjs dh vkarfjd f=kT;k
5 cm gSA dVksjs dk ckgjh oØ i`"Bh; {ks=kiQy Kkr dhft,A

9. ,d yac o`Ùkh; csyu f=kT;k r okys ,d xksys dks
iw.kZr;k ?ksjs gq, gS (nsf[k, vkòQfr 11.10)A Kkr dhft,%

(i) xksys dk i`"Bh; {ks=kiQy

(ii) csyu dk oØ i`"Bh; {ks=kiQy

(iii) Åij (i) vkSj (ii) esa izkIr {ks=kiQyksa dk vuqikr

11.3 yEc o`Ùkh; 'kaoqQ dk vk;ru

vkÑfr 11-11 esa] vki ns[krs gSa fd blesa ,d gh
vkèkkj f=kT;k okys vkSj ,d gh Å¡pkbZ okys csyu
vkSj 'kaoqQ fn, gq, gSaA

vkÑfr 11.10

vkÑfr 11.11
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fØ;kdyki % mijksDr vkÑfr;ksa dh gh rjg] ,d gh vk/kj f=kT;k vkSj ,d gh Å¡pkbZ
okyk ,d [kks[kyk csyu vkSj ,d [kks[kyk 'kaoqQ cukus dk iz;Ru dhft, (nsf[k, vko`Qfr
11-11)A fiQj ge ,d iz;ksx }kjk ;g Kkr djsaxs fd ,d 'kaoqQ dk vk;ru D;k gSA

vkb, bl iz;ksx dks izkjEHk djsaA

'kaoqQ dks jsr ls ,d ckj Åij rd Hkfj, vkSj bl jsr dks csyu esa Mky nhft,A ge
ns[krs gSa fd blls csyu dk oqQN Hkkx Hkj x;k gS ¹nsf[k, vko`Qfr 11.12 (a)ºA

fiQj ge nqckjk 'kaoqQ dks jsr ls Hkj dj csyu esa jsr dks Mky nsrs gSaA ge ns[krs gSa
fd csyu vHkh Hkh iwjk ugha Hkjk gS [nsf[k, vko`Qfr 11.12(b)]A

vc 'kaoqQ dks rhljh ckj jsr ls Hkj dj csyu esa Mkfy,A ge ns[krs gSa fd csyu iwjk
jsr ls Hkj x;k gS [nsf[k, vko`Qfr 11.12(c)]A

vkÑfr 11.12

bl iz;ksx ls] ge fu"d"kZ fudky ldrs gSa fd rhu 'kaoqQvksa dk vk;ru csyu
osQ vk;ru osQ cjkcj gSA bldk vFkZ gS fd ;fn 'kaoqQ vkSj csyu dh vk/kj f=kT;k
,d gh gks vkSj Å¡pkbZ Hkh ,d gh gks] rks 'kaoqQ dk vk;ru csyu osQ vk;ru dk
,d&frgkbZ gksrk gSA

vr%] 'kaoqQ dk vk;ru = 
1

3
πππππr2h

tgk¡ r vk/kj f=kT;k gS vkSj h 'kaoqQ dh Å¡pkbZ gSA
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mnkgj.k 8 % fdlh 'kaoqQ dh Å¡pkbZ vkSj fr;Zd Å¡pkbZ Øe'k% 21 cm vkSj 28 cm gSaA
bldk vk;ru Kkr dhft,A

gy % l2 = r2 + h2 ls gesa izkIr gksrk gS %

r = 2 2 2 2
28 21 7 7cm cm− = − =l h

vr%] 'kaoqQ dk vk;ru = 
1

3
πr2h =

1

3
 ×

22
7 7 7 7 21

7
× × ×  cm3

= 7546 cm3

mnkgj.k 9 % eksfudk osQ ikl osQuokl dk ,d VqdM+k gS ftldk {ks=kiQy 551 m2 gSA og
blls 7 m vk/kj f=kT;k okyk ,d 'kaoqQ dk vkiru dk racw cuokrh gSA ;g ekurs gq,
fd flykbZ vkSj dVkbZ esa yxHkx 1 m2 osQuokl u"V gqvk gksxk] blls cuk, tkus okys
'kaoqQ dk vk;ru Kkr dhft,A

gy % osQuokl dk {ks=kiQy = 551 m2 gS vkSj 1 m2 osQuokl flykbZ] bR;kfn esa u"V gks
tkrk gSA

vr%] racw osQ fy, miyC/ osQuokl = (551 – 1) m2 = 550 m2

blfy,] racw dk i`"Bh; {ks=kiQy = 550 m2

vc] racw osQ vk/kj dh f=kT;k = 7 m

è;ku nhft, fd racw dh osQoy oØ i`"B gh gksrh gS (racw osQ iQ'kZ dks <dk ugha
tkrk gS)A

vr%] racw dk oØ i`"Bh; {ks=kiQy = 550 m2

vFkkZr~] πrl = 550

;k]
22

7
 × 7 × l = 550

;k] l =
550

22
m = 25 m

vc] l2 = r2 + h2

blfy,] h = 2 2
l r−  = 2 2

25 7 m 625 49 m 576 m− = − =

= 24 m
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vr%] racw dk vk;ru = 
2 31 1 22

7 7 24 m
3 3 7

r hπ = × × × × = 1232 m3

iz'ukoyh 11.3

tc rd vU;Fkk u dgk tk,] π = 
22

7
 yhft,A

1. ml yac o`Ùkh; 'kaoqQ dk vk;ru Kkr dhft,] ftldh
(i) f=kT;k 6 cm vkSj Å¡pkbZ 7 cm gSA (ii) f=kT;k 3.5 cm vkSj Å¡pkbZ 12 cm gSA

2. 'kaoqQ osQ vkdkj osQ ml crZu dh yhVjksa esa /kfjrk Kkr dhft, ftldh
(i) f=kT;k 7 cm vkSj fr;Zd Å¡pkbZ 25 cm gSA

(ii) Å¡pkbZ 12 cm vkSj fr;Zd Å¡pkbZ 13 cm gSA

3. ,d 'kaoqQ dh Å¡pkbZ 15 cm gSA ;fn bldk vk;ru 1570 cm3  gS] rks blosQ vk/kj dh
f=kT;k Kkr dhft,A (π = 3.14 iz;ksx dhft,A)

4. ;fn 9 cm Å¡pkbZ okys ,d yac o`Ùkh; 'kaoqQ dk vk;ru 48 π cm3  gS] rks blosQ vk/kj
dk O;kl Kkr dhft,A

5. Åijh O;kl 3.5 m okys 'kaoqQ osQ vkdkj dk ,d x<~<k 12 m xgjk gSA bldh /kfjrk
fdyksyhVjksa esa fdruh gS\

6. ,d yac o`Ùkh; 'kaoqQ dk vk;ru 9856 cm3 gSA ;fn blosQ vk/kj dk O;kl 28 cm gS]
rks Kkr dhft, %
(i) 'kaoqQ dh Å¡pkbZ (ii) 'kaoqQ dh fr;Zd Å¡pkbZ
(iii) 'kaoqQ dk oØ i`"Bh; {ks=kiQy

7. Hkqtkvksa 5 cm] 12 cm vkSj 13 cm okys ,d ledks.k f=kHkqt ABC dks Hkqtk 12 cm

osQ ifjr ?kqek;k tkrk gSA bl izdkj izkIr Bksl dk vk;ru Kkr dhft,A

8. ;fn iz'u 7 osQ f=kHkqt ABC dks ;fn Hkqtk 5 cm osQ ifjr ?kqek;k tk,] rks bl izdkj izkIr
Bksl dk vk;ru Kkr dhft,A iz'uksa 7 vkSj 8 esa izkIr fd, x, nksuksa Bkslksa osQ vk;ruksa dk
vuqikr Hkh Kkr dhft,A

9. xsgw¡ dh ,d <sjh 10-5 m O;kl vkSj Å¡pkbZ 3 m okys ,d 'kaoqQ osQ vkdkj dh gSA bldk
vk;ru Kkr dhft,A bl <sjh dks o"kkZ ls cpkus osQ fy, osQuokl ls <dk tkuk gSA ok¡fNr
osQuokl dk {ks=kiQy Kkr dhft,A
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11.4 xksys dk vk;ru

vkb, vc ns[ksa fd ,d xksys dk vk;ru oSQls ekik tk,A igys fofHkUu f=kT;kvksa

okys nks ;k rhu xksys yhft,A fiQj ,d crZu yhft,] ftlosQ vanj bu xksyksa dks

(osQoy ,d ckj esa ,d) j[kk tk losQA lkFk gh] ,d cM+h uk¡n (trough) yhft,

ftlesa bl crZu dks j[kk tk losQA vc crZu dks iwjk Åij rd ikuh ls Hkfj, [nsf[k,

vko`Qfr 11.13(a)]A

vc fy, x, xksyksa esa ls ,d dks crZu esa lko/kuhiwoZd Mkfy,A crZu esa ls oqQN

ikuh ckgj fudy dj ml uk¡n esa tk,xk ftlesa og crZu j[kk gqvk gS [nsf[k, vko`Qfr

11.13(b)]A vc uk¡n esa vk, bl ikuh dks lko/kuhiwoZd ,d ukius okys csyu ¹vFkkZr~

v'kkafdr csyukdkj fxykl (graduated cylindrical jar)º esa Mkfy,A eku yhft, ikuh esa

Mqck, x, xksys dh f=kT;k r gS (vki xksys dk O;kl eki dj mldh f=kT;k Kkr dj ldrs

gSa)A vc 
4

3
 πr3 dk eku fudkfy,A D;k vki ;g ikrs gSa fd ;g eku crZu ls ckgj fudys

ikuh osQ vk;ru osQ yxHkx cjkcj gS\

vkÑfr 11.13

,d ckj fiQj blh izfØ;k dks ,d vU; eki dk xksyk ysdj nksgjkb,A bl xksys dh

f=kT;k R Kkr djosQ 34
R

3
π  dk eku fudkfy,A ,d ckj fiQj ;g eku crZu ls ckgj fudys

ikuh osQ vk;ru osQ yxHkx cjkcj gSA ;g gesa D;k crkrk gS\ ge tkurs gSa fd xksys dk
vk;ru mlosQ }kjk gVk, x, ikuh osQ vk;ru osQ cjkcj gSA bl iz;ksx dks ckj&ckj djus

ij] ge izkIr djrs gSa fd ,d xksys dk vk;ru xksys dh f=kT;k osQ ?ku dk 
4

3
π  xquk gSA

blls gesa fuEu lq>ko izkIr gksrk gS %
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xksys dk vk;ru =
34

3
rπ

tgk¡ r xksys dh f=kT;k gSA
mPprj d{kkvksa esa bls fl¼ Hkh fd;k tk ldrk gSA ijUrq bl le; rks ge bls lR;

eku ysrs gSaA.

vc v/Zxksys osQ vk;ru osQ ckjs esa vki D;k vuqeku yxk ldrs gSa\ gk¡] ;g

34 1

3 2
π r dk  = 

2

3
πr3 gSA

vr%] v/Zxksys dk vk;ru ¾ 
32

3
rπ

tgk¡ r v/Zxksys dh f=kT;k gSA

vkb, bu lw=kksa dk iz;ksx n'kkZus osQ fy, oqQN mnkgj.k ysaA

mnkgj.k 10 % 11.2 cm f=kT;k okys xksys dk vk;ru Kkr dhft,A

gy % ok¡fNr vk;ru =
4

3
πr3

=
4 22

11.2 11.2 11.2
3 7

× × × ×  cm3 = 5887.32 cm3

mnkgj.k 11 % ,d 'kkWV&iV~V (shot-putt) 4-9 cm f=kT;k okyk ,d /krq dk xksyk gSA ;fn
bl /krq dk ?kuRo (density) 7-8 xzke izfr cm3 gS] rks 'kkWV&iV~V dk nzO;eku Kkr dhft,A
gy % pw¡fd 'kkWV&iV~V (shot-putt) /krq dk ,d Bksl xksyk gS rFkk nzO;eku vk;ru vkSj
?kuRo osQ xq.kuiQy osQ cjkcj gksrk gS] blfy, igys gesa 'kkWV&iV~V dk vk;ru Kkr djuk
pkfg,A

vc] xksys dk vk;ru =
34

3
rπ

=
34 22

4.9 4.9 4.9 cm
3 7

× × × ×

= 493 cm3 (yxHkx)
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lkFk gh] 1 cm3 /krq dk nzO;eku = 7.8 xzke

vr%] 'kkWV&iV~V dk nzO;eku = 7.8 × 493 xzke

= 3845.44 xzke = 3.85 fdyksxzke (yxHkx)

mnkgj.k 12 % ,d v/Zxksykdkj dVksjs dh f=kT;k 3.5 cm gSA blosQ vanj Hkjs tk ldus
okys ikuh dk vk;ru Kkr dhft,A

gy % dVksjs esa Hkjs tk ldus okys ikuh dk vk;ru

=
32

3
rπ

=
2 22

3.5 3.5 3.5
3 7

× × × ×  cm3 = 89.8 cm3

iz'ukoyh 11.4

tc vU;Fkk u dgk tk,] π = 
22

7
 yhft,A

1. ml xksys dk vk;ru Kkr dhft, ftldh f=kT;k fuEu gS %
(i) 7 cm (ii) 0.63 m

2. ml Bksl xksykdkj xsan }kjk gVk, x, (foLFkkfir) ikuh dk vk;ru Kkr dhft,] ftldk
O;kl fuEu gS %
(i) 28 cm (ii) 0.21 m

3. /krq dh ,d xsan dk O;kl 4-2 cm gSA ;fn bl /krq dk ?kuRo 8-9 xzke izfr cm3 gS]
rks bl xsan dk nzO;eku Kkr dhft,A

4. panzek dk O;kl i`Foh osQ O;kl dk yxHkx ,d&pkSFkkbZ gSA panzek dk vk;ru i`Foh osQ
vk;ru dh dkSu&lh fHkUu gS\

5. O;kl 10-5 cm okys ,d v/Zxksykdkj dVksjs esa fdrus yhVj nw/ vk ldrk gS\

6. ,d v/Zxksykdkj Vadh 1 cm eksVh ,d yksgs dh pknj (sheet) ls cuh gSA ;fn bldh
vkarfjd f=kT;k 1m gS] rks bl Vadh osQ cukus esa yxs yksgs dk vk;ru Kkr dhft,A

7. ml xksys dk vk;ru Kkr dhft, ftldk i`"Bh; {ks=kiQy 154 cm2 gSA
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8. fdlh Hkou dk xqacn ,d v/Zxksys osQ vkdkj dk gSA vanj ls] blesa lisQnh djkus esa
`498-96 O;; gq,A ;fn lisQnh djkus dh nj `2 izfr oxZ ehVj gS] rks Kkr dhft,%

(i) xqacn dk vkarfjd oØ i`"Bh; {ks=kiQy (ii) xqacn osQ vanj dh gok dk vk;ru

9. yksgs osQ lÙkkbl Bksl xksyksa dks fi?kykdj] ftuesa ls izR;sd dh f=kT;k r gS vkSj i`"Bh;
{ks=kiQy S gS] ,d cM+k xksyk cuk;k tkrk gS ftldk i`"Bh; {ks=kiQy S′ gSA Kkr dhft,%

(i) u, xksys dh f=kT;k r ′ (ii)  S vkSj S′ dk vuqikr

10. nokbZ dk ,d oSQilwy (capsule) 3-5 mm O;kl dk ,d xksyk (xksyh) gSA bl oSQilwy
dks Hkjus osQ fy, fdruh nokbZ (mm3 esa) dh vko';drk gksxh\

11.5 lkjka'k

bl vè;k; esa] vkius fuEufyf[kr fcanqvksa dk vè;;u fd;k gS%
1. 'kaoqQ dk oØ i`"Bh; {ks=kiQy = πππππrl

2. 'kaoqQ dk oqQy i`"Bh; {ks=kiQy = πππππrl + πππππr2, vFkkZr~  π  π  π  π  πr (l + r)

3. xksys dk i`"Bh; {ks=kiQy = 4 πππππ r2

4. v/Zxksys dk oØ i`"Bh; {ks=kiQy = 2πππππr2

5. v/Zxksys dk oqQy i`"Bh; {ks=kiQy = 3πππππr2

6. 'kaoqQ dk vk;ru = 
1

3
πππππr2h

7. xksys dk vk;ru = 
34

3
rπ

8. v/Zxksys dk vk;ru = 
32

3
rπ

[;gk¡ v{kjksa l, b, h, a, r, bR;kfn dk iz;ksx] vius lanHkZ osQ vuqlkj] lkekU; vFkks± esa iz;ksx
fd;k x;k gSA]
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vè;k; 12

lkaf[;dh

12.1 vkadM+ksa dk vkys[kh; fu#i.k

lkjf.k;ksa ls vkadM+ksa dk fu:i.k djus osQ ckjs esa ge ppkZ dj pqosQ gSaA vkb, vc ge
vkadM+ksa osQ vU; fu:i.k] vFkkZr~ vkys[kh; fu:i.k (graphical representation) dh vksj
viuk è;ku osaQfnzr djsaA bl laca/ esa ,d dgkor ;g jgh gS fd ,d fp=k gtkj 'kCn
ls Hkh mÙke gksrk gSA izk;% vyx&vyx enksa dh rqyukvksa dks vkys[kksa (graphs) dh
lgk;rk ls vPNh rjg ls n'kkZ;k tkrk gSA rc okLrfod vkadM+ksa dh rqyuk esa bl fu:i.k
dks le>uk vf/d ljy gks tkrk gSA bl vuqPNsn esa] ge fuEufyf[kr vkys[kh; fu:i.kksa
dk vè;;u djsaxsA

(A) naM vkys[k (Bar Graph)

(B) ,dleku pkSM+kbZ vkSj ifjorhZ pkSM+kb;ksa okys vk;rfp=k (Histograms)

(C) ckjackjrk cgqHkqt (Frequency Polygons)

(A) naM vkys[k

fiNyh d{kkvksa esa] vki naM vkys[k dk vè;;u dj pqosQ gSa vkSj mUgsa cuk Hkh
pqosQ gSaA ;gk¡ ge oqQN vf/d vkSipkfjd n`f"Vdks.k ls bu ij ppkZ djsaxsA vkidks
;kn gksxk fd naM vkys[k vkadM+ksa dk ,d fp=kh; fu:i.k gksrk gS ftlesa izk;% ,d
v{k (eku yhft, x-v{k) ij ,d pj dks izdV djus okys ,d leku pkSM+kbZ ds
naM [khaps tkrs gSa ftuosQ chp esa cjkcj&cjkcj nwfj;k¡ NksM+h tkrh gSaA pj osQ eku
nwljs v{k (eku yhft, y-v{k) ij fn[kk, tkrs gSa vkSj naMksa dh Å¡pkb;k¡ pj osQ
ekuksa ij fuHkZj djrh gSaA

mnkgj.k 1 : uoha d{kk osQ 40 fo|k£Fk;ksa ls muosQ tUe dk eghuk crkus osQ fy, dgk
x;kA bl izdkj izkIr vkadM+ksa ls fuEufyf[kr vkys[k cuk;k x;k%
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Åij fn, x, vkys[k dks ns[kdj fuEufyf[kr iz'uksa osQ mÙkj nhft, %
(i) uoacj osQ eghus esa fdrus fo|k£Fk;ksa dk tUe gqvk\
(ii) fdl eghus esa lcls vf/d fo|k£Fk;ksa dk tUe gqvk\
gy : è;ku nhft, fd ;gk¡ pj ^tUe fnu dk eghuk* gS vkSj pj dk eku ^tUe ysus okys
fo|k£Fk;ksa dh la[;k* gSA

(i) uoacj osQ eghus esa 4 fo|k£Fk;ksa dk tUe gqvkA
(ii) vxLr osQ eghus esa lcls vf/d fo|k£Fk;ksa dk tUe gqvkA
vkb, vc ge fuEufyf[kr mnkgj.k ysdj budk iqufoZyksdu djsa fd ,d naM vkys[k
fdl izdkj cuk;k tkrk gSA

mnkgj.k 2 : ,d ifjokj us ftldh ekfld vk; ` 20000  gS] fofHkUu enksa osQ varxZr gj
eghus gksus okys [kpZ dh ;kstuk cukbZ Fkh%

lkj.kh 12.1

en [kpZ
(gtkj #i;ksa esa)

xzkWljh (ijpwu dk lkeku) 4

fdjk;k 5

cPpksa dh f'k{kk 5

nokb;k¡ 2

b±/u 2

euksjatu 1

fofo/ 1

Åij fn, x, vkadM+ksa dk ,d naM vkys[k cukb,A

vko`Qfr 12.1
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gy : ge bu vkadM+ksa dk naM vkys[k fuEufyf[kr pj.kksa esa cukrs gSaA è;ku nhft, fd
nwljs LraHk esa fn;k x;k ek=kd (unit) ̂ gtkj #i;ksa esa* gSA vr%] xzkWljh (ijpwu dk lkeku)
osQ lkeus fy[kk vad 4 dk vFkZ ` 4000 gSA

1. dksbZ Hkh iSekuk (scale) ysdj ge {kSfrt v{k ij enksa (pj) dks fu:fir djrs gSa]
D;ksafd ;gk¡ naM dh pkSM+kbZ dk dksbZ egRo ugha gksrkA ijUrq Li"Vrk osQ fy, ge lHkh
naM leku pkSM+kbZ osQ ysrs gSa vkSj muosQ chp leku nwjh cuk, j[krs gSaA eku yhft,
,d en dks ,d lsaVhehVj ls fu:fir fd;k x;k gSA

2. ge [kpZ (ewY;) dks ÅèokZ/j v{k ij fu:fir djrs gSaA D;ksafd vf/dre [kpZ
` 5000 gS] blfy, ge iSekuk 1 ek=kd = ` 1000 ys ldrs gSaA

3. vius igys en vFkkZr~ xzkWljh dks fu:fir djus osQ fy,] ge 1 ek=kd dh pkSM+kbZ
4 ek=kd dh Å¡pkbZ okyk ,d vk;rkdkj naM cukrs gSaA

4. blh izdkj] nks Øekxr naMksa osQ chp 1 ek=kd dk [kkyh LFkku NksM+dj vU; enksa dks
fu:fir fd;k tkrk gS (nsf[k;s vkÑfr 12-2)A

vko`Qfr  12.2

;gk¡ vki ,d n`f"V esa gh vkadM+ksa osQ lkis{k vfHky{k.kksa dks ljyrk ls ns[k ldrs gSaA
mnkgj.k osQ fy,] vki ;g ljyrk ls ns[k ldrs gSa fd xzkWljh ij fd;k x;k [kpZ nokb;ksa
ij fd, x, [kpZ dk nks xquk gSA vr%] oqQN vFkks± esa lkj.kh :i dh vis{kk ;g vkadM+ksa
dk ,d mÙke fu:i.k gSA
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fØ;kdyki 1 : viuh d{kk osQ fo|k£Fk;ksa dks pkj lewgksa esa ck¡V nhft,A izR;sd lewg dks
fuEu izdkj osQ vkadM+ksa esa ls ,d izdkj osQ vkadM+ksa dks laxzg djus dk dke ns nhft,A

(i) viuh d{kk osQ 20 fo|k£Fk;ksa dh yackbZA
(ii) viuh d{kk esa fdlh ,d eghus osQ izR;sd fnu vuqifLFkr jgs fo|k£Fk;kas dh la[;kA
(iii) vkiosQ d{kk fe=kksa osQ ifjokjksa osQ lnL;ksa dh la[;kA
(iv) vkiosQ fo|ky; esa ;k mlosQ vkl&ikl osQ 15 ikS/ksa dh yackb;k¡A

bu pkj lewgksa }kjk izkIr vkadM+ksa dks mi;qDr naM vkys[kksa ls fu:fir dhft,A
vkb, vc ge ns[ksa fd fdl izdkj larr oxZ varjkyksa dh ckjackjrk caVu lkj.kh dks

vkys[kh; :i esa fu:fir fd;k tkrk gSA
(B) vk;rfp=k
;g larr oxZ varjkyksa osQ fy, iz;qDr naM vkys[k dh Hkk¡fr fu:i.k dk ,d :i gSA
mnkgj.k osQ fy,] ckjackjrk caVu lkj.kh 12-2 yhft,] ftlesa ,d d{kk osQ 36 fo|k£Fk;ksa
osQ Hkkj fn, x, gSa%

lkj.kh 12.2

Hkkj (kg esa) fo|k£Fk;ksa dh la[;k

30.5 - 35.5 9

35.5 - 40.5 6

40.5 - 45.5 15

45.5 - 50.5 3

50.5 - 55.5 1

55.5 - 60.5 2

oqQy ;ksx 36

vkb, ge Åij fn, x, vkadM+ksa dks vkys[kh; :i esa bl izdkj fu:fir djsa%

(i) ge ,d mi;qDr iSekuk ysdj Hkkj dks {kSfrt v{k ij fu:fir djsaA ge iSekuk
1 lsaVhehVj = 5 kg ys ldrs gSaA lkFk gh] D;ksafd igyk oxZ varjky 30-5 ls izkjaHk
gks jgk gS u fd 'kwU; ls] blfy, ,d fuoqaQp (kink) dk fpÉ cukdj ;k v{k esa ,d
foPNsn fn[kk dj] bls ge vkys[k ij n'kkZ ldrs gSaA

(ii) ge ,d mi;qDr iSekus ds vuqlkj fo|k£Fk;ksa dh la[;k (ckjackjrk) dks ÅèokZ/j v{k
ij fu:fir djrs gSaA lkFk gh] D;ksafd vf/dre ckjackjrk 15 gS] blfy, gesa ,d
,sls iSekus dk p;u djuk gksrk gS ftlls fd mlesa ;g vf/dre ckjackjrk vk losQA
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(iii) vc ge oxZ varjky osQ vuqlkj leku pkSM+kbZ vkSj laxr oxZ varjkyksa dh ckjackjrkvksa
dks yackb;k¡ ekudj vk;r (;k vk;rkdkj naM) cukrs gSaaA mnkgj.k osQ fy,] oxZ
varjky 30-5&35-5 dk vk;r 1 lsaVhehVj dh pkSM+kbZ vkSj 4-5 lsaVhehVj dh yackbZ
okyk vk;r gksxkA

(iv) bl izdkj gesa tks vkys[k izkIr gksrk gS] mls vko`Qfr 12-3 esa fn[kk;k x;k gSA

vko`Qfr  12.3

è;ku nhft, fd D;ksafd Øekxr vk;rksa osQ chp dksbZ fjDr LFkku ugha gS] blfy,
ifj.kkeh vkys[k ,d Bksl vkÑfr osQ leku fn[kkbZ iM+sxkA bl vkys[k dks vk;rfp=k
(histogram) dgk tkrk gS] tks fd larr oxks± okys oxhZo`Qr ckjackjrk caVu dk ,d
vkys[kh; fu:i.k gksrk gSA lkFk gh] naM vkys[k osQ foijhr] bldh jpuk esa naM dh
pkSM+kbZ dh ,d egRoiw.kZ Hkwfedk gksrh gSA

okLro esa] ;gk¡ [kM+s fd, x, vk;rksa osQ {ks=kiQy laxr ckjackjrkvksa osQ lekuqikrh gksrs
gSaA fiQj Hkh] D;ksafd lHkh vk;rksa dh pkSM+kbZ;k¡ leku gSa] blfy, vk;rksa dh yackb;k¡ ckjackjrkvksa
osQ lekuqikrh gksrh gSaA ;gh dkj.k gS fd ge yackb;k¡ Åij (iii) osQ vuqlkj gh ysrs gSaA

vc] ge ihNs fn[kkbZ xbZ fLFkfr ls vyx ,d fLFkfr ysrs gSaA
mnkgj.k 3: ,d vè;kfidk nks lsD'kuksa osQ fo|k£Fk;ksa osQ izn'kZuksa dk fo'ys"k.k 100 vad dh
xf.kr dh ijh{kk ysdj djuk pkgrh gSA muosQ izn'kZuksa dks ns[kus ij og ;g ikrh gS fd osQoy
oqQN gh fo|k£Fk;ksa osQ izkIrkad 20 ls de gS vkSj oqQN fo|k£Fk;ksa osQ izkIrkad 70 ;k mlls
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vf/d gSaA vr%] mlus fo|k£Fk;ksa dks 0 - 20, 20 - 30, . . ., 60 - 70, 70 - 100 tSls fofHkUu eki
okys varjkyksa esa oxhZòQr djus dk fu.kZ; fy;kA rc mlus fuEufyf[kr lkj.kh cukbZA

lkj.kh 12.3

vad fo|k£Fk;ksa dh la[;k
  0 - 20 7

20 - 30 10
30 - 40 10
40 - 50 20
50 - 60 20
60 - 70 15

     70 - vkSj mlls vf/d 8

oqQy ;ksx 90

fdlh fo|kFkhZ us bl lkj.kh dk ,d vk;rfp=k cuk;k] ftls vkòQfr 12-4 esa fn[kk;k x;k gSA

vko`Qfr  12.4

bl vkys[kh; fu:i.k dh tk¡p lko/kuh ls dhft,A D;k vki le>rs gSa fd ;g vkys[k
vkadM+ksa dk lgh&lgh fu:i.k djrk gS\ bldk mÙkj gS% ughaA ;g vkys[k vkadM+ksa dk ,d
xyr fp=k izLrqr dj jgk gSA tSlk fd ge igys crk pqosQ gSa vk;rksa osQ {ks=kiQy vk;rfp=k dh
ckjackjrkvksa osQ lekuqikrh gksrs gSaA igys bl izdkj osQ iz'u gekjs lkeus ugha mBs Fks] D;ksafd lHkh
vk;rksa dh pkSM+kb;k¡ leku FkhaA ijUrq] D;ksafd ;gk¡ vk;rksa dh pkSM+kb;k¡ cny jgh gSa] blfy,
Åij fn;k x;k vk;rfp=k vkadM+ksa dk ,d lgh&lgh fp=k izLrqr ugha djrkA mnkgj.k osQ fy,]
;gk¡ varjky 60&70 dh rqyuk esa varjky 70&100 dh ckjackjrk vfèkd gSA
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vr%] vk;rksa dh yackb;ksa esa oqQN ifjorZu (modifications) djus dh vko';drk
gksrh gS] ftlls fd {ks=kiQy iqu% ckjackjrkvksa osQ lekuqikrh gks tk,A

blosQ fy, fuEufyf[kr pj.k ykxw djus gksrs gSa %
1. U;wure oxZ pkSM+kbZ okyk ,d oxZ varjky yhft,A Åij osQ mnkgj.k esa] U;wure

oxZ pkSM+kbZ 10 gSA
2. rc vk;rksa dh yackb;ksa esa bl izdkj ifjorZu dhft, ftlls fd og oxZ pkSM+kbZ

10 osQ lekuqikrh gks tk,A
mnkgj.k osQ fy,] tc oxZ pkSM+kbZ 20 gksrh gS] rc vk;r dh yackbZ 7 gksrh gSA vr%

tc oxZ pkSM+kbZ 10 gks] rks vk;r dh yackbZ  
7

10
20

×  = 3.5  gksxhA

bl izfØ;k dks ykxw djrs jgus ij] gesa fuEufyf[kr lkj.kh izkIr gksrh gS %

lkj.kh 12.4

vad ckjackjrk oxZ dh pkSM+kbZ vk;r dh yackbZ

0 - 20 7 20
7

10
20

×  = 3.5

20 - 30 10 10
10

10
10

×  = 10

30 - 40 10 10
10

10
10

×  = 10

40 - 50 20 10
20

10
10

×  = 20

50 - 60 20 10
20

10
10

×  = 20

60 - 70 15 10
15

10
10

×  = 15

70 -100 8 30   
8

10
30

×  = 2.67
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D;ksafd geus izR;sd fLFkfr esa 10 vadksa osQ varjky ij ;s yackb;k¡ ifjdfyr dh gSa]
blfy, vki ;g ns[k ldrs gSa fd ge bu yackb;ksa dks ^izfr 10 vad varjky ij
fo|k£Fk;ksa osQ lekuqikrh eku* ldrs gSaA

ifjorhZ pkSM+kbZ okyk lgh vk;rfp=k vko`Qfr 12-5 esa fn[kk;k x;k gSA

(C) ckjackjrk cgqHkqt

ek=kkRed vkadM+ksa (quantitative data) vkSj mudh ckjackjrkvksa dks fu:fir djus dh ,d
vU; fof/ Hkh gSA og gS ,d cgqHkqt (polygon)A cgqHkqt dk vFkZ le>us osQ fy,] vkb,
ge vko`Qfr 12-3 esa fu:fir vk;rfp=k ysaA vkb, ge bl vk;rfp=k ds laxr vk;rksa
dh Åijh Hkqtkvksa osQ eè;&fcanqvksa dks js[kk[kaMksa ls tksM+ nsaA vkb, ge bu eè;&fcanqvksa
dks B, C, D, E, F vkSj G ls izdV djsaA tc bu eè;&fcanqvksa dks ge js[kk[kaMksa ls tksM+ nsrs

vko`Qfr 12.5

Reprint 2025-26



182 xf.kr

gSa] rks gesa vko`Qfr BCDEFG (nsf[k, vko`Qfr 12-6) izkIr gksrh gSA cgqHkqt dks iwjk djus
osQ fy, ;gk¡ ge ;g eku ysrs gSa fd 30-5&35-5 osQ igys vkSj 55-5&60-5 osQ ckn 'kwU;
ckjackjrk okys ,d ,d oxZ varjky gSa vkSj buosQ eè;&fcanq Øe'k%  A  vkSj H gSaA
vko`Qfr 12-3 esa n'kkZ, x, vkadM+ksa dk laxr ckjackjrk cgqHkqt ABCDEFGH (frequency

polygon) gSA bls geus vko`Qfr 12-6 esa n'kkZ;k gSA

vko`Qfr 12.6

;|fi U;wure oxZ osQ igys vkSj mPpre oxZ osQ ckn dksbZ oxZ ugha gS] fiQj Hkh 'kwU;
ckjackjrk okys nks oxZ varjkyksa dks c<+k nsus ls ckjackjrk cgqHkqt dk {ks=kiQy ogh jgrk gS]
tks vk;rfp=k dk {ks=kiQy gSA D;k vki crk ldrs gSa fd D;ksa ckajckjrk cgqHkqt dk
{ks=kiQy ogh jgrk gS tks fd vk;rfp=k dk {ks=kiQy gS\ (laosQr % lok±xle f=kHkqtksa okys
xq.kksa dk iz;ksx dhft,A)
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vc iz'u ;g mBrk gS fd tc izFke oxZ varjky osQ igys dksbZ oxZ varjky ugha
gksrk] rc cgqHkqt dks ge oSQls iwjk djsaxs\ vkb, ge ,slh gh ,d fLFkfr ysa vkSj ns[ksa fd
fdl izdkj ge ckjackjrk cgqHkqt cukrs gSaA

mnkgj.k 4 : ,d ijh{kk esa ,d d{kk osQ 51 fo|k£Fk;ksa }kjk 100 esa ls izkIr fd, vad
lkj.kh 12-5 esa fn, x, gSa %

lkj.kh 12.5

vad fo|k£Fk;ksa dh la[;k

0 - 10 5

10 - 20 10

20 - 30 4

30 - 40 6

40 - 50 7

50 - 60 3

60 - 70 2

70 - 80 2

80 - 90 3

90 - 100 9

oqQy ;ksx 51

bl ckjackjrk caVu lkj.kh osQ laxr ckjackjrk cgqHkqt cukb,A

gy : vkb, igys ge bu vkadM+ksa ls ,d vk;rfp=k cuk,¡ vkSj vk;rksa dh Åijh Hkqtkvksa
osQ eè;&fcUnqvksa dks Øe'k%  B, C, D, E, F, G, H, I, J, K  ls izdV djsaA ;gk¡ igyk oxZ
0–10 gSA vr% 0&10 ls Bhd igys dk oxZ Kkr djus osQ fy,] ge {kSfrt v{k dks
½.kkRed fn'kk esa c<+krs gSa vkSj dkYifud oxZ varjky (&10)&0 dk eè;&fcanq Kkr djrs
gSaA izFke var fcanq (end point), vFkkZr~  B  dks {kSfrt v{k dh ½.kkRed fn'kk esa 'kwU;
ckjackjrk okys bl eè;&fcanq ls feyk fn;k tkrk gSA og fcanq tgk¡ ;g js[kk[kaM ÅèokZ/j v{k
ls feyrk gS] mls  A  ls izdV djrs gSaA eku yhft, fn, gq, vkadM+ksa osQ vafre oxZ osQ Bhd
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ckn okys oxZ dk eè;&fcanq  L gSA rc  OABCDEFGHIJKL  ok¡fNr ckjackjrk cgqHkqt gS]
ftls vkòQfr 12-7 esa fn[kk;k x;k gSA

vko`Qfr 12.7

vk;rfp=k cuk, fcuk gh ckjackjrk cgqHkqtksa dks Lora=k :i ls Hkh cuk;k tk ldrk

gSA blosQ fy, gesa vkadM+ksa esa iz;qDr oxZ varjkyksa osQ eè;&fcUnqvksa dh vko';drk

gksrh gSA oxZ varjkyksa osQ bu eè;&fcanqvksa dks oxZ&fpÉ (class-marks) dgk

tkrk gSA

fdlh oxZ varjky dk oxZ&fpÉ Kkr djus osQ fy,] ge ml oxZ varjky dh mifj

lhek (upper limit) vkSj fuEu lhek (lower limit) dk ;ksx Kkr djrs gSa vkSj bl ;ksx dks

2 ls Hkkx ns nsrs gSaA bl rjg]

oxZ&fpÉ = 
+

2

mifj lhek fuEu lhek

vkb, vc ge ,d mnkgj.k ysaA
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mnkgj.k 5 : ,d uxj esa fuokZg [kpZ lwpdkad (cost of living index) dk vè;;u djus
osQ fy, fuEufyf[kr lkIrkfgd izs{k.k fd, x, %

lkj.kh 12.6

fuokZg [kpZ lwpdkad lIrkgksa dh la[;k

140 - 150 5

150 - 160 10

160 - 170 20

170 - 180 9

180 - 190 6

190 - 200 2

oqQy ;ksx 52

Åij fn, x, vkadM+ksa dk ,d ckjackjrk cgqHkqt (vk;rfp=k cuk, fcuk) [khap,A

gy : D;ksafd vk;rfp=k cuk, fcuk ge ,d ckjackjrk cgqHkqt [khapuk pkgrs gSa] blfy, vkb,
ge Åij fn, gq, oxZ varjkyksa] vFkkZr~  140 - 150, 150 - 160,....  osQ oxZ&fpÉ Kkr djsaA

oxZ varjky 140 - 150  dh mifj lhek = 150 vkSj fuEu lhek  = 140 gSA

vr%] oxZ&fpÉ = 
150 + 140

2
 = 

290

2
 = 145

blh izdkj] ge vU; oxZ varjkyksa osQ oxZ&fpÉ Kkr dj ldrs gSaA bl izdkj izkIr ubZ
lkj.kh uhps fn[kkbZ xbZ gS%

lkj.kh 12.7

oxZ oxZ&fpÉ ckjackjrk

140 - 150 145 5

150 - 160 155 10

160 - 170 165 20

170 - 180 175 9

180 - 190 185 6

190 - 200 195 2

oqQy ;ksx 52
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vc {kSfrt v{k ij oxZ&gpÉ vkysf[kr djosQ] ÅèokZ/j v{k ij ckjackjrk,¡ vkysf[kr
djosQ vkSj fiQj fcUnqvksa B(145, 5), C(155, 10), D(165, 20), E(175, 9), F(185, 6) vkSj
G(195, 2) dks vkysf[kr djosQ vkSj mUgsa js[kk[kaMksa ls feykdj ge ckjackjrk cgqHkqt [khap
ldrs gSaA gesa 'kwU; ckjackjrk ds lkFk oxZ 130&140 (tks fuEure oxZ 140–150 ds Bhd
igys gS) ds oxZ fpÉ ds laxr fcanq A(135, 0) dks vkSj G(195, 2) osQ rqjUr ckn esa vkus
okys fcanq H(205, 0) dks vkysf[kr djuk Hkwyuk ugha pkfg,A blfy, ifj.kkeh ckjackjrk
cgqHkqt  ABCDEFGH  gksxk (nsf[k, vko`Qfr 12-8)A

vko`Qfr 12.8

ckjackjrk cgqHkqt dk iz;ksx rc fd;k tkrk gS tcfd vkadM+sa larr vkSj cgqr
vf/d gksrs gSaA ;g leku izo`Qfr osQ nks vyx&vyx vkadM+ksa dh rqyuk djus esa] vFkkZr~
,d gh d{kk osQ nks vyx&vyx lsD'kuksa osQ izn'kZuksa dh rqyuk djus esa vf/d mi;ksxh
gksrk gSA

iz'ukoyh 12.1

1. ,d laxBu us iwjs fo'o esa 15&44 (o"kks± esa) dh vk;q okyh efgykvksa esa chekjh vkSj
e`R;q osQ dkj.kksa dk irk yxkus osQ fy, fd, x, losZ{k.k ls fuEufyf[kr vkadM+s
( % esa) izkIr fd,%
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Ø- la- dkj.k efgyk e`R;q nj (%)

1. tuu LokLF; voLFkk 31.8

2. raf=kdk euksfodkjh voLFkk 25.4

3. {kfr 12.4

4. ân; okfgdk voLFkk 4.3

5. 'olu voLFkk 4.1

6. vU; dkj.k 22.0

(i) Åij nh xbZ lwpukvksa dks vkys[kh; :i esa fu:fir dhft,A

(ii) dkSu&lh voLFkk iwjs fo'o dh efgykvksa osQ [kjkc LokLF; vkSj e`R;q dk cM+k
dkj.k gS\

(iii) viuh vè;kfidk dh lgk;rk ls ,sls nks dkj.kksa dk irk yxkus dk iz;kl dhft,
ftuoQh Åij  (ii) esa eq[; Hkwfedk jgh gksA

2. Hkkjrh; lekt osQ fofHkUu {ks=kksa esa izfr gtkj yM+dksa ij yM+fd;ksa dh (fudVre nl rd
dh) la[;k osQ vkadM+s uhps fn, x, gSa%

{ks=k izfr gtkj yM+dksa ij yM+fd;ksa dh la[;k

vuqlwfpr tkfr 940

vuqlwfpr tutkfr 970

xSj vuqlwfpr tkfr@tutkfr 920

fiNM+s ftys 950

xSj fiNM+s ftys 920

xzkeh.k 930

'kgjh 910

(i) Åij nh xbZ lwpukvksa dks ,d naM vkys[k }kjk fu:fir dhft,A

(ii) d{kk esa ppkZ djosQ] crkb, fd vki bl vkys[k ls dkSu&dkSu ls fu"d"kZ fudky
ldrs gSaA
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3. ,d jkT; osQ fo/ku lHkk osQ pquko esa fofHkUu jktuSfrd ik£V;ksa }kjk thrh xbZ lhVksa osQ
ifj.kke uhps fn, x, gSa %

jktuSfrd ikVhZ A B C D E F

thrh xbZ lhVsa 75 55 37 29 10 37

(i) ernku osQ ifj.kkeksa dks fu:fir djus okyk ,d naM vkys[k [khafp,A

(ii) fdl jktuSfrd ikVhZ us vf/dre lhVsa thrh gSa\

4. ,d ikS/s dh 40 ifÙk;ksa dh yackb;k¡ ,d feyhehVj rd 'kq¼ ekih xbZ gSa vkSj izkIr vkadM+ksa
dks fuEufyf[kr lkj.kh esa fu:fir fd;k x;k gS %

yackbZ (feyhehVj esa) ifÙk;ksa dh la[;k

118 - 126 3

127 - 135 5

136 - 144 9

145 - 153 12

154 - 162 5

163 - 171 4

172 - 180 2

(i) fn, gq, vkadM+ksa dks fu:fir djus okyk ,d vk;rfp=k [khafp,A

(ii) D;k bUgha vkadM+ksa dks fu:fir djus okyk dksbZ vU; mi;qDr vkys[k gS\
(iii) D;k ;g lgh fu"d"kZ gS fd 153 feyhehVj yEckbZ okyh ifÙk;ksa dh la[;k lcls

vf/d gS\ D;ksa\

5. uhps dh lkj.kh esa 400 fu;kWu ySEiksa osQ thou dky fn, x, gSa %

thou dky (?kaVksa esa) ySEiksa dh la[;k

300 - 400 14

400 - 500 56

500 - 600 60

600 - 700 86

700 - 800 74

800 - 900 62

900 - 1000 48
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(i) ,d vk;rfp=k dh lgk;rk ls nh gqbZ lwpukvksa dks fu:fir dhft,A

(ii) fdrus ySEiksa osQ thou dky 700 ?kaVksa ls vf/d gSa\

6. uhps dh nks lkjf.k;ksa esa izkIr fd, x, vadksa osQ vuqlkj nks lsD'kuksa osQ fo|k£Fk;ksa dk caVu
fn;k x;k gS %

                     lsD'ku  A                                                    lsD'ku  B

vad ckjackjrk vad ckjackjrk

  0 - 10 3   0 - 10 5

10 - 20 9 10 - 20 19

20 - 30 17 20 - 30 15

30 - 40 12 30 - 40 10

40 - 50 9 40 - 50 1

nks ckjackjrk cgqHkqtksa dh lgk;rk ls ,d gh vkys[k ij nksuksa lsD'kuksa osQ fo|k£Fk;ksa osQ izkIrkad
fu:fir dhft,A nksuksa cgqHkqtksa dk vè;;u djosQ nksuksa lsD'kuksa osQ fu"iknuksa dh rqyuk dhft,A

7. ,d fØosQV eSp esa nks Vheksa  A  vkSj  B  }kjk izFke 60 xsanksa es cuk, x, ju uhps fn, x, gSa%

xsnksa dh la[;k Vhe A Vhe B

1 - 6 2 5

7 - 12 1 6

13 - 18 8 2

19 - 24 9 10

25 - 30 4 5

31 - 36 5 6

37 - 42 6 3

43 - 48 10 4

49 - 54 6 8

55 - 60 2 10

ckjackjrk cgqHkqtksa dh lgk;rk ls ,d gh vkys[k ij nksuksa Vheksa osQ vkadM+s fu:fir dhft,A

(laosQr % igys oxZ varjkyksa dks larr cukb,)
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8. ,d ikoZQ esa [ksy jgs fofHkUu vk;q oxks± osQ cPpksa dh la[;k dk ,d ;kn`fPNd losZ{k.k
(random survey) djus ij fuEufyf[kr vkadM+s izkIr gq, %

vk;q (o"kks± esa) cPpksa dh la[;k

1 - 2 5

2 - 3 3

3 - 5 6

5 - 7 12

7 - 10 9

10 - 15 10

15 - 17 4

Åij fn, vkadM+ksa dks fu:fir djus okyk ,d vk;rfp=k [khafp,A

9. ,d LFkkuh; VsyhiQksu funsZf'kdk ls 100 oqQyuke (surname) ;ǹPN;k fy, x, vkSj mulsa
vaxzsth o.kZekyk osQ v{kjksa dh la[;k dk fuEu ckjackjrk caVu izkIr fd;k x;k %

o.kZekyk osQ v{kjksa dh la[;k oqQyukeksa dh la[;k

1 -4 6

4 -6 30

6 -8 44

8 -12 16

12 -20 4

(i) nh gqbZ lwpukvksa dks fu:fir djus okyk ,d vk;rfp=k [khafp,A

(ii) og oxZ varjky crkb, ftlesa vf/dre la[;k esa oqQyuke gSaA

12.2 lkjka'k

bl vè;k; esa] vkius fuEufyf[kr fcanq dk vè;;u fd;k gS%

1. fdl izdkj vkadM+ksa dks vkys[kksa] vk;rfp=kksa rFkk ckjackjrk cgqHkqtksa }kjk vkys[kh; :i esa izLrqr
fd;k tk ldrk gSA
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ifjf'k"V 1

xf.kr esa miifÙk;k¡

A1.1 Hkwfedk

eku yhft, vkiosQ ifjokj osQ ikl ,d Hkw[kaM gS]
ijUrq mlosQ pkjksa vksj dksbZ ckM+ (fence) ugha cuh
gSA ,d fnu vkiosQ iM+kslh us vius Hkw[kaM osQ pkjksa
vksj ckM+ (fence) cukus dk fu.kZ; fy;kA tc
iM+kslh us ckM+ cuk yh] rc vkidks irk pyk fd
ckM+ osQ vanj vkiosQ ifjokj osQ Hkw[kaM dk oqQN
Hkkx pyk x;k gSA vki vius iM+kslh dks oSQls fl¼
djsaxs fd mlus vkiosQ Hkw[kaM osQ oqQN Hkkx ij
dCtk djus dh dksf'k'k dh gSA bl laca/ esa vkidk igyk dke ifjlhek okys fookn dks lqy>kus
osQ fy, xk¡o osQ cqtxks± ls lgk;rk ysuk gks ldrk gSA ijUrq] eku yhft, fd bl ekeys esa cqtqxks±
osQ vyx&vyx er gSaA oqQN cqtqxZ vkiosQ nkos dks lgh ekurs gSa vkSj oqQN vkiosQ iM+kslh osQ nkos
dks lgh ekurs gSaA rc] ,slh fLFkfr esa vki D;k djsaxs\ bl laca/ esa vkiosQ lkeus osQoy ;gh fodYi
jg tkrk gS fd vius Hkw[kaM dh ifjlhekvksa ij vius nkos dks LFkkfir djus osQ fy, vki ,d ,slh
fof/ fudkysa tks fd lHkh dks Lohdk;Z gksA mnkgj.k osQ fy,] vius nkos dks lgh fl¼ djus vkSj
vius iM+kslh osQ nkos dks xyr fl¼ djus osQ fy,] vki ;fn vko';d gqvk rks U;k;ky; esa] ljdkj
}kjk vuqeksfnr vius xk¡o osQ losZ{k.k ekufp=k dk iz;ksx dj ldrs gSaA

vkb, vc ge ,d vU; fLFkfr ij fopkj djsaA eku yhft, vkidh ek¡ us vxLr eghus] 2005
oQk ?kj dh fctyh osQ fcy dk Hkqxrku dj fn;k gSA ijUrq flracj] 2005 osQ fcy esa ;g n'kkZ;k
x;k gS fd vxLr osQ fcy dk Hkqxrku ugha fd;k x;k gSA fctyh foHkkx }kjk fd, x, b, nkos
dks vki fdl izdkj xyr fl¼ djsaxs\ blosQ fy, vkidks Hkqxrku fcy jlhn izLrqr djuh gksxh]
tks ;g fl¼ dj nsxh fd vxLr eghus osQ fcy dk Hkqxrku fd;k tk pqdk gSA
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Åij osQ mnkgj.kksa ls ;g irk pyrk gS fd gesa vius nSfud thou esa izk;% ;g fl¼ djuk
gksrk gS fd veqd dFku ;k nkok lR; gS ;k vlR;A fiQj Hkh] ,sls vusd dFku gksrs gSa ftUgsa fl¼
fd, fcuk gh ge Lohdkj dj ysrs gSaA ijUrq] xf.kr esa ge fdlh dFku dks lR; ;k vlR; osQoy
rHkh Lohdkj djrs gSa (oqQN vfHkx`ghrksa dks NksM+dj) tc xf.kr osQ roZQ osQ vuqlkj bl dFku dks
fl¼ dj fn;k x;k gksA

oLrqr%] xf.kr esa miifÙk;ksa dk vfLrRo gtkjksa o"kks± ls jgk gS vkSj ;s xf.kr dh fdlh Hkh 'kk[kk
osQ osQanz gksrh gSaA ,slk fo'okl fd;k tkrk gS fd igyh Kkr miifÙk (proof) ,d ;wukuh nk'kZfud
vkSj xf.krK FksYl us izLrqr dh FkhA ;w¡ rks eslksiksVkfe;k] felz] phu vkSj Hkkjr tSlh vusd izkphu
lH;rkvksa esa xf.kr oasQfnzr gS] fiQj Hkh bl ckr dk dksbZ Li"V izek.k ugha feyrk gS fd mUgksaus
miifÙk;ksa dk iz;ksx ml izdkj fd;k Fkk ftl izdkj vkt ge djrs gSaA

bl vè;k; esa] ge ns[ksaxs fd dFku D;k gksrs gSa] xf.kr esa fdl izdkj roZQ fn;k tkrk gS vkSj
,d xf.krh; miifÙk esa D;k&D;k vo;o fufgr gksrs gSaA

A1.2 xf.krh; :i ls Lohdk;Z dFku

bl vuqPNsn esa] ge xf.krh; :i ls Lohdk;Z dFku (mathematically acceptable statement)

osQ vFkZ dh O;k[;k djus dk iz;kl djsaxsA ̂ dFku* og okD; gS tks u rks vkns'k lwpd okD; gksrk
gS vkSj u gh foLe;kfn cks/d (exclamatry) okD;A fu%lansg] dFku ,d iz'u Hkh ugha gS! mnkgj.k
osQ fy,]

¶vkiosQ ckyksa dk jax D;k gS\¸ ;g ,d dFku ugha gSA ;g ,d iz'u gSA

¶òQi;k tkb, vkSj esjs fy, ikuh ykb,¸ ,d vuqjks/ ;k ,d vkns'k gSA ;g ,d dFku ugha gSA

¶fdruk eueksgd lw;kZLr gS !¸ ,d foLe;kfn cks/d fVIi.kh gSA ;g ,d dFku ugha gSA

fiQj Hkh] ¶vkiosQ ckyksa dk jax dkyk gŞ  ,d dFku gSA

lkekU;r%] dFku fuEufyf[kr izdkjksa esa ls ,d gks ldrk gS%

· lnSo lR; (always true)

· lnSo vlR; (always false)

· lafnX/ (ambiguous)

;gk¡ 'kCn ¶lafnX/¸ dh oqQN O;k[;k dj nsuk vko';d gSA ,slh nks fLFkfr;k¡ gksrh gSa ftuls
dFku lafnX/ cu tkrk gSA igyh fLFkfr rks og gksrh gS tcfd ge ;g fu.kZ; ugha ys ikrs fd dFku
lnSo lR; gS ;k lnSo vlR; gSA mnkgj.k osQ fy,] ¶dy xq#okj gŞ  lafnX/ gS] D;ksafd lanHkZ esa
bruk oqQN ugha crk;k x;k gS] ftlls ge ;g fu.kZ; ys losaQ fd dFku lR; gS ;k vlR;A
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lafnX/rk dh nwljh fLFkfr rc mRiUu gksrh gS tc dFku O;fDrijd (subjective) gksrk gSA
vFkkZr~ oqQN O;fDr;ksa osQ fy, ;g lR; gksrk gS vkSj vU; O;fDr;ksa osQ fy, vlR; gksrk gSA mnkgj.k
osQ fy,] ¶oqQÙks cqf¼eku gksrs gSa̧  lafnX/ dFku gS] D;ksafd oqQN yksx bls lR; ekurs gSa vkSj oqQN
bls lR; ugha ekurs gSaA

mnkgj.k 1 : crkb, fd fuEu dFkuksa esa dkSu&dkSu ls dFku lnSo lR; gSa] lnSo vlR; gSa ;k lafnX/
gSaA vius mÙkj dh dkj.k lfgr iqf"V dhft,A
(i) ,d lIrkg esa vkB fnu gksrs gSaA
(ii) ;gk¡ o"kkZ gks jgh gSA
(iii) if'pe esa lw;kZLr gksrk gSA
(iv) xkSjh ,d n;kyq yM+dh gSA
(v) nks fo"ke iw.kk±dksa dk xq.kuiQy le gksrk gSA
(vi) nks le izko`Qr la[;kvksa dk xq.kuiQy le gksrk gSA

gy :

(i) dFku lnSo vlR; gS] D;ksafd ,d lIrkg esa 7 fnu gksrs gSaA
(ii) ;g dFku lafnX/ gS] D;ksafd ;g Li"V ugha gS fd ;gk¡ dgk¡ gSA
(iii) dFku lnSo lR; gSA ge dgha Hkh jgrs gksa] lw;kZLr if'pe esa gh gksrk gSA
(iv) dFku lafnX/ gS] D;ksafd ;g O;fDrijd gSA oqQN yksxksa osQ fy, xkSjh n;kyq gks ldrh gS vkSj

vU; yksxksa osQ fy, ughaA
(v) dFku lnSo vlR; gSA nks fo"ke iw.kk±dksa dk xq.kuiQy lnSo fo"ke gksrk gSA
(vi) ;g dFku lnSo lR; gSA fiQj Hkh bl ckr dh iqf"V djus osQ fy, fd ;g lR; gS] gesa oqQN

vkSj djus dh vko';drk gksxhA bls vuqPNsn A1.4 esa fl¼ fd;k tk,xkA

tSlk fd igys crk;k tk pqdk gS fd vius nSfud thou esa ge dFkuksa dh ekU;rk osQ izfr
vf/d lko/ku ugha jgrsA mnkgj.k osQ fy,] eku yhft, vkidh lgsyh vkidks ;g crkrh gS fd
osQjy osQ euarkoM+h esa tqykbZ osQ eghus esa izfrfnu o"kkZ gksrh gSA iw.kZ fo'okl osQ lkFk vki mlosQ
bl dFku dks lR; eku ysaxh] ;|fi ;g laHko gS fd tqykbZ osQ eghus esa ,d ;k nks fnu o"kkZ u
Hkh gqbZ gks vkSj] ;fn vki odhy ugha gSa] rks vki mlls cgl ugha djsaxhA

,d vU; mnkgj.k osQ :i esa oqQN ,sls dFku yhft,]
ftUgsa ge izk;% ,d nwljs ls dgrs jgrs gSa tSls ¶vkt cgqr xehZ
gSA¸ ge ,sls dFkuksa dks ljyrk ls Lohdkj dj ysrs gSa] D;ksafd
ge lanHkZ tkurs gSa] ;|fi ;s dFku lafnX/ gSaA ¶vkt cgqr xehZ
gŞ  dk vFkZ vyx&vyx yksxksa osQ fy, vyx&vyx gks ldrk
gS] D;ksafd oqQek;w¡ osQ O;fDr osQ fy, tks ekSle cgqr xeZ gksxk]
og pSUubZ osQ O;fDr osQ fy, xeZ ugha Hkh gks ldrk gSA
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ijUrq xf.krh; dFku lafnX/ ugha gks ldrk gSA xf.kr esa dFku osQoy Lohdk;Z ;k ekU; (valid)

gksrk gS] tcfd og ;k rks lR; gks ;k vlR; gksA tc ;g lnSo lR; gksrk gS] rc ge dgrs gSa fd
;g ,d lR; dFku (true statement) gS vU;Fkk dFku vlR; gksrk gSA

mnkgj.k osQ fy,]  5 + 2 = 7  lnSo lR; gSA vr%  ‘5 + 2 = 7’ ,d lR; dFku gSA
5 + 3 = 7  vlR; gSA vr% ‘5 + 3 = 7’ ,d vlR; dFku gSA

mnkgj.k 2 : crkb, fd uhps fn, x, dFku lR; gSa ;k vlR; %

(i) ,d f=kHkqt osQ var%dks.kksa dk ;ksx 180°  gksrk gSA

(ii) 1 ls cM+h izR;sd fo"ke la[;k vHkkT; gksrh gSA

(iii) fdlh Hkh okLrfod la[;k  x  osQ fy,  4x + x = 5x gksrk gSA

(iv) izR;sd okLrfod la[;k  x  osQ fy,  2x > x gksxkA

(v) izR;sd okLrfod la[;k  x  osQ fy,  x2 ³ x gksxkA

(vi) ;fn ,d prqHkqZt dh lHkh Hkqtk,¡ cjkcj gksa] rks og ,d oxZ gksrk gSA

gy :

(i) ;g dFku lR; gSA vki bls vè;k; 6 esa fl¼ dj pqosQ gSaA

(ii) ;g dFku vlR; gSA mnkgj.k osQ fy, 9 ,d vHkkT; la[;k ugha gSA

(iii) ;g dFku lR; gSA

(iv) ;g dFku vlR; gSA mnkgj.k osQ fy,]  2 × (–1) = –2, vkSj – 2, –1  ls cM+k ugha gSA

(v) ;g dFku vlR; gSA mnkgj.k osQ fy,]  
1

2







=
2

1

4
, vkSj 

1

4
, 

1

2
  ls cM+k ugha gSA

(vi) ;g dFku vlR; gS_ D;ksafd leprqHkqZt dh cjkcj Hkqtk,¡ rks gksrh gSa] ijUrq ;g vko';d ugha
gS fd og ,d oxZ gSA

bl ckr dh vksj vkius vo'; è;ku fn;k gksxk fd ;g LFkkfir djus osQ fy, fd xf.kr osQ
vuqlkj dFku lR; ugha gS] gesa ,d ,slk mnkgj.k ;k ,slh fLFkfr nsuh gksxh] tgk¡ ;g ykxw ugha gksrkA
vr%  (ii)  esa] D;ksafd 9 vHkkT; la[;k ugha gS] ;g ,d mnkgj.k gS tks ;g n'kkZrk gS fd dFku ¶1
ls cM+h izR;sd fo"ke la[;k vHkkT; gksrh gŞ ] lR; ugha gSA bl izdkj dk mnkgj.k] tks dFku osQ
vuqowQy u gks] izR;qnkgj.k (counter example) dgykrk gSA ge vuqPNsn A1.5 esa izR;qnkgj.kksa ij
foLRkkj ls ppkZ djsaxsA

bl ckr dh vksj Hkh vkius vo'; è;ku fn;k gksxk fd ;|fi dFku  (iv), (v) vkSj (vi) vlR;
gSa] fiQj Hkh bu ij oqQN izfrca/ yxkdj vki bUgsa lR; cuk ldrs gSaA
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mnkgj.k 3 : mi;qDr izfrca/ yxkdj fuEufyf[kr dFkuksa dks iqu% bl izdkj fyf[k, fd os lR;
dFku gks tk,¡A
(i) izR;sd okLrfod la[;k  x  osQ fy,  2x > x gksxkA
(ii) izR;sd okLrfod la[;k x  osQ fy,  x2 ³ x gksxkA
(iii) ;fn vki ,d la[;k dks Lo;a mlh la[;k ls Hkkx nsa] rks vkidks lnSo gh 1 izkIr gksxkA
(iv) o`Ùk osQ ,d fcanq ij mldh thok }kjk varfjr dks.k  90°  dk gksrk gSA
(v) ;fn ,d prqHkqZt dh lHkh Hkqtk,¡ cjkcj gksa] rks og ,d oxZ gksrk gSA

gy :

(i) ;fn  x > 0 gks,  rks  2x > x gksxkA
(ii) ;fn  x £ 0 gks  ;k  x ³ 1 gks, rks x2 ³ x gksxkA
(iii) ;fn 'kwU; osQ vfrfjDr fdlh vU; la[;k dks Lo;a mlh la[;k ls Hkkx nsa] rks vkidks lnSo

1 izkIr gksxkA
(iv) o`Ùk osQ ,d fcanq ij o`Ùk osQ ,d O;kl }kjk varfjr dks.k  90°  dk gksrk gSA
(v) ;fn ,d prqHkqZt dh lHkh Hkqtk,¡ vkSj lHkh var%dks.k cjkcj gksa] rks og ,d oxZ gksrk gSA

iz'ukoyh A 1.1

1. crkb, fd fuEufyf[kr dFku lnSo lR; gSa] lnSo vlR; gSa ;k lafnX/ gSaA dkj.k lfgr
vius mÙkj dh iqf"V dhft,A

(i) ,d o"kZ esa 13 eghus gksrs gSaA

(ii) nhokyh 'kqØokj dks iM+ jgh gSA

(iii) exknh esa rkieku  26º C  gSA

(iv) i`Foh dk ,d pUnzek gSA

(v) oqQÙks mM+ ldrs gSaA

(vi) iQjojh esa osQoy 28 fnu gksrs gSaA

2. crkb, fd fuEufyf[kr dFku lR; gSa ;k vlR;A dkj.k lfgr mÙkj nhft,A

(i) ,d prqHkqZt osQ var%dks.kksa dk ;ksx  350° gksrk gSA

(ii) fdlh Hkh okLrfod la[;k  x osQ fy,  x2 ³ 0 gSA

(iii) leprqHkqZt ,d lekarj prqHkqZt gksrk gSA

(iv) nks le la[;kvksa dk ;ksx le gksrk gSA

(v) nks fo"ke la[;kvksa dk ;ksx fo"ke gksrk gSA
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3. mi;qDr izfrca/ yxkdj] fuEufyf[kr dFkuksa dks bl izdkj fyf[k, fd os lR; dFku
cu tk,¡%

(i) lHkh vHkkT; la[;k,¡ fo"ke gksrh gSaA

(ii) ,d okLrfod la[;k dk nqxquk lnk ,d le la[;k gksrh gSA

(iii) fdlh Hkh  x  osQ fy,]  3x +1 > 4 gksrk gSA

(iv) fdlh Hkh  x osQ fy,]  x3 ³ 0 gksrk gSA

(v) izR;sd f=kHkqt esa ekfè;dk ,d dks.k lef}Hkktd Hkh gksrh gSA

A1.3  fuxefud roZQ.k

,d vlafnX/ (unambiguous) dFku dh lR;rk LFkkfir djus esa iz;qDr eq[; roZQlaxr lk/u
fuxefud roZQ.k (deductive reasoning) gSA

fuxefud roZQ.k dks le>us osQ fy,] vkb, ge ,d igsyh ls izkjaHk djsa ftls vkidks gy djuk
gSA

eku yhft, vkidkss pkj dkMZ fn, x, gSaA izR;sd dkMZ dh ,d vksj ,d la[;k Nih gS vkSj
nwljh vksj ,d v{kj Nik gSA

eku yhft, vkidks ;g crk;k tkrk gS fd ;s dkMZ fuEufyf[kr fu;e dk ikyu djrs gSa%

¶;fn dkMZ dh ,d vksj ,d le la[;k gks] rks nwljh vksj ,d Loj (vowel)

gksrk gSA¸

fu;e dh lR;rk dh tk¡p djus osQ fy,] de ls de fdrus dkMks± dks myVus dh vko';drk
gksxhA

gk¡] ;g fodYi rks vkiosQ ikl gS gh fd vki lHkh dkMks± dks myV ldrs gSa vkSj tk¡p dj
ldrs gSaA ijUrq D;k vki de la[;k esa dkMks± dks myV dj] fn, gq, dFku dh tk¡p dj
ldrs gSa\

è;ku nhft, fd dFku esa ;g crk;k x;k gS fd og dkMZ ftldh ,d vksj le la[;k gS mldh
nwljh vksj ,d Loj gksrk gSA bl dFku esa ;g ugha crk;k x;k gS fd ftl dkMZ dh ,d vksj Loj
gS mldh nwljh vksj ,d le la[;k vo'; gksuh pkfg,A ,slk gks Hkh ldrk gS ;k ugha Hkh gks ldrk
gSA fu;e esa ;g Hkh ugha crk;k x;k gS fd og dkMZ ftlosQ ,d vksj ,d fo"ke la[;k gS] mlosQ
nwljh vksj O;atu (consonant) gksuk gh pkfg,A ;g gks Hkh ldrk gS ;k ugha Hkh gks ldrk gSA

A V 6 5
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vr% D;k gesa  ‘A’  dks myVus dh vko';drk gksxh\ mÙkj gS% ughaA nwljh vksj pkgsa ,d le
la[;k gks ;k ,d fo"ke la[;k gks] fu;e rc Hkh ykxw gksrk gSA

¶5¸ osQ laca/ esa vki D;k dgsaxs\ ;gk¡ Hkh gesa dkMZ myVus dh vko';drk ugha gS] D;ksafd
nwljh vksj pkgs Loj gks ;k O;atu] fu;e rc Hkh ykxw gksrk gSA

ijUrq V vkSj 6 okys dkMks± dks myVus dh vko';drk gSA ;fn V dh nwljh vksj ,d le
la[;k gks] rks fu;e Hkax gks tkrk gSA blh izdkj] ;fn 6 dh nwljh vksj ,d O;atu gks] rks Hkh fu;e
Hkax gks tkrk gSA

bl igsyh dks gy djus osQ fy, geus ftl izdkj osQ roZQ.k dk iz;ksx fd;k gS] mls fuxefud
roZQ.k (deductive reasoning) dgk tkrk gSA bls ^fuxefud* blfy, dgk tkrk gS] D;ksafd
roZQ dk iz;ksx djosQ igys LFkkfir fd, x, dFku ls ge ,d ifj.kke ;k dFku izkIr (vFkkZr~
fuxfer) dj ldrs gSaA mnkgj.k osQ fy, Åij dh igsyh esa] fuxfer fd, x, vusd rdks± ls geus
;g fuxfer (izkIr) fd;k fd osQoy  V vkSj 6 dks gh myVus dh vko';drk gSA

fuxefud roZQ.k dh lgk;rk ls] ge ;g Hkh fu"d"kZ fudky ldrs gSa fd veqd dFku lR;
gS] D;ksafd ;g ,d vfr O;kid dFku dh] ftls lR; ekuk x;k gS] ,d fof'k"V fLFkfr gSA mnkgj.k
osQ fy,] ,d ckj tc ge ;g fl¼ dj ysrs gSa fd nks fo"ke la[;kvksa dk xq.kuiQy lnSo gh fo"ke
gksrk gS] rc (fcuk vfHkdyu osQ) ge rqjar ;g fu"d"kZ fudky ldrs gSa fd 70001 × 134563

fo"ke gksxk] D;ksafd  70001 vkSj 134563 nksuksa la[;k,¡ gh fo"ke gSaA

'krkfCn;ksa ls fuxefud roZQ.k ekuo ̄ pru dk ,d vax jgk gS vkSj bldk iz;ksx gekjs nSfud
thou esa lnk gksrk jgrk gSA mnkgj.k osQ fy,] eku yhft, ;s dFku fd ¶iq"i lksykfjl osQoy rc
f[kyrk gS] tcfd fiNys fnu dk vf/dre rkieku 28°C  ls vf/d gksrk gS ¶vkSj¸ 15 flracj]
2005 dks dkYifud ?kkVh (imaginary valley) esa lksykfjl f[kyk Fkk] lR; gSA rc fuxefud
roZQ.k dk iz;ksx djosQ] ge ;g fu"d"kZ fudky ldrs gSa fd dkYifud ?kkVh esa 14 flracj] 2005
dks vf/dre rkieku  28° C ls vf/d FkkA

gekjk nqHkkZX; ;g gS fd ge vius nSfud thou esa lgh roZQ.k dk iz;ksx lnk ugha djrsA ge
izk;% lnks"k (xyr) roZQ.k osQ vk/kj ij vusd fu"d"kZ fudky ysrs gSaA mnkgj.k osQ fy,] ;fn
vkidh lgsyh ,d fnu vkidks ns[kdj eqLdjkrh ugha gS] rc vki ;g fu"d"kZ fudky ysrs gSa fd
og vkils ukjkt gSA ;|fi ;g lR; Hkh gks ldrk gS fd ¶;fn og eq>ls ukjkt gS] rks eq>s ns[kdj
og ugha eqLdjk,xh¸_ ijUrq ;g Hkh lR; gks ldrk gS fd ¶;fn mlosQ flj esa cgqr nnZ gks] rks og
eq>s ns[kdj ugha eqLdjk,xh**A vki oqQN fu"d"kks± dh tk¡p D;ksa ugha dj ysrs tks fd vki izfrfnu
fudkyrs jgrs gSa vkSj ns[ksa fd ;s fu"d"kZ ekU; roZQ.k ij vk/kfjr gSa ;k lnks"k roZQ.k ij
vk/kfjr gaS\
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iz'ukoyh A 1.2

1. fuxefud roZQ.k }kjk fuEufyf[kr iz'uksa osQ mÙkj nhft, %

(i) ekuo Lru/kjh gksrs gSaA lHkh Lru/kjh d'ks#dksa (vertebrates) gksrs gSaA bu nks dFkuksa
osQ vk/kj ij vki ekuo osQ laca/ esa D;k fu"d"kZ fudky ldrs gSa\

(ii) ,aFkuh ,d ukbZ gSA fnus'k us vius cky dVok, gSaA D;k vki ;g fu"d"kZ fudky ldrs
gSa fd ,aFkuh us fnus'k osQ cky dkVs gSa\

(iii) ek£V;u (Martians) dh thHk yky gksrh gSaA xqyx ,d ek£V;u gSA bu nks dFkuksa osQ
vk/kj ij vki xqyx osQ ckjs esa D;k fu"d"kZ fudky ldrs gSa\

(iv) ;fn fdlh fnu pkj ?kaVs ls vf/d le; rd o"kkZ gksrh gS] rks vxys fnu xVjksa dh
liQkbZ djuh iM+rh gSA vkt 6 ?kaVs rd o"kkZ gqbZ gSA dy xVj dh voLFkk D;k gksxh]
blosQ ckjs esa vki D;k fu"d"kZ fudky ldrs gSa\

(v) uhps osQ dkVwZu esa fn, x, xk; osQ roZQ esa D;k fojks/kHkkl (fallacy) gS\

2. vkidks fiQj ls pkj dkMZ fn, x, gSaA izR;sd dkMZ osQ ,d vksj ,d la[;k vkSj nwljh vksj
,d v{kj Nik gSA uhps fn;k x;k fu;e ykxw gksrk gS ;k ugha] bldh tk¡p djus osQ fy,]
os dkSu&ls nks dkMZ gksaxs ftUgsa myVus dh vko';drk gksxh\

¶;fn ,d dkMZ dh ,d vksj ,d O;atu gks] rks mldh nwljh vksj ,d fo"ke la[;k
gksrh gSA¸
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A1.4 izes;] datsDpj vkSj vfHkx`ghr

vHkh rd geus oqQN dFkuksa ij ppkZ dh gS vkSj ns[kk gS fd bu dFkuksa dh ekU;rk dh tk¡p fdl
izdkj dh tkrh gSA bl vuqPNsn esa] vki mu rhu vyx&vyx izdkj osQ dFkuksa esa Hksn djus osQ
ckjs esa vè;;u djasxs ftuls xf.kr dk fuekZ.k gqvk gSA ;s gSa% izes;] datsDpj (conjecture) vkSj
vfHkx̀ghrA

vki igys Hkh vusd izes;ksa dks ns[k pqosQ gSaA vr% izes; D;k gS\ ml xf.krh; dFku dks ftldh

lR;rk LFkkfir (fl¼) dj nh xbZ gS] izes; (theorem) dgk tkrk gSA mnkgj.k osQ fy,] uhps fn,

x, dFku izes; gSa] tSlk fd vki vuqPNsn A1-5 esa ns[ksaxsA

izes; A 1.1 : ,d f=kHkqt osQ var%dks.k dk ;ksx 180º  gksrk gSA

izes; A 1.2 : nks izko`Qr la[;kvksa dk xq.kuiQy le gksrk gSA

izes; A 1.3 : fdUgha Hkh rhu Øekxr le izko`Qr la[;kvksa dk xq.kuiQy 16 ls HkkT;

gksrk gSA

datsDpj og dFku gS] ftls ge vius xf.krh; Kku vkSj vuqHko vFkkZr~ xf.krh; varZKku

(intuition) osQ vk/kj ij lR; ekurs gSaA datsDpj lR; ;k vlR; gks ldrk gSA lkFk gh] ;fn ge

bls fl¼ Hkh dj losaQ] rks ;g ,d izes; gks tkrk gSA izfr:iksa dks ns[kus vkSj cqf¼erkiw.kZ xf.krh;

vuqeku yxkus osQ fy,] xf.krK izk;% datsDpj dk iz;ksx djrs gSaA vkb, ge oqQN izfr:i ysa vkSj

ns[ksa fd ge fdl izdkj dk cqf¼rkiw.kZ vuqeku yxk ldrs gSaA

mnkgj.k 4 : dksbZ Hkh rhu Øekxr le la[;k,¡ yhft, vkSj mUgsa tksfM+,] tSlsµ

2 + 4 + 6 = 12, 4 + 6 + 8 = 18, 6 + 8 + 10 = 24, 8 +10 + 12 = 30, 20 + 22 +  24 = 66

vkfnA D;k vki bu ;ksxiQyksa ls fdlh izfr:i dk vuqeku yxk ldrs gSa\ buds ckjs esa vki D;k

dtsDpj ns ldrs gSa\

gy : ,d datsDpj ;g gks ldrk gS%

(i) rhu Øekxr le la[;kvksa dk ;ksx le gksrk gSA

vU; datsDpj ;g gks ldrk gS%

(ii) rhu Øekxr le la[;kvksa dk ;ksx 6 ls foHkkT; gksrk gSA
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mnkgj.k 5 : la[;kvksa dk fuEu izfr:i yhft, ftls ikLdy&f=kHkqt dgk tkrk gS %

iafDr     la[;kvksa dk ;ksx

1                                            1                                                    1

2 1 1             2

3      1      2       1             4

4 1 3 3 1             8

5       1       4         6          4        1           16

6 1 5        10 10 5 1           32

7 : :             :

8 : :             :

iafDr;ksa 7 vkSj 8 dh la[;kvksa osQ ;ksxiQyksa osQ fy, datsDpj vki D;k ns ldrs gSa\ iafDr 21
dh la[;kvksa osQ ckjs esa vki D;k dgsaxs\ D;k vki ,d izfr:i ns[k jgs gSa\ iafDr  n  dh la[;kvksa
osQ ;ksx osQ ,d lw=k osQ ckjs esa vuqeku yxkb,A
gy : iafDr 7 dh la[;kvksa dk ;ksx = 2 × 32 = 64 = 26 gSA
iafDr 8 dh la[;kvksa dk ;ksx = 2 × 64 = 128 = 27 gSA
iafDr 21 dh la[;kvksa dk ;ksx = 220 gSA
iafDr  n  dh la[;kvksa dk ;ksx = 2n –1 gSA

mnkgj.k 6 : rFkkdfFkr f=kHkqth; la[;k,¡  T
n  
yhft,%

vko`Qfr A  1.1

fcanqvksa dk foU;kl bl izdkj fd;k x;k gS fd buls ,d f=kHkqt curk gSA ;gk¡  T
1
 = 1,

T
2
 = 3, T

3
 = 6, T

4
 = 10, vkfn&vkfnA D;k vki vuqeku yxk ldrs gSa fd  T

5 
 D;k gS\

T
6  
osQ ckjs esa vki D;k dg ldrs gSa\  T

n  
osQ ckjs esa vki D;k dg ldrs gSa\

T
n  
dk ,d datsDpj nhft,A

T
1

T
2

T
3

T
4
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;fn vki bUgsa uhps nh xbZ fof/ ls iqu% [khapas] rks blls vkidks lgk;rk fey ldrh gS%

vkòQfr A 1.2

gy : T
5
 = 1 + 2 + 3 + 4 + 5 = 15 = 

5 6

2

×

T
6
 = 1 + 2 + 3 + 4 + 5 + 6 = 21 = 

6 7

2

×

T
n
 =

n n× +( )1

2

datsDpj dk ,d vuqowQy mnkgj.k tks fd vHkh Hkh [kqyk gqvk gS (vFkkZr~ vHkh rd fl¼ ugha
fd;k x;k gS fd ;g lR; gS ;k vlR;)] xf.krK fØf'p;u xksYMckd (1690&1764) osQ uke
ij j[kk x;k xksYMckd datsDpj gSA bl datsDpj dk dFku ;g gS% ¶4 ls cM+s izR;sd le iw.kk±d
dks nks fo"ke vHkkT; la[;kvksa osQ ;ksx osQ :i esa O;Dr fd;k tk ldrk gSA¸ ;fn vki ;g fl¼
dj ysaxs fd ;g ifj.kke lR; gS ;k vlR; rks vki izfl¼ gks tk,¡xsA

;g ns[kdj vkidks vo'; vk'p;Z gqvk gksxk fd xf.kr esa gekjs lkeus tks oqQN Hkh vkrk gS]
D;k mls fl¼ djuk vko';d gS] vkSj ;fn ugha] rks D;ksa ugha\

okLrfodrk rks ;g gS fd xf.kr dk izR;sd {ks=k oqQN dFkuksa ij vk/kfjr gksrk gS* ftUgsa ge
lR; eku ysrs gSa vkSj mUgsa fl¼ ugha djrsA ;s ¶Lo&izekf.kr lR;¸ gSa ftUgsa ge fcuk miifÙk osQ

T
1

T
2

T
3

T
4

Reprint 2025-26



202 xf.kr

lR; eku ysrs gSaA bu dFkuksa dks vfHkx`ghr (axioms) dgk tkrk gSA vè;k; 5 esa vki ;wfDyM osQ
vfHkx`ghrksa vkSj vfHk/kj.kkvksa (postulates) dk vè;;u dj pqosQ gSa (vktdy vfHkx`ghrksa vkSj
vfHk/kj.kkvksa osQ chp dksbZ Hksn ugha j[kk tkrk gS)A

mnkgj.k osQ fy, ;qfDyM dh igyh vfHk/kj.kk gS%
fdlh ,d fcanq ls fdlh vU; fcanq rd ,d ljy js[kk [khaph tk ldrh gSA

vkSj mudh rhljh vfHk/kj.kk gS%
dksbZ Hkh osQanz vkSj dksbZ Hkh f=kT;k ysdj ,d o`Ùk [khapk tk ldrk gSA
;s dFku iw.kZr% lR; fn[kkbZ iM+rs gSa vkSj ;wfDyM us bUgsa lR; eku fy;k FkkA D;ksa\
mUgksaus bls lR; blfy, eku fy;k Fkk] D;ksafd ge izR;sd rF; dks fl¼ ugha dj ldrs vkSj

gesa dgha u dgha ls izkjaHk rks djuk gh iM+rk gSA blosQ fy,] gesa oqqqQN dFkuksa dh vko';drk gksrh
gS] ftUgsa ge lR; eku ysrs gSa vkSj fiQj bu vfHkx`ghrksa ij vkèkkfjr roZQ osQ fu;eksa dk iz;ksx djosQ
ge vius Kku dk fuekZ.k dj ldrs gSaA

vkidks ;g tkudj vk'p;Z gks ldrk gS fd rc  ge mu lHkh dFkuksa dks Lohdkj D;ksa ugha
dj ysrs tks Lo&izekf.kr izrhr gksrs gSaA blosQ vusd dkj.k gSaA izk;% gekjk varZKku xyr fl¼ gks
ldrk gS_ fp=k ;k izfr:i gesa /ks[kk ns ldrs gSa vkSj fiQj gekjs lkeus osQoy ,d gh fodYi cp
tkrk gS fd fn, gq, rF; dks fl¼ djsaA mnkgj.k osQ fy,] geeas ls vusd O;fDr ;g fo'okl djrs
gSa fd ;fn ,d la[;k dks ,d vU; la[;k ls xq.kk djsa] rks izkIr ifj.kke nksuksa la[;kvksa ls cM+k
gksxkA ijUrq ge ;g tkurs gSa fd ;g lnSo lR; ugha gksrk gSA mnkgj.k osQ fy,]  5 × 0.2 = 1 gS]
tks fd 5 ls de gSA

vc vki uhps nh xbZ vko`Qfr nsf[k,A dkSu lk js[kk[kaM vf/d yack gS]  AB ;k CD?

vkòQfr A 1.3

nksuksa gh js[kk[kaM Bhd&Bhd leku yackbZ osQ gSa] ;|fi  AB NksVk fn[kkbZ iM+rk gSA

rc vki vfHkx`ghrksa dh ekU;rk osQ laca/ esa vk'p;Z dj ldrs gSaA vkius varZKku osQ vk/kj
ij os vfHkx`ghr fy, x, gSa tks Lo&izekf.kr fn[kkbZ iM+rs gSaA fiQj Hkh laHko gS fd ckn esa pydj
gesa irk py ldrk gS fd veqd vfHkx`ghr lR; ugha gSA bl laHkkouk ls fdl izdkj cpko fd;k
tk,\ blosQ fy, ge fuEufyf[kr pj.k viukrs gSa\

(i) vfHkx`ghrksa dh la[;k de ls de jf[k,A mnkgj.k osQ fy,] ;wfDyM osQ osQoy vfHkx`ghrksa
vkSj 5 vfHk/kj.kkvksa osQ vk/kj ij ge lSdM+ksa ifj.kke O;qRiUu dj ldrs gSaA
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(ii) lqfuf'pr gks tkb, fd vfHkx`ghr laxr (vfojks/h) (consistent) gSA
ge vfHkx`ghrksa osQ laxzg dks vlaxr (inconsistent) rc dgrs gSa tcfd ge budk iz;ksx
djrs gq,] ;g fl¼ dj ysa fd buesa ls ,d vfHkx`ghr lR; ugha gSA mnkgj.k osQ fy,]
fuEufyf[kr nks dFku yhft,A ;gk¡ ge ;g fn[kk,¡xs fd ;s dFku vlaxr gSaA
dFku 1 % dksbZ Hkh iw.kZ la[;k viuh ijorhZ la[;k osQ cjkcj ugha gksrhA
dFku 2 % ,d iw.kZ la[;k dks 'kwU; ls Hkkx nsus ij ,d iw.kZ la[;k izkIr gksrh gSA
(Lej.k jgs fd 'kwU; ls fn;k x;k Hkkx ifjHkkf"kr ugha gSA) ijUrq] ,d {k.k osQ fy,
;g eku yhft, fd ,slk laHko gS vkSj fiQj ns[krs gSa fd D;k gksrk gSA)

dFku 2 ls gesa  
1

0
 = a   izkIr gksrk gS] tgk¡  a  ,d iw.kZ la[;k gSA blls ;g irk pyrk

gS fd  1 = 0 gSA ijUrq dFku 1 dks] tks dgrk gS fd dksbZ Hkh iw.kZ la[;k viuh ijorhZ
iw.kZ la[;k osQ cjkcj ugha gksrh] ;g vlR; fl¼ dj nsrk gSA

(iii) dHkh u dHkh ,d vlR; vfHkx`ghr osQ dkj.k var£ojks/ vo'; gksxkA ge var£ojks/ rc
ekurs gSa tcfd gesa ,d ,slk dFku izkIr gksrk gS] ftlls fd dFku vkSj mldk fu"ks/
(negation) nksuksa gh lR; gks tk,¡A mnkgj.k osQ fy,] Åij fn, x, dFku 1 vkSj dFku
2 dks iqu% yhft,A
dFku 1 ls ge ;g ifj.kke O;qRiUu dj ldrs gSa fd 2 ≠ 1 gSA
vc vki  x2 – x2  yhft,A bldk xq.ku[kaMu ge nks fof/;ksa ls dj ldrs gSa %
(i) x2 – x2 = x(x – x) vkSj
(ii) x

2 – x2 = (x + x)(x – x)

vr%]  x(x – x) = (x + x)(x – x) gqvkA
dFku 2 osQ vuqlkj] ge nksuksa i{kksa ls  (x – x) dkV ldrs gSaA
rc gesa  x = 2x  izkIr gksrk gS] ftlls ;g irk pyrk gS fd  2 = 1 gSA

vr% dFku 2 ≠ 1 vkSj bldk fu"ks/ 2 = 1 nksuksa gh lR; gSaA ;g ,d var£ojks/ gSA ;g var£ojks/
vlR; vfHkx̀ghr osQ dkj.k gS] tksfd ;g gS fd ,d iw.kZ la[;k dks 0 ls Hkkx nsus ij ,d iw.kZ la[;k
izkIr gksrh gSA

vr%] ge ftu dFkuksa dks vfHkx`ghr ekurs gSa] mlosQ fy, cgqr lksp&fopkj vkSj varnZ̀f"V dh
vko';drk gksrh gSA bl laca/ esa gesa ;g vo'; lqfuf'pr dj ysuk pkfg, fd buls dksbZ vlaxrrk
;k roZQlaxr var£ojks/ u gks] fiQj Hkh] dHkh&dHkh vfHkx`ghrksa ;k vfHk/kj.kksa osQ p;u ls oqQN u,
rF;ksa dk irk yxrk gSA vè;k; 5 ls vki ;wfDyM osQ ik¡poha vfHk/kj.kk vkSj v;wfDyMh;
T;kfefr;ksa osQ vkfo"dkj ls vki ifjfpr gSaA ogk¡ vkius ;g ns[kk gS fd xf.krKksa dk ;g fo'okl
Fkk fd ik¡poha vfHk/kj.kk dks ,d vfHk/kj.kk ysus dh vko';drk ugha gS vkSj okLro esa ;g ,d
izes; gS] ftls igyh pkj vfHk/kj.kkvksa dh lgk;rk ls fl¼ fd;k tk ldrk gSA vk'p;Z gS fd bu
dk;ks± ls v;wfDyMh; T;kfefr;ksa dk vkfo"dkj gks x;kA
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vfHkx̀ghr] izes; vkSj datsDpj osQ chp osQ varjksa dks crkrs gq,] ge bl vuqPNsn dks ;gha lekIr
djrs gSaA vfHkx`ghr ,d xf.krh; dFku gS ftls fcuk miifÙk osQ lR; eku fy;k tkrk gSA datsDpj
,d xf.krh; dFku gS ftldh lR;rk ;k vlR;rk dks vHkh LFkkfir djuk 'ks"k gS] vkSj izes; ,d
xf.krh; dFku gS ftldh lR;rk rk£dd :i ls LFkkfir dh xbZ gSA

iz'ukoyh A 1.3

1. dksbZ Hkh rhu Øekxr le la[;k,¡ yhft, vkSj mudk xq.kuiQy Kkr dhft, % mnkgj.k osQ
fy,]   2 × 4 × 6 = 48, 4 × 6 ×  8 = 192,  vkfn vkfnA bu xq.kuiQyksa osQ rhu datsDpj cukb,A

2. ikLdy&f=kHkqt ij vk tkb,A
iafDr  1 : 1 = 110

iafDr   2 :  1  1 = 111

iafDr   3 : 1  2  1 = 112

iafDr 4 vkSj iafDr 5 osQ fy, ,d&,d datsDpj cukb,A D;k vkidk datsDpj lR; gS\
D;k vkidk datsDpj iafDr 6 ij Hkh ykxw gksrk gS\

3. vkb, ge f=kHkqth; la[;kvksa dks iqu% ns[ksa (vko`Qfr A1-2) nks Øekxr la[;kvksa dks
tksfM+,A mnkgj.k osQ fy,]  T

1
 + T

2
 = 4, T

2 
+ T

3 
= 9, T

3
+ T

4
 = 16 gSA

T
4
 + T

5
  osQ ckjs esa vkidk D;k dguk gS\  T

n–1
 +T

n  
dk ,d datsDpj cukb,A

4. fuEufyf[kr izfr:i nsf[k, %
12 = 1

112 = 121

1112 = 12321

11112 = 1234321

111112 = 123454321

fuEufyf[kr esa ls izR;sd dk ,d datsDpj cukb,%
1111112 =

11111112 =

tk¡p dhft, fd vkidk datsDpj lR; gS ;k ughaA
5. bl iqLrd esa iz;qDr ik¡p vfHkx`ghr (vfHk/kj.kk,¡) crkb,A

A1.5 xf.krh; miifÙk D;k gS\

vkb, ge miifÙk;ksa osQ fofHkUu igyqvksa ij fopkj djsaA lcls igys ge lR;kiu (verification)

vkSj miifÙk (proof) osQ chp osQ varj dks le>saxsA xf.kr esa miifÙk;ksa dk vè;;u djus ls igys]
vkils dFkuksa dks lR;kfir djus osQ fy, dgk tkrk gSA
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mnkgj.k osQ fy,] mnkgj.kksa osQ lkFk ;g lR;kfir djus osQ fy, dgk tk ldrk gS fd ¶nks le
la[;kvksa dk xq.kuiQy le gksrk gŞ A vr% blosQ fy, vki ;ǹPN;k nks le la[;k ys ldrs gSaA eku
yhft, os la[;k,¡ 24 vkSj 2006 yh tk ldrh gSa vkSj tk¡p dh tk ldrh gSa fd 24 × 2006 = 48144

,d le la[;k gSA bl rjg osQ vkSj mnkgj.k ysdj Hkh vki ;g fØ;k dj ldrs gSaA

vkidks d{kk esa vusd f=kHkqt [khapus vkSj buosQ var%dks.kksa dk ;ksx vfHkdfyr djus osQ fy, dgk
tk ldrk gSA ekiu esa =kqfV;k¡ u gksus ij f=kHkqt osQ var%dks.kksa dk ;ksx 180°  gksrk gSA

bl fof/ esa =kqfV (flaw) D;k gS\ ,slh vusd leL;k,¡ gSa] ftudk lR;kiu djuk gSA bldh
lgk;rk ls vki ;g rks dg ldrs gSa fd ftl dFku dks vki lgh ekurs gSa og lR; gS] ijUrq vki
bl ckr ls lqfuf'pr ugha gks ldrs fd ;g lHkh fLFkfr;ksa osQ fy, lR; gSA mnkgj.k osQ fy,] le
la[;kvksa osQ vusd ;qXeksa osQ xq.ku ls vki ;g vuqeku rks yxk ldrs gSa fd nks le la[;kvksa dk
xq.kuiQy le gksrk gSA fiQj Hkh] vki lqfuf'pr ugha gks ikrs fd le la[;kvksa osQ lHkh ;qXeksa dk
xq.kuiQy le gSA vki O;fDrxr :i ls le la[;kvksa osQ lHkh ;qXeksa osQ xq.kuiQyksa dh tk¡p ugha
dj ldrsA ;fn ,slk vki dj ikrs rks dkVwZu esa fn[kkbZ xbZ yM+dh dh Hkk¡fr vius 'ks"k thou esa
le la[;kvksa osQ xq.kuiQyksa dk ifjdyu djrs gh jgrsA blh izdkj] oqQN ,sls Hkh f=kHkqt gks ldrs
gSa ftUgsa vHkh rd vkius ugha cuk;k gS vkSj ftuosQ var%dks.kksa dk ;ksx 180°  ugha gSA ge lHkh laHko
f=kHkqtksa osQ var%dks.kksa dks ugha eki ldrsA

8 o"kZ dh vk;q ij 16 o"kZ dh vk;q ij

36 o"kZ dh vk;q ij 86 o"kZ dh vk;q ij

] le ] le

] le ] le
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izk;% lR;kiu Hkh Hkzked gks ldrs gSaA mnkgj.k osQ fy,] igys fd, x, lR;kiuksa osQ vk/kj
ij ikLdy&f=kHkqt (iz'ukoyh A1.3 dk iz'u 2) ls ge ;g fu"d"kZ fudky ldrs gSa fd
115 = 15101051 gSA ijUrq okLro esa 115 =161051 gSA

vr% vkidks ,d vU; fof/ ls lkspuk gksxk tks fd osQoy dqN fLFkfr;ksa ds lR;kiu ij gh
fuHkZj u gksA ,d vU; fof/ gS ftlesa dFku dks fl¼ djds fn[kk;k tkrk gSA og izØe] tks osQoy
roZQlaxr rdks± osQ vk/kj ij xf.krh; dFku dh lR;rk LFkkfir dj ldrk gS mls xf.krh; miifÙk
(mathematical proof ) dgk tkrk gSA

vuqPNsn A1.2 osQ mnkgj.k 2 esa] vkius ;g ns[kk gS fd xf.krh; dFku dks vlR; LFkkfir djus
osQ fy, ,d izR;qnkgj.k izkIr dj ysuk gh i;kZIr gSA vr%] ;|fi gtkjksa fLFkfr;k¡ ysdj ,d xf.krh;
dFku dh tk¡p djosQ vFkok lR;kiu djosQ bldh ekU;rk LFkkfir djuk i;kZIr ugha gksrkA fiQj
Hkh] blosQ fy, ,d ,slk izR;qnkgj.k izkIr dj nsuk gh i;kZIr gksrk gS tks dFku dks vlR; fl¼ dj
nsrk gS (vFkkZr~ ;g fn[kkuk fd oqQN vlR; gS)A bl ckr ij fo'ks"k è;ku nsus dh vko';drk gSA

xf.krh; dFku dks vlR; n'kkZus osQ fy, ,d izR;qnkgj.k Kkr dj ysuk gh i;kZIr gksrk gSA

vr%] 7 + 5 = 12 dFku nks fo"ke la[;kvksa dk ;ksx fo"ke gksrk gS] dk ,d izR;qnkgj.k gSA

vkb, vc ge ,d miifÙk osQ vk/kjHkwr vo;oksa dh lwph ns[ksa %

(i) ,d izes; dks fl¼ djus osQ fy,] gesa bl ckr dk ,d LFkwy fopkj (rough idea) gksuk
pkfg, fd ;g izfØ;k fdl izdkj dh tkrh gSA

(ii) izes; esa igys ls nh xbZ lwpukvksa (vFkkZr~ ifjdYiuk) dks vPNh rjg ls le> ysuk pkfg,
vkSj iz;ksx djuk pkfg,A

yM+fd;k¡ isM+
ij ugha p<+rha
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mnkgj.k osQ fy,] izes; A1.2 esa] tks ;g gS fd nks le la[;kvksa dk xq.kuiQy le
gksrk gS] gesa nks le izkÑr la[;k,¡ nh gqbZ gSaA vr% gesa buosQ xq.kksa dk iz;ksx djuk pkfg,A
(vè;k; 2 osQ) xq.ku[kaM izes; esa ,d cgqin  p(x) fn;k x;k gS vkSj crk;k x;k gS fd
p(a) = 0 dk ;g n'kkZus osQ fy, vkidks iz;ksx djuk gS fd (x – a),  p(x) dk ,d
xq.ku[kaM gSA blh izdkj] xq.ku[kaM izes; osQ foykse (converse) osQ fy, ;g fn;k x;k
gS fd  (x – a),  p(x) dk ,d xq.ku[kaM gS vkSj bldk iz;ksx vkidks bl ifjdYiuk
(hypothesis) dks fl¼ djus osQ fy, djuk gS fd  p(a) =0 gSA

,d izes; dks fl¼ djus osQ izØe esa] vki jpukvksa dk Hkh iz;ksx dj ldrs gSaA
mnkgj.k osQ fy,] ;g fl¼ djus osQ fy, fd ,d f=kHkqt osQ dks.kksa dk ;ksx 180°  gksrk
gS] ge fdlh ,d Hkqtk osQ lekarj vkSj ml Hkqtk osQ lEeq[k 'kh"kZ ls gksdj tkus okyh
,d js[kk [khaprs gSa vkSj lekarj js[kkvksa osQ xq.kksa dk iz;ksx djrs gSaA

(iii) miifÙk esa xf.krh; dFkuksa dk ,d mÙkjksÙkj (successive) vuqØe gksrk gSA miifÙk dk
izR;sd dFku miifÙk osQ fiNys dFku ls] igys fl¼ fd, x, izes; ls] ,d vfHkx`ghr
ls ;k viuh ifjdYiukvksa ls rk£dd :i ls fuxfer gks tkrk gSA

(iv) ,d rk£dd :i ls lgh Øe esa foU;kflr xf.krh; :i ls lR; dFkuksa osQ vuqØe dk
fu"d"kZ ogh gksuk pkfg, ftls ge fl¼ djuk pkgrs gSa] vFkkZr~ ;g og gksuk pkfg, ftldk
izes; esa nkok fd;k x;k gSA

bu vo;oksa dks le>us osQ fy,] ge izes; A1.1 vkSj mldh miifÙk dk fo'ys"k.k djsaxsA vki
vè;k; 6 esa bl izes; dks i<+ pqosQ gSaA ijUrq igys ge T;kfefr dh miifÙk;ksa osQ laca/ esa oqqQN
fVIi.kh nsaxsA izk;% ge izes;ksa dks fl¼ djus osQ fy, vkÑfr;ksa ;k vkjs[kksa dh lgk;rk ysrs gSa vkSj
;g ,d vfr egRoiw.kZ ckr gSA fiQj Hkh] miifÙk osQ izR;sd dFku dks osQoy roZQ dh lgk;rk ls
LFkkfir djuk gksrk gSA izk;% geus fo|k£Fk;ksa dks ;g dgrs lquk gS fd ¶os nks dks.k cjkcj gSa] D;ksafd
vkÑfr esa os cjkcj fn[kkbZ iM+rs gSa̧  ;k ¶og dks.k 90º  dk gksxk] D;ksafd nks js[kk,a¡ ,slh fn[kkbZ iM+rh
gSa tSls os ,d&nwljs ij yac gaSA¸ vr%] tks oqQN Hkh vki ns[krs gSa] mlls /ks[kk u [kk tkb,A
vko`Qfr A1.4 dks iqu% è;ku ls nsf[k,A

vr% vkb, vc ge izes; A1.1 ysaA

izes; A1.1 : ,d f=kHkqt osQ var%dks.kksa dk ;ksxiQy 180°  gksrk gSA

miifÙk : f=kHkqt  ABC yhft, (nsf[k, vko`Qfr A1.4)

gesa ;g fl¼ djuk gS fd Ð ABC + Ð BCA + Ð CAB = 180° (1)
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vko`Qfr A1.4

BC osQ lekarj ,d js[kk  DE  [khafp, tks  A  ls gksdj tkrh gSA (2)

DE, BC  osQ lekarj gS vkSj AB ,d fr;Zd js[kk (transversal) gSA

vr%]  Ð DAB vkSj Ð ABC  ,dkarj dks.k gSaA blfy, vè;k; 6 osQ izes; 6-2 osQ vuqlkj] ;s dks.k
cjkcj gSaA vFkkZr~  Ð DAB = Ð ABC gSA (3)

blh izdkj]  Ð CAE = Ð ACB (4)

blfy,]  Ð ABC + Ð BAC+ Ð ACB = Ð DAB +Ð BAC + Ð CAE (5)

ijUrq  Ð DAB +Ð BAC + Ð CAE = 180° gS, D;ksafd buls ,d ½tq dks.k (straight

angle) curk gSA (6)

vr%]  Ð ABC + Ð BAC+ Ð ACB = 180° (7)

vc ge miifÙk esa iz;qDr izR;sd pj.k ij fVIi.kh nsaxsA

pj.k 1 : D;ksafd gekjs izes; dk laca/ f=kHkqt osQ ,d xq.k ls gS] blfy, lcls igys ge ,d f=kHkqt
ysaxsA

pj.k 2 : ;g ,d eq[; fopkj gS&varZKkukREd izkjafHkd dne ;k ;g le> ysuk fd dkSu lh izfØ;k
viukbZ tk, ftlls ge izes; fl¼ dj losaQA izk;% T;kferh; miifÙk;ksa esa jpuk djus dh
vko';drk gksrh gSA

pj.k 3 vkSj 4 : bl rF; dk iz;ksx djosQ fd DE, BC osQ lekarj gS (viuh jpuk ls) vkSj igys
fl¼ fd, x, izes; 6-2 ls] tks ;g gS fd ;fn nks lekarj js[kkvksa dks ,d fr;Zd js[kk dkVrh gks]
rks ,dkarj dks.k cjkcj gksrs gSa] ;gk¡ ge ;g fu"d"kZ fudky ysrs gSa fd Ð DAE = Ð ABC vkSj
Ð CAE = Ð ACB gSA

pj.k 5 : ;gk¡ ge fuEufyf[kr fuxfer djus osQ fy, ;wfDyM osQ vfHkxzghr (nsf[k, vè;k; 5)
dk iz;ksx djrs gSa] tks ;g gS ¶;fn cjkcjksa dks cjkcjksa esa tksM+k tk,] rks iwjs cjkcj gksrs gSaA¸

Ð ABC + Ð BAC+ Ð ACB = Ð DAB +Ð BAC + Ð CAE

vFkkZr~ f=kHkqt osQ var%dks.kksa dk ;ksx ,d ½tq js[kk ij osQ dks.kkssa osQ ;ksx osQ cjkcj gksrk gSA
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pj.k 6 : ;g fn[kkus osQ fy, fd Ð DAB +Ð BAC + Ð CAE = 180° gS] ge vè;k; 6 osQ
jSf[kd ;qXe vfHkx`ghr dk iz;ksx djrs gSa] ftldk dFku ;g gS fd ,d ½tq js[kk ij osQ dks.kksa dk
;ksx 180º  gksrk gSA
pj.k 7 : ;g fu"d"kZ fudkyus osQ fy, fd Ð ABC + Ð BAC + Ð ACB = Ð DAB +

Ð BAC + Ð CAE = 180° gS] ge ;wfDyM osQ vfHkx`ghr dk iz;ksx djrs gSa] tks ;g gS ¶os oLrq,¡
tks leku oLrq osQ cjkcj gSa] ,d&nwljs osQ cjkcj gksrh gSaA è;ku nhft, fd pj.k 7 ml izes; }kjk
fd;k x;k nkok gS] ftls gesa fl¼ djuk gSA
vc ge fo'ys"k.k fd, fcuk gh izes;ksa A1.2 vkSj A1.3 dks fl¼ djsaxsA

izes; A1.2 : nks le izkÑr la[;kvksa dk xq.kuiQy le gksrk gSA
miifÙk :   eku yhft,  x  vkSj  y  dksbZ nks le izkÑr la[;k,¡ gSaA
ge ;g fl¼ djuk pkgrs gSa fd xy  le gSA
D;ksafd  x  vkSj  y  le gSa] blfy, ;s 2 ls HkkT; gSaA blhfy,] x = 2m osQ :i esa] tgk¡  m dksbZ izkÑr
la[;k gS vkSj y = 2n osQ :i esa] tgk¡  n dksbZ izkÑr la[;k gS] O;Dr fd;k tk ldrk gSA
rc  xy = 4 mn gS vkSj D;ksafd 4 mn, 2  ls HkkT; gS] blfy,  xy  Hkh nks ls HkkT; gksxkA
vr%] xy  le gSA

izes; A1.3 : fdUgha Hkh rhu Øekxr le izkÑr la[;kvksa dk xq.kuiQy 16 ls HkkT; gksrk gSA
miifÙk : dksbZ Hkh rhu Øekxr le izkÑr la[;k 2n, 2n + 2 vkSj  2n + 4 osQ :i dh gksxah] tgk¡
n dksbZ izkÑr la[;k gSA gesa ;g fl¼ djuk gS fd budk xq.kuiQy 2n(2n + 2)(2n + 4) 16  ls
HkkT; gSA
vc, 2n(2n + 2)(2n + 4) = 2n × 2(n +1) × 2(n + 2)

= 2 × 2 × 2n(n + 1)(n + 2) = 8n(n + 1)(n + 2)

vc gekjs lkeus nks fLFkfr;k¡ gSa% ;k rks n  le gS ;k fo"ke gSA vkb, ge izR;sd fLFkfr dh tk¡p
djsaA
eku yhft,  n  le gSA rc ge  n = 2m fy[k ldrs gSa] tgk¡  m  dksbZ izkÑr la[;k gSA
lkFk gh] rc 2n(2n + 2)(2n + 4) = 8n(n + 1)(n + 2) = 16m(2m + 1)(2m + 2)

vr%] 2n(2n + 2)(2n + 4), 16  ls HkkT; gSA
vc] eku yhft,  n  fo"ke gSA rc  n + 1 le gksxk vkSj ge n + 1  = 2r  fy[k ldrs gSa] tgk¡ r

dksbZ izkÑr la[;k gSA

rc 2n(2n + 2)(2n + 4) = 8n(n + 1)(n + 2)

= 8(2r – 1) × 2r × (2r + 1)

= 16r(2r – 1)(2r + 1)

vr%] 2n(2n + 2)(2n + 4), 16 ls HkkT; gSA
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vr%] nksuksa fLFkfr;ksa esa] geus ;g n'kkZ fn;k gS fd fdUgh Hkh rhu Øekxr le la[;kvksa dk
xq.kuiQy 16 ls HkkT; gksrk gSA

xf.krKksa us fdl izdkj ifj.kkeksa dh [kkst dh gS vkSj fdl izdkj vkSipkfjd n`<+ miifÙk;k¡
fy[kh xbZ gSa buosQ varj ij oqqQN fVIi.kh nsrs gq,] ge bl vè;k; dks ;gha lekIr djrs gSaA tSlk
fd Åij crk;k x;k gS] izR;sd miifÙk dk ,d eq[; varKkZukRed fopkj (dHkh&dHkh ,d ls
vfèkd) gksrk gSA xf.krKksa dh £pru&fof/ vkSj ifj.kkeksa dk irk yxkus esa varKkZu osaQnz fcanq dke
djrk gSA izk;% izes; dh miifÙk xf.krKksa osQ efLr"d esa vius vki vkus yxrh gSA lgh gy ;k
miifÙk izkIr djus ls igys fofHkUu fparu&fof/;ksa vkSj roZQ vkSj mnkgj.kksa osQ lkFk xf.krK izk;%
iz;ksx djrk jgrk gSA ltZukRed izkoLFkk osQ nc tkus osQ ckn gh lHkh rdks± dks ,d lkFk ysdj mfpr
miifÙk izLrqr dh tkrh gSA

;gk¡ ;g mYys[k dj nsuk vko';d gS fd vius dFkuksa
rd igq¡pus osQ fy,] Hkkjr osQ egku xf.krK Jhfuokl
jkekuqtu us mPp Lrj osQ varKkZu dk iz;ksx fd;k Fkk] ftuosQ
laca/ esa mudk ;g nkok Fkk fd os lR; gSaA buesa ls vusd
tks lR; fl¼ gks x, gSa os lqifjfpr izes; gks x, gSaA tks vHkh
rd fl¼ ugha gks ik, gSa muesa ls dqN nkoksa (datsDpj) dks
fl¼ djus (;k vlR; fl¼ djus) esa vkt Hkh iwjs fo'o osQ
xf.krK yxs gq, gSaA

iz'ukoyh A1.4

1. fuEufyf[kr dFkuksa dks vlR; fl¼ djus osQ fy, izR;qnkgj.k Kkr dhft,A
(i) ;fn nks f=kHkqtksa osQ laxr dks.k cjkcj gksa] rks f=kHkqt lok±xle gksrs gSaA
(ii) og prqHkqZt] ftldh lHkh Hkqtk,¡ cjkcj gSa ,d oxZ gksrk gSA
(iii) og prqHkqZt] ftlosQ lHkh dks.k cjkcj gSa] ,d oxZ gksrk gSA

(iv) ;fn  a  vkSj  b  iw.kk±d gSa] rks a b
2 2+  = a + b gSA

(v) 2n2 + 11  ,d vHkkT; la[;k gS] tgk¡  n  iw.kZ la[;k gSA
(vi)  lHkh /ukRed iw.kk±dksa n  osQ fy,  n2 – n + 41  ,d vHkkT; la[;k gSA

2. vki vius ilan dh miifÙk yhft, vkSj Åij p£pr dh xbZ fof/;ksa] (varZKkukRed
izkjfEHkd dne D;k gS] D;k fn;k gqvk gS] D;k fuxfer fd;k x;k gS] fdu izes;ksa vkSj
vfHkx`ghrksa dk iz;ksx fd;k x;k gS] vkfn vkfn) osQ vuqlkj bldk pj.k'k% fo'ys"k.k
dhft,A

Jhfuokl jkekuqtu
(1887–1920)

vko`Qfr A1.5
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3. fl¼ dhft, fd nks fo"ke la[;kvksa dk ;ksx le gksrk gSA

4. fl¼ dhft, fd nks fo"ke la[;kvksa dk xq.kuiQy fo"ke gksrk gSA

5. fl¼ dhft, fd rhu Øekxr le la[;kvksa dk ;ksx 6 ls HkkT; gksrk gSA

6. fl¼ dhft, fd ml js[kk ij vfijfer :i ls vusd fcanq gksrs gSa ftldk lehdj.k
 y = 2x  gSA

(laosQr % fcanq  (n, 2n) yhft,] tgk¡  n dksbZ iw.kk±d gSA )

7. vkids fe=k us dHkh vkidks dgk gksxk fd vki vius eu esa ,d la[;k lksp yhft, vkSj
mlosQ lkFk fofHkUu fØ;k,¡ dhft,] vkSj rc vkidh ewy la[;k tkus fcuk gh mlus crk
fn;k gksxk fd og okLrfod la[;k dkSu&lh FkhA vkiosQ ikl dkSu&lh la[;k cph gSA ;gk¡
nks mnkgj.k fn, x, gSaA fl¼ dhft, fd ;s nksuksa mnkgj.k lR; D;ksa gSa\

(i) ,d la[;k yhft,] mldk nks xquk dhft,] mlesa ukS tksfM+,] viuh ewy la[;k tksfM+,A
bls rhu ls Hkkx nhft,A viuh ewy la[;k dks blesa ls ?kVkb,A vkidk ifj.kke 7 gSA

(ii) dksbZ Hkh rhu vadksa okyh ,d la[;k yhft, (mnkgj.k osQ fy, 425 yhft,) bu
vadksa dks mlh Øe esa nksckjk fy[kdj ,d N vad okyh la[;k cukb, (425425)A
vkidh ubZ la[;k 7]11 vkSj 13 ls HkkT; gSA

A1.6 lkjka'k

bl ifjf'k"V esa] vkius fuEufyf[kr fcanqvksa dk vè;;u fd;k gS%

1. xf.kr esa dksbZ dFku rc Lohdk;Z gksrk gS tcfd ;g dFku lnSo lR; gks ;k vlR; gksA

2. ;g n'kkZus osQ fy, fd xf.krh; dFku vlR; gS ,d izR;qnkgj.k Kkr dj ysuk gh i;kZIr gksrk
gSA

3. vfHkx`ghr os dFku gSa ftUgsa miifÙk fcuk lR; eku fy;k x;k gSA

4. ,d datsDpj og dFku gS ftls ge vius xf.krh; varKkZu osQ vk/kj ij lR; eku ysrs gSa] ijUrq
ftUgsa gesa vHkh fl¼ djuk gSA

5. ml xf.krh; dFku dks] ftldh lR;rk LFkkfir (;k fl¼) dj nh xbZ gS] izes; dgk tkrk gSA

6. xf.krh; dFkuksa dks fl¼ djus dk ,d eq[; rk£dd lk/u fuxefud roZQ.k gSA

7. miifÙk xf.krh; dFkuksa dk ,d mÙkjksÙkj vuqØe gksrh gSA miifÙk dk izR;sd dFku igys ls Kkr
dFku ls] ;k igys fl¼ fd, x, izes; ls] ;k ,d vfHkx`ghr ls] ;k ifjdYiukvksa ls rk£dd
:i ls fuxfer fd;k tkrk gSSA
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ifjf'k"V 2

xf.krh; fun'kZu dk ifjp;

A2.1 Hkwfedk

vki izkjafHkd d{kkvksa ls gh] vius okLrfod txr ls tqM+h leL;k,¡ gy djrs vk, gSaA mnkgj.k
osQ fy,] vkius lk/kj.k C;kt osQ iz'u lacaf/r lw=k dk iz;ksx djosQ gy fd, gSaA ;g lw=k
(;k lehdj.k) C;kt vkSj blls lacaf/r vU; rhu jkf'k;ksa vFkkZr~ ewy/u] C;kt&nj vkSj vof/
osQ chp dk ,d laca/ gSA ;g lw=k xf.krh; izfr:i ;k fun'kZ (mathematical model) dk
,d mnkgj.k gSA xf.krh; fun'kZ (izfr:i) ,d xf.krh; laca/ gksrk gS tks okLrfod thou ls
tqM+h fdlh fLFkfr dh O;k[;k djrk gSA

xf.krh; fun'kks± dk iz;ksx okLrfod thou ls tqM+h vusd fLFkfr;ksa dk gy Kkr djus esa fd;k
tkrk gS] tSls

• mixzg NksM+ukA
• ekulwu osQ vkus dh izkxqfDr djukA
• okguksa ls gksus okys iznw"k.k dks fu;af=kr djukA
• cM+s 'kgjksa esa VªSfiQd tke dks de djukA

bl vè;k; esa] ge vkidks xf.krh; fun'kZ cukus osQ izØe ls] ftls xf.krh; izfr:i.k ;k
xf.krh; fun'kZu (mathematical modelling) dgk tkrk gS] ifjfpr djk,¡xsA xf.krh; fun'kZu
esa ge okLrfod thou ls tqM+h ,d leL;k ysrs gSa vkSj bls ,d rqY; xf.krh; leL;k osQ :i esa
fy[krs gSaA fiQj ge xf.krh; leL;k dk gy djrs gSa vkSj blosQ gy dk fuoZpu (dh O;k[;k)
okLrfod thou ls tqM+h leL;k osQ inksa esa djrs gSaA blosQ ckn] ge ns[krs gSa fd ;g gy okLrfod
thou ls tqM+h leL;k osQ lanHkZ esa] fdl lhek rd ekU; gSA vr%] xf.krh; fun'kZu esa ykxw gksus
okys pj.k gksrs gSa% lw=k.k (formulation), gy (solution), fuoZpu (O;k[;k) (interpretation)

vkSj ekU;dj.k (validation)A
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lcls igys ge ml izØe dks ysaxs ftldk iz;ksx vki vuqPNsn A2.2 esa 'kCn&leL;kvksa dks
gy djus esa djsaxsA ;gk¡ ge oqQN 'kCn&leL;kvksa ij ppkZ djsaxs tks vkiosQ }kjk fiNyh d{kkvksa esa
gy dh xbZ leL;kvksa osQ leku gSaA ckn esa pydj vki ;g ns[ksaxs fd ftu pj.kksa dk iz;ksx vkius
'kCn&leL;kvksa dks gy djus esa fd;k gS] muesa ls oqQN pj.kksa dk iz;ksx xf.krh; fun'kZu esa Hkh fd;k
tkrk gSA

vxys vuqPNsn vFkkZr~ A2.3 esa ge oqQN ljy fun'kks± (models) ij ppkZ djsaxsA

vuqPNsn A 2.4 esa ge fun'kZu osQ lexz izØe (overall process) mlosQ ykHk vkSj mldh oqQN
lhekvksa ij ppkZ djsaxsA

A2.2 'kCn leL;kvksa dk iqufoZyksdu

bl vuqPNsn esa] ge oqQN 'kCn&leL;kvksa ij ppkZ djsaxs tks mu leL;kvksa osQ leku gSa ftUgsa vki
fiNyh d{kkvksa esa gy dj pqosQ gSaA vkb, ge lcls igys vuqØekuqikrh fopj.k ls lacaf/r ,d
leL;k ysaA

mnkgj.k 1 : eSaus viuh dkj ls 432 km dh nwjh r; dh vkSj blesa 48 yhVj isVªksy yxkA eq>s
viuh dkj ls ml LFkku rd tkuk gS tks 180 km nwj gSA blosQ fy, eq>s fdrus isVªksy dh
vko';drk gksxh\

gy : ;gk¡ ge bl leL;k dks gy djus esa iz;qDr pj.kksa dk mYys[k djsaxsA

pj.k 1 : lw=k.k : ge tkurs gSa fd ge ftruh vf/d nwjh r; djsaxs mrus gh vf/d isVªksy dh
vko';drk gksrh gS] vFkkZr~ isVªksy dh ek=kk r; dh xbZ nwjh osQ vuqØekuqikrh gksxhA

432 km dh nwjh r; djus osQ fy, vko';d isVªksy dh ek=kk = 48 yhVj

180 km dh nwjh r; djus osQ fy, vko';d isVªksy dh ek=kk = ?

xf.krh; o.kZu : eku yhft,
x = esjs }kjk r; dh tkus okyh nwjh
y = esjs fy, vko';d isVªksy dh ek=kk

y , x  osQ vuqØekuqikrh gSA
vr%] y = kx, tgk¡  k  ,d vpj gSA
eSa] 48 yhVj isVªksy esa 432 km dh nwjh r; dj ldrk gw¡A
vr%] y = 48, x = 432

blfy,] k =
48 1

432 9

y

x
= =
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D;ksafd y = kx gS,

blfy, y =
1

9
x (1)

lehdj.k (;k lw=k) (1) vko';d isVªksy dh ek=kk vkSj r; dh xbZ nwjh osQ chp dk laca/
crkrh gSA

pj.k 2 : gy : gesa 180 km dh nwjh r; djus osQ fy, vko';d isVªksy dh ek=kk Kkr djuh
gSA vr% gesa  y  dk eku Kkr djuk gS] tcfd x = 180 gSA lehdj.k (1) esa x = 180 j[kus ij] gesa
;g izkIr gksrk gS%

y =
180

20
9

=

pj.k 3 : fuoZpu (O;k[;k) : D;ksafd  y = 20 gS,  blfy, 180 km dh nwjh r; djus osQ fy,
gesa 20 yhVj isVªksy dh vko';drk gksxhA

D;k ;g ckr vkidh le> esa vkbZ gS ;k ugha fd lHkh fLFkfr;ksa esa lw=k (1) dks ykxw ugha
fd;k tk ldrk\ mnkgj.k osQ fy,] eku yhft, fd 432 km okyk ekxZ igkM+ksa esa gksdj gS vkSj
180 km okyk ekxZ lery eSnku esa gSA igkM+h ekxZ ls rks dkj esa isVªksy dh [kir dqN rst nj ls
gksxh] ijUrq 180 km okys ekxZ ls dkj esa isVªksy dh [kir bl nj ls ugha gksxh] vfirq /heh nj
ls gksxhA vr% ;g lw=k rHkh ykxw gksrk gS tcfd os lHkh fLFkfr;k¡ tks ml nj dks izHkkfor djrh
gSa ftlls nksuksa ;k=kkvksa esa isVªksy dh [kir nj leku gksA ;k] ;fn fLFkfr;ksa esa varj gks] rks dkj osQ
fy, vko';d isVªksy dh ek=kk ij bl varj dk izHkko cgqr de gksxkA osQoy ,slh fLFkfr esa gh
isVªksy dh [kir r; dh xbZ nwjh osQ vuqØekuqikrh gksxhA leL;k gy djrs le;] ge bls eku dj
pyrs gSa] vFkkZr~ bls ge ifjdYifyr dj ysrs gSaA

mnkgj.k 2 : eku yhft, lq/hj us  8% dh lk/kj.k ok£"kd C;kt nj ls ̀  15000 fuos'k fd, gSaA
fuos'k ls mls tks /ujkf'k feyrh gS mlls og ,d ok¯'kx e'khu] ftldh dher ` 19000 gS]
[kjhnuk pkgrk gSA crkb, fd og fdruh vof/ osQ fy, ` 15000 fuos'k djs ftlls fd ok¯'kx
e'khu [kjhnus osQ fy, mls i;kZIr /ujkf'k izkIr gks tk,\

gy : pj.k 1 : leL;k dk lw=k.k : ;gk¡ gesa ewy/u vkSj C;kt&nj Kkr gSA C;kt og /ujkf'k gS
tks fd ok¯'kx e'khu [kjhnus osQ fy, vko';d ` 15000 ls vfrfjDr /ujkf'k gSA gesa o"kks± dh
la[;k Kkr djuh gSA

xf.krh; o.kZu : lk/kj.k C;kt dk lw=k  I = 
P

100

nr
  gS]

tgk¡ P = ewy/u
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n = o"kks± dh la[;k

r % = C;kt&nj

I = v£tr C;kt

;gk¡ ewy/u = `15000

lq/hj }kjk ok¯'kx e'khu [kjhnus osQ fy, vko';d /u = `19000

vr%] v£tr fd;k tkus okyk C;kt = `19000 – 15000

= `4000

o"kks± dh og la[;k ftlesa `15000 dh jkf'k tek dh xbZ gS = n

8%  dh nj ij n  o"kks± esa `15000 ij C;kt = I

rc] I =
15000 × × 8

100

n

vr%] I = 1200 n (1)

mijksDr ls o"kks± dh la[;k vkSj C;kt osQ chp dk laca/ izkIr gks tkrk gS] tcfd 8%  dh ok£"kd
nj ij `15000 fuos'k fd, x, gksaA

gesa og vof/ Kkr djuk gS ftlesa v£tr C;kt  ̀ 4000 gSA lehdj.k (1) esa I = 4000  j[kus
ij] gesa ;g izkIr gksrk gS%

4000 = 1200 n (2)

pj.k 2 : leL;k dk gy : lehdj.k (2) dk gy djus ij] gesa ;g izkIr gksrk gS%

n =
4000 1

3
1200 3

=

pj.k 3 : fuoZpu : D;ksafd  n = 
1

3
3

  vkSj ,d o"kZ dk frgkbZ 4 eghus gksrs gSa] blfy, 3 o"kZ vkSj

4 eghus ckn lq/hj ok¯'kx e'khu [kjhn ldrk gSA

D;k vki mu ifjdYiukvksa dk vuqeku yxk ldrs gSa] ftUgsa vkidks Åij osQ mnkgj.k esa djuk
gS\ ge ;gk¡ ;g eku ysrs gSa fd ml vof/ esa Hkh C;kt&nj ogh cuh jgsxh ftlesa ge C;kt

ifjdfyr djrs gSa] vU;Fkk lw=k  I = 
P

100

nr
 ykxw ugha gksxkA geus ;g Hkh eku fy;k gS fd ml le;

rd ok¯'kx e'khu dh dher esa dksbZ o`f¼ ugha gksrh] tc rd fd lq/hj vko';d /ujkf'k ,df=kr
ugha dj ysrkA
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mnkgj.k 3 : ,d eksVj&cksV ,d unh esa ÅèoZizokg (upstream) tkdj] unh osQ fdukjs cls nks uxjksa
osQ chp dh nwjh N% ?kaVs esa r; djrh gSA ;gh nwjh og vuqizokg (downstream) ik¡p ?kaVs esa r;
djrh gSA ;fn /kjk dh pky 2 km/h gks] rks 'kkar ty esa cksV dh pky Kkr dhft,A

gy : pj.k 1 : lw=k.k : gesa unh dh /kjk dh pky vkSj nks LFkkuksa osQ chp dh nwjh r; djus dk
le; Kkr gSA gesa 'kkar ty esa cksV dh pky Kkr djuh gSA

xf.krh; o.kZu : eku yhft, cksV dh pky  x km/h  gS] fy;k x;k le;  t ?kaVk gS vkSj r; dh
nwjh y km/h  gSA rc]

y = tx (1)

gSA eku yhft, nks LFkkuksa osQ chp dh nwjh  d km gSA

ÅèoZizokg tkus esa cksV dh okLrfod pky =  cksV dh pky – /kjk dh pky]

D;ksafd cksV unh osQ izokg osQ fo#¼ tk jgh gSA

vr% ÅèoZizokg esa] cksV dh pky = (x – 2) km/h

;fn ;g ÅèoZizokg nks uxjksa osQ chp dh nwjh r; djus esa 6 ?kaVs ysrh gks] rks lehdj.k (1) ls
gesa ;g izkIr gksrk gS%

d = 6(x – 2) (2)

vuqizokg tkrs le; cksV dh pky esa unh dh pky tksM+uh gksrh gSA

vr% vuqizokg esa] cksV dh pky = (x + 2) km/h

vuqizokg blh nwjh dks r; djus esa cksV 5 ?kaVk ysrh gSA

vr%] d = 5(x + 2) (3)

(2) vkSj (3) ls] gesa ;g izkIr gksrk gS%
5(x + 2) = 6(x –2 ) (4)

pj.k 2 : gy Kkr djuk

lehdj.k (4) dks x esa gy djus ij] gesa  x = 22  izkIr gksrk gSA

pj.k 3 : fuoZpu

D;ksafd  x = 22 gS, blfy, 'kkar ty esa eksVj&cksV dh pky 22 km/h gksxhA

Åij osQ mnkgj.k esa] ge tkurs gSa fd gj txg unh dh pky leku ugha gksrhA fdukjs osQ fudV
;g /hjs izokfgr gksrh gS vkSj chp /kjk esa rst izokfgr gksrh gSA cksV fdukjs ls pyuk izkjaHk djrh
gS vkSj unh dh chp /kjk dh vksj tkrh gSA tc ;g xarO; LFkku osQ fudV vk tkrh gS] rks bldh
pky fdukjs ds fudV vkrs gq, de gksrh tkrh gSA vr% chp /kjk esa cksV dh pky vkSj fdukjs
ij cksV dh pky esa FkksM+k varj gksrk gSA D;ksafd ;g fdukjs osQ fudV cgqr de le; rd jgrh
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gS] blfy, unh dh pky dk ;g varj osQoy FkksM+h vof/ osQ fy, gh izHkkfor djrk gSA vr% unh
dh pky esa ge bl varj dh mis{kk dj ldrs gSaA cksV dh pky esa gq, FkksM+s ifjorZu dh Hkh ge
mis{kk dj ldrs gSaA lkFk gh] unh dh pky osQ vfrfjDr ikuh (ty) vkSj cksV dh lrg osQ chp
dk ?k"kZ.k Hkh cksV dh okLrfod pky dks izHkkfor djsxkA ;gk¡ Hkh ge ;g eku ysrs gSa fd ;g izHkko
cgqr de gSA

vr% ;gk¡ ge ;g eku ysrs gSa fd%
1. unh dh pky vkSj cksV dh pky iwjs le; vpj cuh jgrh gSA
2. cksV vkSj ikuh osQ chp dk ?k"kZ.k vkSj ok;q osQ dkj.k gks jgk ?k"kZ.k mis{k.kh; gSA
Åij dh xbZ ifjdYiukvksa osQ vk/kj ij] geus 'kkar ty esa cksV dh pky Kkr dh gSA
tSlk fd Åij nh xbZ 'kCn&leL;kvksa eas geus ns[kk gS fd ,d 'kCn&leL;k dk gy djus esa

rhu pj.k ykxw gksrs gSaA ;s pj.k fuEufyf[kr gSa %
1. lw=k.k : ge leL;k dk fo'ys"k.k djrs gSa vkSj ns[krs gSa fd leL;k osQ gy esa dkSu&dkSu

ls dkjdkssa dk vf/d izHkko gSA ;s lqlaxr dkjd (relevant factors) dgykrs gSaA gekjs
igys mnkgj.k esa] lqlaxr dkjd r; dh xbZ nwjh vkSj [kir fd;k x;k isVªksy gSA geus ekxZ
dh voLFkk] pykus dh pky tSls vU; dkjdksa dh mis{kk dj yh gSA vU;Fkk leL;k bruh
dfBu gks tk,xh fd bls gy djuk vf/d dfBu gks tk,xkA ftu dkjdksa dh ge mis{kk
dj nsrs gSa] mUgsa vlaxr dkjd (irrelevant factors) dgk tkrk gSA

rc ge ,d ;k vf/d xf.krh; lehdj.kksa osQ :i esa leL;k dh xf.krh;r% O;k[;k
djrs gSaA

2. gy : oqQN mi;qDr fof/;ksa dh lgk;rk ls pj.k 1 esa izkIr xf.krh; lehdj.kksa dks gy
djosQ] ge leL;k dk gy Kkr djrs gSaA

3. fuoZpu : ge ns[krs gSa fd pj.k 2 esa izkIr gy dk vFkZ ewy 'kCn&leL;k osQ lanHkZ esa
D;k gSA

;gk¡ vkiosQ fy, oqQN iz'u fn, tk jgs gSaA bu iz'uksa osQ fy, Åij crk, x, rhu pj.kksa dks
ykxw djosQ 'kCn&leL;kvksa dks gy djus esa ftu pj.kksa dk iz;ksx fd;k tkrk gS] mUgsa vkius le>k
gS ;k ughaA bldh tk¡p vki dj ldrs gSaA

iz'ukoyh A 2.1

uhps nh xbZ izR;sd leL;k esa Li"V :i ls crkb, fd Åij fn, x, pj.kksa 1] 2 vkSj 3 dks ykxw
djus esa lqlaxr vkSj vlaxr dkSu&dkSu ls dkjd gSaA

1. eku yhft, ,d oaQiuh dks oqQN le; osQ fy, ,d oaQI;wVj dh vko';drk gSA oaQiuh
;k rks ` 2000 izfr ekg dh nj ls oaQI;wVj fdjk, ij ys ldrh gS ;k ` 25000 esa ,d
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oaQI;wVj [kjhn ldrh gSA ;fn oaQiuh dks yach vof/ rd oaQI;wVj dk iz;ksx djuk gS] rks
oaQiuh dks bruk fdjk;k nsuk iM+sxk fd blls lLrk rks ;g gksxk fd og oaQI;wVj [kjhn ysA
blosQ foijhr] ;fn oaQiuh dks FkksM+s le;] vFkkZr~ osQoy ,d eghus osQ fy, gh oaQI;wVj
dk iz;ksx djuk gS] rks ,slh fLFkfr esa fdjk, ij oaQI;wVj ysuk vf/d lLrk iM+sxkA mu
eghuksa dh la[;k crkb, ftlosQ ckn oaQI;wVj dks [kjhnuk vf/d lLrk iM+sxkA

2. eku yhft, ,d dkj LFkku A  ls pyuk izkjaHk djrh gS vkSj og ,d vU; LFkku  B dh vksj
40 km/h dh pky ls tkrh gSA mlh le; ,d vU; dkj LFkku B ls pyuk izkjaHk djrh
gS vkSj og  A  dh vksj 30 km/h dh pky ls tkrh gSA ;fn  A  vkSj B  osQ chp dh nwjh
100 km gS] rks crkb, fd fdrus le; ckn ,d dkj nwljh dkj ls feysxhA

3. i`Foh ls panzek yxHkx 384000 km dh nwjh ij gS vkSj i`Foh osQ izfr ifjØek djus dk
iFk yxHkx o`Ùkh; gSA ;g ekudj fd panzek i`Foh dh ifjØek 24 ?kaVs esa iwjk djrk gS]
crkb, fd fdl pky ls panzek i`Foh dh ifjØek djsxkA (π = 3.14 yhft, )

4. ,d ifjokj mu eghuksa esa] ftuesa og okVj ghVj dk iz;ksx ugha djrk] fctyh osQ fy,
vkSlru ̀  1000 Hkqxrku djrk gSA ftu eghuksa esa og okVj ghVj dk iz;ksx djrk gS] mu
eghuksa esa fctyh dk vkSlr fcy ̀  1240 vkrk gSA okVj ghVj dk iz;ksx djus dh ykxr
` 8 izfr ?kaVk gSA ,d fnu esa okVj ghVj dk iz;ksx ftrus vkSlr ?kaVksa osQ fy, fd;k tkrk
gS mls Kkr dhft,A

A2.3 oqQN xf.krh; fun'kZ

vHkh rd viuh ppkZ esa geus dksbZ ubZ ckr ugha dgh gSA bl vuqPNsn esa] ge igys crk, x, pj.kksa
esa ,d vkSj pj.k c<+k nsaxsA bl pj.k dks ekU;dj.k (validation) dgk tkrk gSA ekU;dj.k dk
vFkZ D;k gS\ vkb, ge ns[ksa fd bldk vFkZ D;k gSA okLrfod thou ls tqM+h fLFkfr esa] ge ml
fun'kZ dks Lohdkj ugha dj ldrs ftlls izkIr mÙkj okLrfodrk ls esy ugha [kkrk gksA okLrfodrk
osQ fo#¼ mÙkj dh tk¡p djus vkSj ;fn vko';d gks rks] xf.krh; o.kZu esa vkifjorZu djus osQ bl
izØe dks ekU;dj.k dgk tkrk gSA

;g fun'kZu dk ,d vfr egRoiw.kZ pj.k gSA bl vuqPNsn esa] ge vkidks bl pj.k ls ifjfpr
djk,¡xsA

bl lanHkZ esa vkb, igys ge ,d mnkgj.k ysa] tgk¡ gesa ekU;dj.k osQ ckn vius fun'kZ dk
vkifjorZu (modification) djus dh vko';drk ugha gksrhA

mnkgj.k 4 :  eku yhft, vkiosQ ikl 6 ehVj yack vkSj 5 ehVj pkSM+k ,d dejk gSA vki bl
dejs osQ iQ'kZ ij 30 cm dh Hkqtk okyh oxkZdkj ekstkbd Vkbyksa dks yxokuk pkgrs gSaA blosQ fy,
fdruh Vkbyksa dh vko';drk gksxh\ ,d xf.krh; fun'kZ cukdj bls gy dhft,A
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gy : lw=k.k : bl leL;k dks gy djus osQ fy,] gesa dejs dk {ks=kiQy vkSj ,d Vkby dk
{ks=kiQy ysuk gksrk gSA Vkby dh ,d Hkqtk dh yackbZ 0-3 ehVj gSA D;ksafd dejs dh yackbZ

6 ehVj gS] blfy, dejs dh yackbZ ds vuqfn'k ,d iafDr esa 
6

0.3
 = 20  Vkbysa yxkbZ tk ldrh

gaS (nsf[k, vko`Qfr A2.1)A

vkòQfr A 2.1

D;ksafd dejs dh pkSM+kbZ 5 ehVj gS] vkSj  
5

0.3
 = 16.67 gS]  vr%] ,d LraHk esa ge 16 Vkbysa

yxk ldrs gSaA D;ksafd  16 × 0.3 = 4.8 gS,  blfy, pkSM+kbZ ds vuqfn'k 5 – 4.8 = 0.2  ehVj LFkku
ij Vkbysa ugha yxh gksaxhA bl Hkkx esa ([kkyh LFkku esa) lkbt osQ vuqlkj Vkbyksa dks dkVdj yxkuk
gksxkA Vkby ls fcuk <osQ iQ'kZ dh pkSM+kbZ 0-2 ehVj gS] tks Vkby dh yackbZ 0.3 m  osQ vkèks ls
vf/d gSA vr%] ge ,d Vkby dks nks cjkcj&cjkcj vk/s Hkkxksa esa ugha ck¡V ldrs vkSj 'ks"k Hkkx
dks <dus osQ fy, nksuksa vk/s Hkkxksa dk iz;ksx ugha dj ldrsA

xf.krh; o.kZu:

vko';d Vkbyksa dh oqQy la[;k = (yackbZ ds vuqfn'k Vkbyksa dh la[;k × pkSM+kbZ esa Vkbyksa dh
la[;k) + fcuk <osQ gq, {ks=k ij Vkbyksa dh la[;k (1)

gy : tSlk fd ge Åij dg pqosQ gSa fd yackbZ osQ vuqfn'k Vkbyksa dh la[;k 20 gS vkSj pkSM+kbZ
ds vuqfn'k Vkbyksa dh la[;k 16 gSA vafre iafDr osQ fy,] gesa 20 vkSj Vkbyksa dh vko';drk gksxhA
bu ekuksa dks (1) eas izfrLFkkfir djus ij] gesa ;g izkIr gksrk gS%

(20 × 16) + 20 = 320 + 20 = 340

fuoZpu : iQ'kZ ij yxkus osQ fy, 340 Vkbyksa dh vko';drk gksxhA

Area covered by

full tiles

4.8 m

iwjh&iwjh Vkbyksa }kjk
<dk x;k {ks=k
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ekU;dj.k : O;kogkfjd thou eas vkidk feL=kh vkils oqQN vkSj Vkby ekax ldrk gS] D;ksafd lkbt
osQ vuqlkj dkVrs le; Vkbysa VwV&iwQV xbZ FkhaA vkidk feL=kh bl dke esa fdruk oqQ'ky gS ml
ij gh Vkbyksa dh la[;k fuHkZj djsxhA ijUrq] blosQ fy, lehdj.k (1) dk vkifjorZu djus dh
vko';drk ugha gSA blls gesa ,d LFkwy vuqeku (rough estimate) fey tkrk gS fd fdruh Vkbyksa
dh vko';drk gksxhA vr%] ;gk¡ ge #d ldrs gSaA

vkb, vc ge ,d vU; fLFkfr ysaA

mnkgj.k 5 : o"kZ 2000 esa la;qDr jk"Vª osQ 191 lnL; ns'kksa us ,d ?kks"k.kk ij gLrk{kj fd,A viuh
?kks"k.kk esa ;s lHkh ns'k] o"kZ 2015 rd oqQN fodkl y{; izkIr djus ij lger FksA bu y{;ksa dks
feysfu;e fodkl y{; dgk tkrk gSA buesa ls ,d y{; ̄yx lekurk dks c<+kuk gSA ;g y{; izkIr
dj fy;k x;k gS fd ugha] bldk ,d lwpd izkFkfed] ekè;fed vkSj r`rh;d (tertiary) f'k{kk
esa yM+fd;ksa vkSj yM+dksa dk vuqikr gSA Hkkjr esa] tks fd ?kks"k.kk ij gLrk{kj djus okyk ,d lnL;
ns'k gS] bl vuqikr esa o`f¼ gqbZ gSA mu yM+fd;ksa osQ izfr'kr vkadM+s] ftUgksaus fo|ky; esa izos'k fy;k
gS] lkj.kh A 2.1 esa fn, x, gSaA

lkj.kh A 2.1

o"kZ ukekadu
(% esa)

1991-92 41.9

1992-93 42.6

1993-94 42.7

1994-95 42.9

1995-96 43.1

1996-97 43.2

1997-98 43.5

1998-99 43.5

1999-2000 43.6*

2000-01 43.7*

2001-02 44.1*

lzksr : 'kSf{kd vkadM+s] osc ist] f'k{kk foHkkx Hkkjr ljdkj

* crkrk gS fd vkadM+s vuafre gSA
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bu vkadM+ksa dk iz;ksx djosQ] xf.krh; :i esa og nj crkb, ftl vuqikr ij izkFkfed fo|ky;ksa
esa HkrhZ dh xbZ yM+fd;ksa dh la[;k c<+ jgh gSA ml o"kZ dk Hkh vuqeku yxkb, tcfd HkrhZ dh
xbZ yM+fd;ksa dh la[;k 50%  rd igq¡p tk,xhA

gy : vkb, igys ge bl leL;k dks ,d xf.krh; leL;k esa cny nsaA

pj.k 1 : lw=k.k : lkj.kh A2.1 esa o"kZ 1991&92] 1992&93 vkfn osQ ukekadu fn, x, gSaA D;ksafd
fo|kFkhZ 'kSf{kd o"kZ osQ izkjaHk esa izos'k ysrs gSa] blfy, ge o"kks± dks 1991] 1992 vkfn ys ldrs
gSaA vkb, ge ;g eku ysa fd izkFkfed fo|ky;ksa esa izos'k ysus okyh yM+fd;ksa osQ izfr'kr esa mlh
nj ls o`f¼ gksrh jgrh gS tSlk fd lkj.kh A2.1 esa fn;k x;k gSA vr% fof'k"V o"kZ dk egRo ugha
gS] vfirq o"kks± dh la[;k dk egRo gS (blh izdkj dh fLFkfr rc Fkh tcfd 8% dh nj ls rhu
o"kks± osQ fy, ̀  15000  dk lk/kj.k C;kt Kkr fd;k FkkA ;gk¡ bl ckr dk dksbZ egRo ugha gS fd
rhu o"kZ dh vof/ 1999 ls 2003 gS ;k 2001 ls 2004 gS (egRoiw.kZ gS o"kks± esa C;kt nj dk
gksuk)A ;gk¡ Hkh] ge ;g ns[kasxs fd 1991 osQ ckn ukekadu esa fdl izdkj òf¼ gqbZ gSA ,slk ge 1992
osQ ckn chr x, o"kks± dh la[;k vkSj laxr ukekadu dh rqyuk }kjk djsaxsA vkb, ge 1991 dks 0 ok¡
o"kZ eku ysa vkSj 1992 osQ fy, 1 fy[ksa] D;ksafd 1991 osQ ckn 1992 rd 1 o"kZ fudy x;k gSA
blh izdkj] 1993 osQ fy, 2] 1994 osQ fy, 3 vkfn fy[ksaxsA vr%] vc lkj.kh A2.1] lkj.kh A
2.2 osQ leku fn[kkbZ iM+sxhA

lkj.kh A2.2

o"kZ
ukekadu
( % esa )

0 41.9

1 42.6

2 42.7

3 42.9

4 43.1

5 43.2

6 43.5

7 43.5

8 43.6

9 43.7

10 44.1
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ukekadu esa gqbZ o`f¼ uhps lkj.kh esa nh xbZ gS%

lkj.kh A2.3

o"kZ ukekadu òf¼
(% esa )

0 41.9 0

1 42.6 0.7

2 42.7 0.1

3 42.9 0.2

4 43.1 0.2

5 43.2 0.1

6 43.5 0.3

7 43.5 0

8 43.6 0.1

9 43.7 0.1

10 44.1 0.4

1991 ls 1992 rd dh ,d o"kZ dh vof/ esa ukekadu 41.9%  ls c<+dj  42.6% rd gks
x;kA vFkkZr~ ukekadu esa  0.7%  dh o`f¼ gqbZ gSA nwljs o"kZ osQ var esa] blesa  0.1% dh o`f¼ gqbZ gS
vFkkZr~ ;g 42.6% ls c<+dj  42.7%  gks x;k gSA Åij dh lkj.kh ls] ge o"kks± dh la[;k vkSj izfr'kr
esa dksbZ fuf'pr laca/ izkIr ugha dj ldrsA ijUrq o`f¼ vifjorhZ cuh jgrh gSA osQoy igys o"kZ
eas vkSj nlosa o"kZ esa vf/d o`f¼ gqbZ gSA bu ekuksa dk ekè; ;g gS%

0.7 0.1 0.2 0.2 0.1 0.3 0 0.1 0.1 0.4

10

+ + + + + + + + +
 = 0.22

vkb, ge ;g eku ysa fd ukekadu esa vifjorhZ :i ls (steadily) 0-22 izfr'kr dh nj ls
o`f¼ gks jgh gSA
xf.krh; o.kZu : geus ;g eku fy;k gS fd ukekadu esa  0.22%  izfr o"kZ dh nj ls vifjorhZ :i
ls o`f¼ gks jgh gSA
vr%] igys o"kZ esa ukekadu izfr'kr (EP) = 41.9 + 0.22

nwljs o"kZ esa] EP = 41.9 + 0.22 + 0.22 = 41.9 + 2 × 0.22

rhljs o"kZ esa] EP = 41.9 + 0.22 + 0.22 + 0.22 = 41.9 + 3 × 0.22

vr%]  nosa o"kZ esa ukekadu izfr'kr = 41.9 + 0.22n, tgk¡  n > 1 gSA (1)

Reprint 2025-26



xf.krh; fun'kZu dk ifjp; 223

vc] gesas o"kks± dh og la[;k Hkh Kkr djuh gS ftlesa ukekadu  50% igq¡p tk,xkA vr% gesa
fuEufyf[kr lehdj.k ls n  dk eku Kkr djuk gS%

50 = 41.9 + 0.22n (2)

pj.k 2 : gy :  n  osQ fy, (2) dks gy djus ij] gesa ;g izkIr gksrk gS%

n =
50 – 41.9 8.1

36.8
0.22 0.22

= =

pj.k 3 : fuoZpu : D;kasfd o"kks± dh la[;k ,d iw.kk±dh; eku gS] blfy, ge vxyk mPp iw.kk±d
37 ysaxsA vr%] 1991 + 37 = 2028  esa ukekadu izfr'kr 50% gks tk,xkA

'kCn&leL;k dks rks izk;% ge ;gha rd gy djrs gSaA ysfdu] pw¡fd ge okLrfod thou ls
tqM+h fLFkfr ij vè;;u dj jgs gSa] blfy, gesa ;g ns[kuk gksxk fd fdl lhek rd ;g eku
okLrfod fLFkfr ls esy [kkrk gSA

pj.k 4 : ekU;dj.k : vkb, ge ;g ns[ksa fd lw=k (2) okLrfodrk ls esy [kkrk gS fd ughaA vkb,
ge lw=k (2) dk iz;ksx djosQ Kkr o"kks± osQ eku Kkr djsa vkSj varj Kkr djosQ] Kkr ekuksa osQ lkFk
budh rqyuk djsaA lkj.kh A2.4 esa ;s eku fn, x, gSaA

lkj.kh A2.4

o"kZ ukekadu (2) }kjk fn, x, eku varj
(% esa ) (% essa ) (% esa )

0 41.9 41.90 0

1 42.6 42.12 0.48

2 42.7 42.34 0.36

3 42.9 42.56 0.34

4 43.1 42.78 0.32

5 43.2 43.00 0.20

6 43.5 43.22 0.28

7 43.5 43.44 0.06

8 43.6 43.66 –0.06

9 43.7 43.88 –0.18

10 44.1 44.10 0.00

tSlk fd vki ns[k ldrs gSa fd lw=k (2) }kjk fn, x, oqQN eku okLrfod eku ls yxHkx
0.3% ls 0.5% rd de gSaA blls yxHkx 3 ls 5 o"kks± dk varj vk ldrk gS] D;ksafd okLro esa
izfr o"kZ o`f¼  1%  ls 2% rd gSA bruk varj Lohdk;Z gks ldrk gS vkSj ge ;gha #d ldrs gSaA
bl fLFkfr esa] gekjk xf.krh; fun'kZ (2) gSA
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eku yhft, fd ;g =kqfV dkiQh cM+h gS vkSj gesa bl fun'kZ esa lq/kj ykuk gSA rc gesa
pj.k 1 ij iqu% ykSVdj tkuk gksxk] iqu% lw=k.k djuk gksxk vkSj lehdj.k (1) dks cnyuk gksxkA
vkb, ge bls djsaaA

pj.k 1 : iqu%lw=k.k : ge ;gk¡ Hkh ;g eku ysaxs fd ukekdau izfr'kr osQ ekuksa esa vifjorhZ :i ls
0.22% dh o`f¼ gks jgh gSA ijUrq ;gk¡ vc ge =kqfV dks de djus osQ fy, ,d la'kqf¼ xq.kd
(correction factor) dk iz;ksx djsaxsA blosQ fy, ge lHkh =kqfV;ksa dk ekè; Kkr djrs gSaA ekè;
;g gS%

0.48 0.36 0.34 0.32 0.2 0.28 0.06 – 0.06 – 0.18 0

10

+ + + + + + +
 = 0.18

ge =kqfV;ksa dk ekè; ysrs gSa vkSj bl eku ls vius =kqfV dks la'kq¼ djrs gSaA

la'kksf/r xf.krh; o.kZu : vkb, vc ge (1) esa fn, x, ukekadu izfr'kr osQ fy, vius lw=k esa
=kqfV;ksa dk ekè; tksM+ nsaA vr%] gekjk la'kksf/r lw=k ;g gks tk,xk%

nosa o"kZ esa izfr'kr ukekadu = 41.9 + 0.22n + 0.18 = 42.08 + 0.22n, tgk¡ n > 1 (3)

ge vius lehdj.k (2) esa Hkh mi;qDr:i ls vkifjorZu djsaxsA n esa gekjk u;k lehdj.k ;g
gksxk%

50 = 42.08 + 0.22n  (4)

pj.k 2 : ifjo£rr gy : n  osQ fy, lehdj.k (4) dks gy djus ij] gesa ;g izkIr gksrk gS%

n =
50 – 42.08 7.92

36
0.22 0.22

= =

pj.k 3 : fuoZpu : D;ksafd  n = 36 gS,  blfy, o"kZ 1991 + 36 = 2027  esa izkFkfed fo|ky;ksa esa
yM+fd;ksa dk ukekadu 50% rd igq¡p tk,xkA

pj.k 4 : ekU;dj.k : vkb, ge iqu% lw=k (4) dh lgk;rk ls izkIr ekuksa dh rqyuk okLrfod
ekuksa ls djsaA lkj.kh A 2.5 esa ekuksa dh ;g rqyuk nh xbZ gSA
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lkj.kh A2.5

o"kZ ukekadu (2) }kjk ekuksa osQ (4) }kjk ekuksa osQ
(% esa ) fn, x, chp dk fn, x, chp dk

eku varj eku varj

0 41.9 41.90 0 41.9 0

1 42.6 42.12 0.48 42.3 0.3

2 42.7 42.34 0.36 42.52 0.18

3 42.9 42.56 0.34 42.74 0.16

4 43.1 42.78 0.32 42.96 0.14

5 43.2 43.00 0.2 43.18 0.02

6 43.5 43.22 0.28 43.4 0.1

7 43.5 43.44 0.06 43.62 – 0.12

8 43.6 43.66 – 0.06 43.84 – 0.24

9 43.7 43.88 – 0.18 44.06 – 0.36

10 44.1 44.10 0 44.28 – 0.18

tSlk fd vki ns[k ldrs gSa fd (2) ls izkIr ekuksa dh rqyuk esa (4) ls izkIr vusd eku
okLrfod eku osQ vf/d fudV gSaA bl fLFkfr esa =kqfV;ksa dk ekè; 0 gSA

ge vius izØe dks ;gha jksd nsaxsA vr%] lehdj.k (4) gekjk xf.krh; o.kZu gS tks fd o"kks±
vkSj oqQy ukekadu esa yM+fd;ksa osQ izfr'kr ukekadu osQ chp dk xf.krh; laca/ LFkkfir djrk gSA
geus ,d xf.krh; fun'kZ dk fuekZ.k fd;k gS] tks o`f¼ dh O;k[;k djrk gSA

og izØe] ftldk geus Åij dh fLFkfr esa vuqlj.k fd;k gS] mls xf.krh; fun'kZu
(mathematical modelling) dgk tkrk gSA

geus miyC/ xf.krh; lk/uksa ls ,d xf.krh; fun'kZ dk fuekZ.k djus dk iz;kl fd;k gSA
miyC/ vkadM+ksa ls izkxqfDr;k¡ djus osQ mÙke xf.krh; lk/u Hkh miyC/ gSaA ijUrq os bl ikB~;Øe
osQ vè;;u {ks=k ls ckgj gSaA bl fun'kZ dks cukus dk gekjk mís'; vkidks fun'kZu izØe ls ifjfpr
djkuk gS] u fd bl pj.k ij ifj'kq¼ izkxqfDr;k¡ (accurate predictions) djukA

vki vHkh rd dh xbZ ppkZ dks fdruk le> ik, gSa blosQ fy, ge pkgsaxs fd vki okLrfod
thou ls tqM+h oqQN fLFkfr;ksa dk fun'kZu djsaA ;gk¡ vkiosQ fy, ,d iz'ukoyh nh tk jgh gSA

Reprint 2025-26



226 xf.kr

iz'ukoyh A2.2

1. vksyafid [ksyksa esa tcls 400 ehVj dh nkSM+ 'kq: gqbZ gS rc ls Lo.kZ ind ikus okyksa dk le;
uhps dh lkj.kh esa fn;k x;k gSA o"kks± vkSj le;ksa ls lacaf/r ,d xf.krh; fun'kZ cukb,A bldk
iz;ksx vxys vksyafid esa yxus okys le; dk vkdyu djus esa dhft,%

lkj.kh A  2.6

o"kZ le; (lsoaQMksa esa)

1964 52.01

1968 52.03

1972 51.08

1976 49.28

1980 48.88

1984 48.83

1988 48.65

1992 48.83

1996 48.25

2000 49.11

2004 49.41

A2.4 fun'kZu izØe] blosQ ykHk vkSj bldh lhek,¡

vkb, vc ge xf.krh; fun'kZu osQ mu igyqvksa ij fopkj djrs gq,] ftUgsa geus izLrqr mnkgj.kksa esa

fn[kk;k gS] viuh ppkZ ;gha lekIr djsaA fiNys vuqPNsnksa dh i`"BHkwfe ls] vc ge bl fLFkfr esa

vk x, gSa fd ge fun'kZu esa iz;qDr gksus okys pj.kksa dk ,d laf{kIr ifjn`'; ns losaQA

pj.k 1 : lw=k.k : vuqPNsn A 2.2 osQ mnkgj.k 1 osQ lw=k.k pj.k vkSj A 2.3 esa p£pr fun'kZ
osQ lw=k.k pj.k osQ chp osQ varj dh vksj vkius vo'; è;ku fn;k gksxkA mnkgj.k 1 esa lHkh lwpuk,¡
rqjar mi;ksxh :i esa gSaA ijUrq A 2.3 esa fn, x, fun'kZ esa ,slk ugha gSA lkFk gh] ,d xf.krh; o.kZu
izkIr djus esa oqQN le; Hkh yxk FkkA geus vius igys lw=k dh tk¡p dh gS] ftlesa ik;k fd ;g
mruk mÙke ugha gS] ftruk fd nwljk FkkA O;kid :i esa] ;g izk;% lR; gksrk gSA vFkkZr~ ml fLFkfr
esa tcfd ge okLrfod thou ls tqM+h fLFkfr;ksa dk fun'kZu djus dk iz;kl dj jgs gksrs gSa] blesa
izk;% igys fun'kZ dks la'kksf/r djus dh vko';drk gksrh gSA tc ge okLrfod thou ls tqM+h
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leL;k gy dj jgs gksrs gSa] rks lw=k.k djus esa dkiQh le; yx ldrk gSA mnkgj.k osQ fy,] U;wVu
osQ rhu xfr&fu;e] tks fd xfr osQ xf.krh; o.kZu gSa] osQ dFku ljyrk ls fn, tk ldrs gSaA ijUrq
bu fu;eksa rd igq¡pus osQ fy, mls dkiQh ek=kk esa vkadM+ksa dk vè;;u djuk iM+k Fkk vkSj mu dk;ks±
dh vksj è;ku nsuk iM+k Fkk tks fd mlosQ iwoZ osQ oSKkfudksa us fd, FksA
lw=k.k esa fuEufyf[kr rhu pj.k ykxw djus gksrs gSa%

(i) leL;k dk dFku : izk;% leL;k dk dFku LFkwy :i ls fn;k tkrk gSA mnkgj.k osQ fy,]
gekjk LFkwy y{; rks ;g lqfuf'pr djuk gS fd yM+dksa vkSj yM+fd;ksa osQ ukekadu cjkcj
gSaA bldk vFkZ ;g gks ldrk gS fd fo|ky; tkus okys vk;q osQ yM+dksa dh oqQy la[;k
dk  50%  vkSj fo|ky; tkus okyh vk;q dh yM+fd;ksa dh oqQy la[;k dk 50% ukekafdr
gksuh pkfg,A ,d vU; fof/ ;g gS fd ;g lqfuf'pr fd;k tk; fd fo|ky; tkus okys
cPpksa esa ls 50% yM+fd;k¡ gSaA geus viuh leL;k esa nwljs n`f"Vdks.k dks viuk;k gSA

(ii) lqlaxr dkjdksa dks igpkuuk : igys ;g fu.kZ; yhft, fd gekjh leL;k esa dkSu&dkSu
lh jkf'k;k¡ vkSj laca/ egRoiw.kZ gSa vkSj dkSu&dkSu egRoiw.kZ ugha gSa] ftudh mis{kk dh tk
ldrh gSA mnkgj.k osQ fy,] izkFkfed fo|ky;ksa esa ukekadu laca/h gekjh leL;k esa fiNys
o"kZ esa ukekafdr yM+fd;ksa dk izfr'kr bl o"kZ ukekafdr yM+fd;ksa dh la[;k dks izHkkfor
dj ldrk gSA ,slk blfy, gS fd fo|ky; esa tSls&tSls vkSj yM+fd;k¡ ukekafdr gksrh tkrh
gSa oSls&oSls muosQ ekrk&firk vuqHko djus yxsaxs fd os viuh yM+fd;ksa dks Hkh fo|ky;
esa HkrhZ djk,aA ijUrq] geus bl dkjd dh mis{kk dj nh gS] D;ksafd ,d fuf'pr izfr'kr
ls vf/d ukekadu gks tkus osQ ckn gh ;g egRoiw.kZ gks ldrk gSA lkFk gh] bl dkjd
dks c<+k nsus osQ ckn fun'kZ vkSj vf/d tfVy gks ldrk gSA

(iii) xf.krh; o.kZu : vkb, vc ge ;g eku ysa fd gesa ;g Li"V gks x;k gS fd leL;k D;k
gS vkSj bldk dkSu&lk igyw vU; igyqvksa ls vf/d lqlaxr gSA rc gesa ,d lehdj.k]
,d vkys[k ;k vU; mi;qDr xf.krh; o.kZu osQ :i esa fufgr igyqvksa osQ chp dk laca/
Kkr djuk gksrk gSA ;fn ;g ,d lehdj.k gS] rks gekjs xf.krh; lehdj.k esa izR;sd
egRoiw.kZ igyw dks ,d pj ls fu:fir djuk pkfg,A

pj.k 2 : gy Kkr djuk : xf.krh; lw=k.k ls gy izkIr ugha gksrkA gesa leL;k osQ bl xf.krh; rqY;
dks gy djuk gksrk gSA ;gh og LFky gS tgk¡ gekjk xf.krh; Kku mi;ksxh fl¼ gksrk gSA
pj.k 3 : gy dk fuoZpu : xf.krh; gy fun'kZ osQ pjksa osQ oqQN eku gksrs gSaA gesa okLrfod thou
ls tqM+h leL;k dks iqu% ysuk gksxk vkSj ;g ns[kuk gksxk fd leL;k esa bu ekuksa dk D;k vFkZ gSA
pj.k 4 : gy dk ekU;dj.k : tSlk fd geus A 2.3 esa ;g ns[kk fd gy Kkr djus osQ ckn] gesa
;g ns[kuk gksxk fd gy okLrfodrk ls esy [kkrk gS fd ughaA ;fn ;g esy [kkrk gS] rks xf.krh;
fun'kZ Lohdk;Z gksrk gSA ;fn xf.krh; gy esy ugha [kkrk] rks gesa lw=k.k pj.k ij iqu% vk tk,¡ vkSj
ge vius fun'kZ esa lq/kj ykus dk iz;kl djsaA
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izØe osQ bl pj.k esa 'kCn&leL;kvksa dks gy djus vkSj xf.krh; fun'kZu osQ chp ,d cM+k
varj gksrk gSA fun'kZu esa ;g ,d vfr egRoiw.kZ pj.k gS tks fd 'kCn&leL;kvksa esa ugha gksrk gSA
gk¡] ;g laHko gS fd okLrfod thou ls tqM+h fLFkfr;ksa esa gesa vius mÙkj dk ekU;dj.k djus dh
vko';drk ugha gksrh D;ksafd leL;k ljy gS vkSj gesa lh/s lgh gy izkIr gks tkrk gSA vuqPNsn
A2.3  esa fy, x, fun'kZ esa ,slk gh FkkA

geus ml Øe dk laf{kIr fooj.k fn;k gS ftlesa uhps nh xbZ vkòQfr A 2.2 esa xf.krh; fun'kZu
osQ pj.k ykxw fd, x, gSaA ekU;dj.k pj.k ls lw=k.k pj.k dh vksj tkus dks fcanqfdr rhj ls fn[kk;k
x;k gSA ,slk blfy, fd;k x;k gS fd gks ldrk gS bl pj.k dks iqu% ykxw djuk vko';d u Hkh
gksA

vko`Qfr  A 2.2

vc] D;ksafd vkius xf.krh; fun'kZu ls lacaf/r pj.kksa dk vè;;u dj fy;k gS] blfy, vkb,
ge blosQ oqQN igyqvksa ij ppkZ dj ysaA

xf.krh; fun'kZu dk mís'; okLrfod txr ls tqM+h leL;k osQ ckjs esa] mls xf.krh; leL;k
esa :ikarfjr djosQ oqQN mi;ksxh lwpuk,¡ izkIr djuk gSA ;g fo'ks"k :i ls rc mi;ksxh gksrk gS tcfd
lh/s izs{k.k djosQ ;k iz;ksx djus tSls vU; lk/uksa ls lwpuk izkIr djuk ;k rks laHko u gks ;k cgqr
[kphZyk gksA

vkidks ;g tkudj Hkh vk'p;Z gks ldrk gS fd gesa xf.krh; fun'kZu dk iz;ksx D;ksa djuk
pkfg,\ vkb, ge fun'kZu osQ ykHk ij oqQN ppkZ djsaA eku yhft, ge rktegy ij eFkqjk fjiQkbujh
osQ foltZu osQ la{kkjd izHkko ij vè;;u djuk pkgrs gSaA ge rktegy ij lh/s iz;ksx ugha djuk
pkgsaxs] D;ksafd ,slk djuk lqjf{kr ugha gksxkA okLro esa] ge bl laca/ esa rktegy dk ,d NksVk
ekWMy ys ldrs gSaA ijUrq blosQ fy, gesa fof'k"V lqfo/kvksa dh vko';drk gks ldrh gS] tksfd
dkiQh [kphZyh gks ldrh gSA ;gh og LFky gS tgk¡ xf.krh; fun'kZu dkiQh mi;ksxh fl¼ gks ldrk
gSA

eku yhft, ge ;g Kkr djuk pkgrs gSa fd 5 lky ckn fdrus izkFkfed fo|ky;ksa dh
vko';drk gksxhA rc ge ,d xf.krh; fun'kZ dk iz;ksx djosQ] ;g leL;k gy dj ldrs gSaA blh
izdkj] osQoy fun'kZu djosQ oSKkfudksa us vusd ifj?kVukvksa dh O;k[;k dh gSA
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vuqPNsn A2.4 esa vkius ;g ns[kk gS fd mÙke fof/;ksa dks ykxw djosQ nwljs mnkgj.k esa ge
mÙkj esa lq/kj ykus dk iz;kl dj ldrs FksA ysfdu ge ogha #d x,] D;ksafd gekjs ikl dksbZ xf.krh;
lk/u miyC/ ugha gSA ,slh fLFkfr okLrfod thou esa Hkh gks ldrh gSA izk;% gesa lfUudV mÙkjksa
ls gh larq"V gks tkuk iM+rk gS] D;ksafd xf.krh; lk/u miyC/ ugha gksrs gSaA mnkgj.k osQ fy,] ekSle
osQ fun'kZu esa iz;qDr fun'kZ lehdj.k brus tfVy gksrs gSa fd ;Fkk fLFkfr gy Kkr djus osQ xf.krh;
lk/u miyC/ ugha gSaA

vki vk'p;Z dj ldrs gSa fd fdl lhek rd gesa vius fun'kZ esa lq/kj ykuk pkfg,A blesa
lq/kj ykus osQ fy,] izk;% gesa vU; dkjdkssa dks Hkh è;ku esa j[kus dh vko';drk gksrh gSA tc ge
,slk djrs gSa] rc ge vius xf.krh; lehdj.kksa esa vkSj pj c<+k nsrs gSaA rc gesa ,d vfr tfVy
fun'kZ izkIr gks ldrk gS] ftldk iz;ksx djuk dfBu gksxkA fun'kZ bruk ljy gksuk pkfg, fd mldk
iz;ksx fd;k tk losQA ,d mÙke fun'kZ nks dkjdksa dks larqfyr djrk gS%

1. ifj'kq¼rk (accuracy), vFkkZr~ ;g okLrfodrk ls fdruk fudV gSA

2. iz;ksx dh ljyrk

mnkgj.k osQ fy,] U;wVu osQ xfr osQ fu;e dkiQh ljy] ijUrq brus 'kfDr'kkyh gSa fd blls
vusd HkkSfrd fLFkfr;ksa dk fun'kZu fd;k tk ldrk gSA

vr%] D;k xf.krh; fun'kZu lHkh leL;kvksa dk mÙkj gS] fcYoqQy ugha! bldh viuh lhek,¡ gSaA

vr% ;g ckr gesa vius efLr"d esa j[kuk pkfg, fd fun'kZ okLrfod thou ls tqM+h leL;k
dk osQoy ,d ljyhdj.k gS vkSj ;s nksuksa leku ugha gksrsA ;g cgqr oqQN ml varj ds leku gS
tks fdlh ns'k ds HkkSfrd y{k.kksa dks n'kkZus okys ekufp=k vkSj Lo;a ml ns'k esa gksrk gSA bl ekufp=k
ls ge leqnz ry ls ,d LFkku dh Å¡pkbZ rks Kkr dj ldrs gSa ijUrq ge ;gk¡ osQ yksxksa osQ vfHky{k.kksa
osQ ckjs esa oqQN Kkr ugha dj ldrsA vr% gesa fun'kZ dk iz;ksx osQoy mís'; dks è;ku esa j[kdj
djuk pkfg, vkSj ;g Hkh è;ku j[kuk gksrk gS fd bldk fuekZ.k djrs le; geus fdu&fdu dkjdksa
dh mis{kk dj nh gSA gesa fun'kZ dk iz;ksx osQoy ykxw gksus okyh lhekvksa osQ vanj gh djuh pkfg,A
vkxs dh d{kkvksa esa ge bl igyw ij oqQN foLrkj ls ppkZ djsaxsA

iz'ukoyh A 2.3

1. vkioQh ikB~; iqLrd esa nh xbZ 'kCn&leL;kvksa dks gy djus esa vkSj xf.krh; fun'kZu osQ
izØe esa D;k varj gS\

2. eku yhft, vki pkSjkgs ij [kM+s okguksa osQ izrh{kk&dky dks de&ls&de djuk pkgrs gSaA
fuEufyf[kr dkjdksa esa dkSu&ls dkjd egRoiw.kZ gSa vkSj dkSu&ls dkjd egRoiw.kZ ugha gSa\

(i) isVªksy dh dherA
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(ii) og nj ftlls pkj vyx&vyx lM+dksa ls vkus okys okgu pkSjkgs ij igq¡prs gSaA

(iii) lkbfdy vkSj fjD'kk vkfn tSlh /heh xfr ls pyus okys okguksa vkSj dkj rFkk eksVj
lkbfdy tSlh rst xfr ls pyus okys okguksa dk vuqikrA

A 2.5 lkjka'k

bl ifjf'k"V esa] vkius fuEufyf[kr fcUnqvksa dk vè;;u fd;k gS%

1. 'kCn&leL;kvksa dks gy djus esa iz;qDr pj.kksa dk iqufoZyksdu djukA

2. oqQN xf.krh; fun'kks± dk fuekZ.k djukA

3. xf.krh; fun'kZu esa iz;qDr uhps ckWDl esa fn, x, pj.kksa ij ppkZ%

1. lw=k.k %

(i) leL;k dk dFku fy[kuk

(ii) lqlaxr dkjdksa dks igpkuuk

(iii) xf.krh; o.kZu

2. gy Kkr djuk

3. okLrfod txr ls tqM+h leL;k osQ lanHkZ esa gy dk fuoZpu

4. ;g ns[kuk fd fdl lhek rd fun'kZ vè;;u dh tk jgh
leL;k dk ,d mÙke fu:i.k gSA

4. xf.krh; fun'kZu dk mís';] ykHk vkSj lhek,¡A
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