Chapter 8: Introduction to Trigs cemos'netry

Class 10 Math Chapter 8 SO|UI ons dium

Exercise 8.1

Ql.  In AABC, right-angled at B, AB = 24 cm, BC = 7 cm. Determine:
(i()sinA,cos A
(ii) sin C, cos C

In right A ABC, applying Pythagoras theorem:
AC? = AB? + B(C?
AC? = (24)*+ (7)2 =576 + 49 = 625

= /625 = 25 cm (Hypotenuse)

(i) For angle A: Perpendicular = BC = 7 cm, Base = AB = 24 cm, Hypotenuse = AC = 25

cm

. __ Perpendicular _ BC _ 7
sin A = Hypotenuse ~ AC =~ 25
cos A = Base _ AB __ 24

Hypotenuse = AC ~— 25

(ii) For angle C: Perpendicular = AB = 24 cm, Base = BC = 7 cm, Hypotenuse = AC = 25

cm

. __ Perpendicular _ AB __ 24

sinC' = Hypotenuse — AC — 25
Base BC 7

cos C = Hypotenuse — AC T 25



Q2. InFig.8.13,find tan P — cot R.

P

12 cm 13 cm

Q R
3TTeRfd 8.13

The given figure is a right A PQ R right-angled at Q.

Given: PQ =12cm and PR =13 cm.

By Pythagoras theorem: PR? = PQ? + QR?

(13)% = (12)% + QR?

169 = 144 + QR?> = QR?> =169 — 144 = 25

QR=5cm

Now, for angle P: Perpendicular = QR = 5 cm, Base = PQ =12cm

__ Perpendicular _ QR __ 5
tan P = Base — PQ T 12

For angle R: Base = QR = 5 cm, Perpendicular = PQ =12 cm

_ Base _ QR _ 5
cot R = Perpendicular — PQ ~— 12

—

_ 5 5 _
Therefore, tan P — cot R = ™~ 15— 0.



Q3.

Q4.

If sin A = %, calculate cos A and tan A.
Given: sin A = Perpendicular _ 3
Hypotenuse 4

Let Perpendicular = 3k and Hypotenuse = 4k (where k is a positive real number).

Using Pythagoras theorem to find Base:

Hypotenuse? = Perpendicular’ + Base?

(4k)? = (3k)? 4 Base®

16k% = 9k? + Base? = Base? = 7k? = Base = /Tk

Now,
_ Base _ Tk _ ﬁ
cos A = Hypotenuse =~ 4k =~ 4
Perpendicular 3k 3
tan A = = = =
Base Tk V&

Given 15 cot A = 8, find sin A and sec A.

Given:15cot A =8 = cot A = 1%

Base
Perpendicular *

We know that cot A =
Let Base = 8k and Perpendicular = 15k.

Using Pythagoras theorem to find Hypotenuse:

Hypotenuse” = Perpendicular® + Base® = (15k)% + (8k)?
Hypotenuse2 = 225k% + 64k* = 289k> = Hypotenuse = 17k

Now,

. __ Perpendicular __ 15k __ 15

sin A = Hypotenuse ~ 17k ~— 17
__ Hypotenuse _ 17k __ 17

sec A = Base - 8 8



Q5.

Q6.

13

Givensec O = 5

calculate all other trigonometric ratios.

. . __ Hypotenuse __ 13
Given:sec = ——g—— = 15

Let Hypotenuse = 13k and Base = 12k.

Using Pythagoras theorem to find Perpendicular:
Perpendicular? = Hypotenuse? — Base? = (13k)% — (12k)?

Perpendicular? = 169%k% — 144k? = 25k* = Perpendicular = 5k

All other trigonometric ratios:

sing = Sypdels _ g 4
cost = se1c0 - %
tan @ — Perpg;cslicular _ 152kk _ 15_2
csc = s1r119 - 1_53
cot 6 ta119 - %

If /A and /B are acute angles such that cos A = cos B, then show that /A = /B.

Let us consider a right-angled /A ABC where angle C is 90°. (Here A and B are acute
angles).

From the triangle:

_ __Base __ AC
cos A = Hypotenuse — AB
cos B = Base _ BC

Hypotenuse =~ AB

Given that cos A = cos B.

AC _ BC _
Therefore, 4% = 5 = AC = BC

We know that in a triangle, angles opposite to equal sides are equal.

Since AC' = BC, their opposite angles will be equal.
Hence, /B = ZAor /A = /B. (Proved)



Q7.

Qs.

.~ (1+sin6)(1—sin6)
If cot 0 = %, evaluate: (i) (11529351 it)n ) (i) cot? 6.
7T _ Base

Given:cot 0 = ¢ = - Gt -

Let Base = 7k, Perpendicular = 8k.

Hypotenuse = +/(8k)? + (7k)? = v/ 64k? + 49k? = +/113k

7

. 8
sinf = —=— cos = ——
V113 and V113

() (14-sin6)(1—sin0)
(14cos 0)(1—cos 0)

Using formula (a + b)(a — b) = a® — b%

_ 113 49

- 113-49 T 64
113

(ii) cot? 6

If 3 cot A = 4, check whether Ltan ‘: — cos? A — sin? A or not.

Given:3cot A =4 = cot A = =

tan A = = % (Here Perpendicular = 3k, Base = 4k)

cot ‘cot A

Hypotenuse = /(3k)% + (4k)?> = V9K? + 16k* = V25k? = 5k

sin A = 5 and cos A = 5

L.H.S:

1—tan’4 _ 1_(%)2 _ 1_% _ % _ T

I+tan® A 14(3)2 145 BB 25

R.H.S:

cos? A —sin? A = (%)2 — (%)2 — % _ 2_95 - %

Since LH.S = R.H.S, Yes, itis true.



Q9. Intriangle ABC, right-angled at B, if tan A = %
(i) sin Acos C + cos Asin C

(i) cos A cos C — sin Asin C

, find the value of:

Given: tan A = = = FERCAE O et BC = 1k, AB = v/3k.

Hypotenuse AC by Pythagoras theorem:

AC = VAB T BC? = 1/ (V3k)? + (1k)2 = VB + 1R = VAR = 2k

Now finding the values:

sinAzﬁ—g:%, cosAz%z@

. AB V3 BC 1
sinC = 45 =5, cosC=35&=7%

(i) sin A cos C' + cos Asin C

=G xPH(Ex P =1+i=7=1

Q10. In APQR,right-angled atQ, PR + QR = 25 cm and PQ) = 5 cm. Determine the
values of sin P, cos P and tan P.

Let QR = z cm. Given PR+ QR =25 = PR =25 — x.
By Pythagoras theorem in right APQR: PR? = PQ? + QR?
(25 — )2 = (5)? + x2

625 — 50z + x? = 25 + x2

625 — 50z = 25 = 50z = 600 = = = 12

So, QR = 12 cm (Perpendicular) and PR = 25 — 12 = 13 cm (Hypotenuse). Base
PQ =5 cm.

Now finding the values:

sin P = 98 — 12

PR 13
_PQ _ 5
cos P = PE = 13



Q1. State whether the following are true or false. Justify your answer.
(i) The value of tan A is always less than 1.
(ii) sec A = % for some value of angle A.
(i) cos A is the abbreviation used for the cosecant of angle A.
(iv) cot A is the product of cot and A.
(v) sinf = % for some angle 6.

(i) False. tan A = Per%gm. If perpendicular > base, then tan A > 1 (e.g.

tan 60° = v/3 ~ 1.732).

.o Hypotenuse
(ii) True. sec A = =22
ase

1—52 > 1, which is possible.

. Hypotenuse is always greater than base, and here

(iii) False. cos A is the abbreviation for 'cosine’ of angle A, while 'cosecant' is
abbreviated as csc A.

(iv) False. cot A is a single symbol denoting the trigonometric ratio. It is not the
product of ‘cot’ and A; ‘cot’ has no meaning without angle A.

Perpendicular
Hypotenuse

can never exceed 1 (here % > 1).

(v) False. sin ) = . Since hypotenuse is the longest side, the value of sin #



Exercise 8.2

Q1.  Evaluate the following:
(i) sin 60° cos 30° + sin 30° cos 60°
(ii) 2 tan?45° + cos?30° — sin® 60°

cos 45°
(i) o 30°F-csc 30°

(iV) sin 30°+tan 45°—csc 60°
sec 30°+-cos 60°+cot 45°
(V) 5 cos® 60°+4 sec? 30°—tan? 45°
sin? 30°+cos? 30°

(i) sin 60° cos 30° + sin 30° cos 60°
_ (A3 V3 1 1
~ ()< () + B =)

(i) 2 tan?45° + cos? 30° — sin? 60°
V3 _ (3
e (99

=2+3-32=2

eee cos 45°

(III) sec 30°+csc 30°
1 1 —

_ Vi i V3 _ __ V3
Z=+2 SR V2(2+2v3) T 2v2+2V6

V3 % 2v6—2v/2
2v/6+2v/2 2v6—2v2

_ VB(v6-2v2) _ 2y18-2V6 _ 23V2-v6) _ 3/2-6
Co@vep-evzp A8 16 8

(iV sin 30°+tan 45°—csc 60

Rationalizing the denominator:

sec 30°+cos 60°+cot 45°

1,12 3_2 3v3-4
S A R S
— T2 _ 1.1 3.2 T 34

g+l 7t _32%4
_ 3v3-4

3v/3+4

3v3-14 % 3v3-4
3v/3+4 3v/3-4

_ _(3v3-4)?® _ 27416-24V3 _ 43-24V3
O (3v3)2—(4) 27-16 - 11

Rationalizing the denominator:

(V) 5 cos® 60°+4 sec? 30°—tan?45°
sin? 30°+cos? 30°

Denominator sin? 30° + cos?30° = 1 (since sin® 6 + cos20 = 1)

2
Numerator = 5(%)2 + 4(%) — (1)?

SICRSTORER SRS



Q2.

_ 15464-12 _ 79-12 67

- 12 - 12 T 12

Choose the correct option and justify your choice:
(' 2 tan 30° — 92

1+tan? 30
(" 1 tan 45 — 9
1+tan’45°  °
(iii) sin2A = 2sin A is true when A =7
_2tan30° __ o
(IV 1—tan?30° =~ °
(I 2 tan 30°
T+tan?30°
_ 203 23 _2V3 2 3 _ 3 _ A3
1+(1/v3)2  1+1/3 4/3 V3 T4 23 2

This is the value of sin 60°. Therefore, option (A) sin 60° is correct.
1—tan?45°
(it) 1+tan?45°

_ 1= 1-1 _ 0 _
=T ) T i T2 T

Therefore, option (D) 0 is correct.
(iii) sin2A4 = 2sin 4

If we put A = 0°:

LHS = sin(2 x 0°) = sin0° =

RHS = 2sin0° = 2(0) =0
Therefore, option (A) 0° is correct.

_2tan30°
(iv) Tmontse

201/v3) 2/V3  2/V3 _ 2 3 _ 3 _
1-(1/v3)2  1-1/3 — 2/3 V3 X2 = V3o V3

This is the value of tan 60°. Therefore, option (€) tan 60° is correct.



Q3.

Q4.

Iftan(A 4+ B) = v/3and tan(A — B) = %});0O <A+ B<90°,A> B,findAand

N
B.

Given:tan(A + B) = /3

We know that tan 60° = /3.

So, A + B = 60° --- (Equation 1)

And tan(A — B) = %

We know that tan 30° = %

So, A — B = 30° --- (Equation 2)
Adding (1) and (2):

(A+ B)+ (A— B) =60°+ 30°

2A =90°= A =45°

Putting the value of A in (1):

45°+ B =60° = B = 60° — 45° = 15°

Therefore, A = 45° and B = 15°.

State whether the following are true or false. Justify your answer.
(i) sin(A + B) = sin A + sin B.

(i) The value of sin § increases as @ increases.

(i) The value of cos @ increases as 0 increases.

(iv) sin @ = cos @ for all values of 6.

(v) cot A is not defined for A = 0°.

(i) False. Let A = 30° and B = 60°. LHS = sin(30 + 60) = sin 90° = 1.RHS =
. o . o 1 \/g o 1+\/§
sin 30° 4 sin 60° = 5 + 5 = 5 . LHS 7é RHS.
(i) True. As @ increases from 0° to 90°, the value of sin € increases from 0 to 1.
(iii) False. As 6 increases from 0° to 90°, the value of cos 0 decreases from 1 to 0.

(iv) False. This is true only for @ = 45°, where sin 45° = cos 45° = —-. Not for all

V2
values.
cos 0°

(v) True. cot 0° = 5 = %, which is undefined.



Exercise 8.3

QL

Q2.

Express the trigonometric ratios sin A, sec A and tan A in terms of cot A.

(i) tan A in terms of cot A:

tan A = cotA

(i) sec A interms of cot A:

We know:sec2 A = 1 + tan? A

_ cot?A+1
Sec A =1+ tzA T cot?A4
cot? A+1 \/cot2 A+1
sec A = :t\/ T = ool

(iii) sin A in terms of cot A:
We know: csc2 A = 1 + cot? A

csc A = :I:\/1+cot2A
1 1

sin A = =
csc A vV 1+cot? A

Write all the other trigonometric ratios of / A in terms of sec A.

(i) cos A = Sei i

(i) sin A:sin? A + cos?A=1=sin?A=1—-cos?’4A=1— .

_ sec?A—-1

sec2A

. 2 A_
sin A = Vsec2 A—-1

sec A

(iii) tan A:sec’ A —tan’ A =1 = tan? A =sec’4 — 1

tan A = vVsec2A — 1

. 1 sec A
iv A= — =
( ) ese sin A Vsec? A—1
1
v) cot A: = =
( ) tanA VsecZ A—1

secZ A



Q3.

Choose the correct option. Justify your choice.
(i)9sec’ A — 9tan? A =2

(ii) (1 + tan6 + sec)(1 + cot § — csch) =2
(iii) (sec A + tan A)(1 —sin A) =2

(IV) 14+tan’4 2

Trcot? A
(i) 9sec? A —9tan® A
= 9(sec’ A — tan% A) = 9(1) = 9. Thus, option (B) 9 is correct.
(ii) (1 + tan 0 + sec 0)(1 + cot  — csc0)

) (14t )

sin 6 sin @

(14825 +
( cos 0:;)55115 0+1 ) ( smG—Si—i;oes 6—1 )

cos 6

— (sin 6+cos 0)2*(1)2 _ sin®0+cos? §+2sin § cos H—1

sin @ cos 6 - sin 6 cos 6
1+2sinfcosf—1 _ 2sinfcosf __ : :
= e g = g o= = 2. Thus, option (C) 2is correct.

(iii) (sec A+ tan A)(1 — sin A)
- (cosA + (s:g;ﬁ)(l o SiIlA) = (%)(1 - SiIlA)

_ 1-sin?A _ cos’A
T cosA T~ cosdA

= cos A. Thus, option (D) cos A is correct.
1+tan?A
(IV) 1+cot?A

_ secA _ 1/cos’ A sin’A
~ esc®?A T 1/sin?A cos?A

— tan? A. Thus, option (D) tan? A is correct.



Q4.

Prove the following identities, where the angles involved are acute angles for which

the expressions are defined:
(i) (csc 6 — cot ) = 1-cosf

1+cos @
() 1227 + T4 = D5ec 4
(i) {220+ <8 — 1 + secfcsch
(iv) L5t = 2y

cos A—sin A+1
(V) cocirenat = csc A+ cot A

(vi) w/% =secA+tan A
. . 3
(Vii sin /—2sin” 6 — tan®

2 cos3 0—cos O

(viii) (sin A + csc A)? + (cos A + sec A)? = 7 + tan? A + cot? A

. . . 1
(ix) (csc A — sin A)(sec;‘l —cosA) = r g
d+tan®A _ (1-tanA _ 2
( ) 1+c0t2A o ( 1—cot A ) = tan” A
. . 2 _ 1 cosf \2 __ (1—cosf 2
(i) Hs: (csc b — cot0)’ = (57 — t27) = (5ng)
_ (1—cos8)? _ (1—cosf)®>  (1—cosf)(l—cos) _ 1—cosh — RHS.
T sin?@ ~ 1-cos?20  (1—cos@)(1+cosfh) ~ 1+cosf

. 2 : 2
(ii) LHS: cos A + 1+4sinA4 __ cos” A+(1+sin A)

* 1+sinA cosA ~  cosA(l+sinA)
_ cos?A+1+sin?A4+2sin A (sin? A+cos® A)+1+2sin A
o cos A(1+sin A) o cos A(1+sin A)
_ _1+142sinA _ _ 242sinA  _ _2(1+sind) 2 -
" cosA(l+sinA) — cosA(1+sinA) ~ cosA(l+sinA)  cosA T 2sec A = RHS.
sing. cos0 sin6 cos0
(iii) I'Hs 1— Cozgsé' 1_5m519ﬂ - sin‘;OECQOSQ cossﬂ}liginé’
sinf cosf sin 0 cos 0
_ sin”6 . cos? 6
" cosf(sinf—cos ) sin O(sin 6—cos )
o sin® B—cos3 0 __ (sin6—cos 0)(sin? f+cos? 6+sin 0 cos 6)
" sinfcosf(sinf—cosh) sin 0 cos f(sin 6—cos )
_ 1l4sinfcosf __
"~ sinfcosf s1n9c0s9 +1 =secfcsch+ 1 =RHS.
1+ 1 cos A+1
(iv)LHS: —=4 — —csd — o5 4 + 1
cos A cos A
L2 2 _
. sin?A4 _ 1-cos’A __ (l—cosA)(l+cosd) —
RHS: 1550 = g = —— =1 + cos A. Thus LHS = RHS.

. cosA—sin A+1 iy ; : .
(v) LHs: —>4——2—. Dividing numerator and denominator by sin A:

cot A—14cscA _ (cot AtcscA)—

cot A+1—cscA = cot A—csc A+1
_ (cot Ad+csc A)—(csc? A—cot? A)  (csc A+cot A)[1—(csc A—cot A)]
_ cot A—csc A+1 o cot A—csc A+1

(csc A+-cot A)(cot A—csc A+1)
cot A—csc A+1

. . (1+sin A)(14sin A) (14sin A)? (1+sin A)?
(‘") LHS: \/ (1—sin A)(1+sin A) — \/ 1—sin?A4 cos? A

= csc A + cot A = RHS.

_ 1+4sinA __ 1 sindA __ _
= 205 = o+ wesa = sec A+ tan A = RHS.




sinf(1-2sin’¢)  sinf[1—-2(1—cos?6)]

9 [1—-2+2cos? 4]
cosf(2cos?0—1) ~—  cosf(2cos?6—1)

(vii) LHS: “Zoos?0-1)

= tan

20_
— tan 0% — tan 6 = RHS.

(viii) LHS: (sin? A + csc? A + 2sin A csc A) + (cos? A + sec? A + 2 cos Asec A)
= (sin® A + cos? A) + csc? A + sec? A + 2(1) + 2(1)
=1+ (1+cot?A) + (1 +tan? A) +4 = 7 + tan? A + cot? A = RHS.

(ix) LHS:
1 : 1 _ [ 1-sin’A 1-cos?A ) _ cos’A sinfA .
(sinA —SIIlA) (COSA _COSA) - ( sin A ) ( cos A ) — sinA X cos A = sin Acos A
RHS: 7 = =7 = —1— = sin A cos A. Thus LHS = RHS.
cos A T sind TomAcos A sin A cos A

2 2 1/cos? A
(X) 1+tan“A _ secA _ /

42 -
Treot?A — @A — 1/smfAd — tan” A. (First part)

2 2
1—tanA )2 _ 1-tan A _ [ 1-tand _ 2 2
(—17cotA ) = (—ll/tanA) = (m) = (—tan A)* = tan” A. Hence proved.

tan A



